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Motivation

Symmetry algebras

@ finite dimensional Lie algebras:

electromagnetic force u(1), weak force su(2), strong force su(3)
@ infinite dimensional Kac-Moody algebras:

string theory, conformal field theories

@ Lorentzian Kac-Moody algebras:
type Il string theory, M-theory

Model building for extensions of subsectors of the standard model or
description of other physical systems?
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AffineToda scalar field theory:
1 m2 <&
L =50u00"d + 7 kz Ny exp(Ba - §)

a =1 = conformal field theory (finite dimensional Lie algebras)
a = 0 = massive field theory (Kac-Moody algebras)

£ € R = no backscattering (bootstrap equations)

[ € IR = backscattering (Yang-Baxter, quantum groups)

[T. Hollowood, Nucl. Phys. B384 (1992) 523] :

- naively taking 8 — i3 gives more poles in the S-matrix
- change of sign in the residues = non-unitary theory

- kink solutions present at classical level

- are the energies real?

Answer: yes, reason modified CPT (see Francisco’s talk)

Here: canwe have a= —1,-2,-3,—4,...7?
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Calogero(-Moser-Sutherland) models:

h—o0

]
H:§p2+2(a.q)2 2p +Z Z

e [0”%) ql°

OleAgﬂlnflmte dimensional g

What properties do these theories have?
In particular: Are they integrable?

Assemble mathematical tools:

Andreas Fring TFT/Calogero model and co Weyl groups Applications of Field Theory 5/31



n-Extended Lorentzian Kac-Moody algebras Dynkin diagrams

Dynkin diagrams (finite dimensional case)
simple roots: «a; e R"withi=1,2,...,¢

Cartan matrix: Kj = 2a;- «j/a? (-) = Euclidean inner product
K is positive definite and encoded in Dynkin diagrams:

Ay0—0—0------ 00 F,0020-0 Gyo=0
Bro—0------ 0—030
C.o—0------ o—o=<0 Fe

Associated Chevalley generators satisfy Serre relations:

[Hi7 I_I]] = 07 [Hi7 E]] = K]Eja [Hi7 I:]] = _I(Ijl:/a [Eia I:]] = 6IjHIa

E.....[E.E]..]=0, [F,...,[F,F]..]=0
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n-Extended Lorentzian Kac-Moody algebras Dynkin diagrams

Dynkin diagrams (affine extended case)
simple roots: a; € R"fori=0,1,2,...,4, apg = —0 = S>'_, Ny
Kac labels: njeN
Cartan matrix: Kj = 2a;-«j/a? (-) = Euclidean inner product
K is positive semi-definite and encoded in Dynkin diagrams:

Associated Chevalley generators satisfy Serre relations:

[Hi, H]l =0, [Hi, Ejl = KjjEj, [H;, Fjl = —KjFj, [Ei, Fj] = 6;H;,
[E,‘,...,[E,‘,E/‘]---]:O, [,:,,,[I:,,I:]]]ZO
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n-Extended Lorentzian Kac-Moody algebras Dynkin diagrams

Dynkin diagrams (n-extended case)

Over-extended:
o
Eg) = E10 : e—9o—90—90—90—90 0 00
a1 (3 04 5 g A7 Qg g (X_4
Very-extended:

a2
2
E(8 ) = E11 . *—o ——0—0—0—0—0—0
a1 (3 4 5 g 7 Qg Qg V_{(x_»p
n-extended:
a2
n
E(8 ) = E,—H_g . *—o ——0—0—0—0—0—0— - O
01 3 (4 5 g Q78 g V{02 a_p
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n-Extended Lorentzian Kac-Moody algebras Dynkin diagrams

Definition: hyperbolic Kac-Moody algebra

The deletion of any one node leaves a possibly disconnected set of
connected Dynkin diagrams each of which is of finite type, except for at
most one affine type.

ap
E(81) =E: 9o o0 9o o o o o
01 Q3 (g 5 g Q7 g vy (1
Definition: Lorentzian Kac-Moody algebra

The deletion of at least one node leaves a possibly disconnected set
of connected Dynkin diagrams each of which is of finite type, except for
at most one affine type.

a2

E( ) = =E{{: e—e—9-—9-—90-—90 0o 00 o
Q1 Q3 4 a5 ag 7 0g Qg OL_{0_D
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N-extended root lattices, simple construction scheme

Self-dual Lorentzian lattice N
Forz,wen, z= (z+,z—), w = (wT, w™) define:
W= —z*w‘ —zwt
- null vectors: k = (1, ),k (0,-1), k> =k?>=0,k-k =1

- length two vectors: =+ (k + k)
[M. Gaberdiel, D. Olive, P. West, Nucl. Phys. B 645 (2002) 403]

algebra | root lattice | added root | Dynkin diagram | expl.
do | Ag, =Ag@Nh ag=k—0 o—e ED
@ &g
g_1 /\9_1:/\969“1’1 a_1:7(k+l_() -0 — 0 — @ EéUEEm
[ ag  a_q
2) _
92 |Ag,=NAg &N | a s=k—(L+17) oso o —e EP = Eyy

Ng ,=AgaN . on}

n ._ _ C— k. 4 ke
ol = {at,...;ar,a0 =k —0,...;a_j=k_1— (k+k)}
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n-Extended Lorentzian Kac-Moody algebras N-extended weight lattices

N-extended weight lattices

fundamental weights A(”)' A(") )

With A" = 37 Ko, K

=0, 0,j=—n,0,1,...,r

(n
Y
= A" A

A= N =1,

I 3r3
_ 1 _
PYQIE k1—k1+EZ[k (n+1-ik],
i=2
)\(_,? = _k17
1 n
. i}
A0 = 7E;[ki+(n+1—l)k,],
(1_) n j—1
A= nf [ki+ (1= Dk +3 " [k + (1 — i)k, 1—/)Zk
i=2 i=2
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n-Extended Lorentzian Kac-Moody algebras N-extended Weyl vector

N-extended Weyl vector

.
A0 = 3y

j=—n

_ n+1-2i
= o'+ hky - +hk1+2[< ++>k,-
(n+1—/)(2h+n1—/)

n
]
h = Coxeter number
Freudenthal-de Vries strange formula
). (m _ hth+1)r+ n(n* —1)  h(h+n)(1+ n)
prop 12 n
for n = —1 this reduces to the well-known formula

N2 h . h(h+1)r
(o) = y5dimg ==5 =
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n-Extended Lorentzian Kac-Moody algebras SO(1,2) and SO(3) principal subalgebras

SO(1,2) and SO(3) principal subalgebras
KM: principal SO(3)-generators [Jy,J_| = J3, [J3,Jd+] = £J+

r r r r

J3 = Z DiH;, J+ = Z\ﬁEh Jo = Z\ﬂFi, Dj:= Z Kj,-_1
i— e i—1 =

LKM: principal SO(1, 2)-generators [J+,3_] = —Js, [33,34 =+J,

r r r !
.:]3:—Zb,'H,‘, :/+ :ZpiEi, J- :quFf7 Di ::ZK/;1
1 i=1 i=1 J=1

A necessary and sufficient condition for the existence of a
SO(3)-principal subalgebra or a SO(1, 2)-principal subalgebra is
D; > 0 or D; < 0 for all i, respectively.

Andreas Fring TFT/Calogero model and co Weyl groups Applications of Field Theory  13/31



n-Extended Lorentzian Kac-Moody algebras SO(1,2) and SO(3) principal subalgebras

A necessary condition for the existence of a SO(1, 2) principle
subalgebra is p? < 0:

Mmax
15+ = =
- e 6 o o o o o o
. o 4. (VP <0
10y " e o B
° = D, (p°<0)
. . « A, (D;<0, Vi)
L] L]
e = A A AD,- (D,‘<0, Vi)
5r A 4 .
A & & o o A
A & o
> A * = e
¢ & & & A ® © o o o
: . e T T e s
5 10 15 20

Nmax = Maximum value n for g_, to posses a SO(1,2) PSA
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n-Extended Lorentzian Kac-Moody algebras Decomposition of g,

Decomposition of g_,

D=3 Ky’ =MD 0 k=-n.. -1,01,...,r

Reduced Dynkin diagram of Dé? = E§1) o Lo Dyg:

° s
@ 127374707~ B1 B2 B3 Ba Bs Be B7 Bs B B1o3113128138314815 S

B1s
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n-Extended Lorentzian Kac-Moody algebras Decomposition of g,

Reduced Dynkin diagram of A(m) Eé Vo LoAyoL?0 A

a_qg
Q_9
Q_g
a7

L @ a_g

a_s

Qg
a_3
Qa_
a_q
aQ

o 000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 9o °
Oq Q2 3 (4 (5 (g (07 (g (Yg (X1 1001 2001 301 4001 51 601 70X 1 8 1 920X 2 122X 23X 24
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n-Extended Lorentzian Kac-Moody algebras Decomposition of g,

D) = EP o LoD, DY) = EM o LoDg DY) = E® o LoDy
D) = E(‘) o Lo Dy DE? — E(4) oLoAg DY) = E¥ o Lo Ds
g;‘) = (1)<>L<> Dig o) = §105)<>L<>D5 DY) = AT 6 Lo Dy
DY — A(1 e D —A0%cLop, [ DY =A% LoD,
D;;*) = E§2) oLoDys DY = Al oo [ D) =ENoLoDs

1
DY) =AU oLoDy [ DS =EPoLoDy | D) = EX oLoDgg
DY) — A(‘ DoLop DY) =AiPoLons | DY =EPoLo D11
ol — E(4) oLoDgy DY) = E o Lo Day D§‘1°> ALY o
D(‘O) E<6)<>L<> Dy DU —AU® oo, [ DY = A(1 5)<>L<>D7
& — Al o1 D5 D(16) E(12) o Lo Dap

D““) E(1°)<>L<>D31 Dl
D(“’) E(15)<>L0D34 DY — AL o LoDy 0(20) E(18)<>L<>D15

D(24) A(1 VoLoAs | DEV =EZY o LoD D(26) A‘1 Mo LoDs
DY —EPY0LoDy | DY = AL o Lo Dyg D§§4> A“ MoloD,
DY — (6°> oLoDp | DS — AU o oDy | DI = geg) oLoDg

D> — Ag;.p o Lo Dag

Decomposition of the n-extended algebras Dﬁ”)
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Lorentzian Toda field theories setup

Lorentzian Toda field theories

L, =5 H¢ Mo — = Z ehoir?

i=—n
- coupling constants g, 5 € R
- simple roots «; of dimension ¢+ 2m
- scalar field ¢(x, t) with ¢ + 2m components ¢?(x, t)
- Lorentzian inner product:
forx = (X4,..., Xe12m), ¥ = V1, - -, Yerom) define

m

¢
Xy = Z XsYs — Z (Xe+2,3_1J/e+2ﬂ + XZ+26Y€+26—1)
p=1 p=1

corresponding to

NAg ,=AgoNP' @ . ony
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Lorentzian Toda field theories setup

L, -extended Lorentzian Toda field theory

Construction:

Q a_q a_o
Ly S Ly = Ly = Ly,
L, = conformal Toda field theory

add modified affine root ag = k — >°1_; njaj =
L,, = affine Toda field theory

add Lorentzian roots a1 = — (k + k) =

L, , = conformal affine Toda field theory (", = 0)

add Lorentzian roots a_p = k =

L, , = massive Lorentzian Toda field theory
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Lorentzian Toda field theories mass spectra

continue:
aj = simple roots of g forj=1,...,r
a_(ai-2) = ki — X/ _(2i_3) Mj¢Yj fori=1,...,n
a_(2i—1) = — (ki + ki) fori=1,...,n

massless models:

J1-2n:
op V102003004 Q4_2p Qi2_2p
add p
Q—(2n) = — Zj:_(gn_1) M
massive models:

gd-on:

Qg 10 _2(x_30_4 dgq_2n Q2_2n O_2n
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Lorentzian Toda field theories mass spectra

Mass spectrum for (Eg)_;, Toda field theories
ﬁf = (Es)o
1.0r

0.8~
0.6/
0.4~

0.2

5 10 15 20"
Notice the almost stable noncrystallographic H, compound
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Integrability - Painlevé test

For a Lorentzian Toda field theory to be integrable all eigenvalues of
the matrix P = 2DK must be positive integers.

Eigenvalues of 2DK
E"
~ (Eglo
et ) ‘
=, = 15 20 (Es)-2
~ (Es)-4
—s000; /" .
,r ~ (Eg)-¢
/ ¢ = (Eg)-s
—10000" | .
~ (Eg)-10
= (Eg)-12
—15000}

Thus, apart from the affine Eg Toda theory none of the Lorentzian Toda

theories is integrable.
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Calogero models setup

Calogero models

H_
OLGAQ
Example:
2 -1 0 0 O
1 -1 2 -1 0 O
A ; Ki=22%—-| 0 —1 2 —1 -1
( 2)—2 o ho a_qa_p i Q- 0 0 -1 2 _1

Representation of the roots:
a1 =(1,-1,0;0,0,0,0), ap =(0,1,—1;0,0,0,0),
ap = (_17071;1705070)7 QA :(Oa070;_1a170a0)7 a72:(070a0;1a07_171)

Lorentzian inner product:
XY =X1)1+ XoYo + X3Y3 — X4¥5 — X5)Y4 — Xg Y7 — X7V
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Demanding the length of an arbitrary root
a=pa_p+qa_q+lag+may+naz € Ap,) ,, p,q,q,mnecZ,
to be 2, corresponds to the Diophantine equation
P—I(m+n+q)+m?—mn+nm+p?>—pg+q°> =1 & aa=2.
For every root «; we define a Weyl reflection
oi(x) == x— (o X)a
symmetries generated by the Weyl reflections
oco@):p=>qg—p, o_1(a): q—=>1+p—q, oo(a): [ = qg+m+n—1,
oi(e):m—=I4+n—m, oo(a) :n—14+m—n

The invariant potential may then be written as

o0

9pgimn

74 =

(a) Z [(pa_2 + qa_1 + lag + May + Nag) - )2
p7 q7 /7 m7 n = O

Diophantine equation
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Calogero models invariant potentials

Alternative representation of the potential:

14

-y >

=1 n=—o0 [O-n(Fyl q]

with Coxeter element o := o0 _s0_40q¢0405.
Now affine Weyl group with o4 := oggo 102,
Closed formula for arbitrary powers:

Ug(a) = pa_p+qa_q
k2/—4m+2n—q]
————— | &¢

+[1 (6K +1) + Lok 3= Lkt T4 (—1)
! ! _! ne ML
8 9ty 4 2 8

1 2 1 1 m k2/—4m+2n—q]
— (6K* — 4k —1 —(6k+ 1)/ — —(6k — )n4 — — (- ————~
+[5 ( ) @t g6k 4 D= 26k — )t — — (=1) . o
1 > 1 1 m k2174m+2n7q}

+ |- (6k°* —8k+1)q+ —(6k — 1) — —(6k — 3)n+ — + (—1)f\ ———— =
[ ( ) @t 48k = 1) — L6k —3)n+ — +(~1) . az

Then for one representative of the orbit s
9
it lo3(az) - I
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Calogero models invariant potentials

This infinite sum can be computed

Re 169
(@ ; 2[(=1)" =1 a —2[(-1)" + 1] G + [-6n+ (—1)" — 1] G5 + 405}

_ 72 g n g
2 . .
0% | sin? (g5 (@ — @0)|  sin? |55 (q1 — s — a5)]

Next seek representatives for other orbits such that V(q) becomes
invariant

Via)— g g g
@= 2 ey aF  ioe) - oo@F | io7(ea) - or(@F
g g g
[07(02) - 0100(@F | [07(02) - a0rn(@F | [o"(a2) - o0 100(Q)
g g g
+ +
[07(az) - o200(Q))  [0"(a2) - 0201(q))  [07(a2) - 020002(q)]?
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Calogero models invariant potentials

Computing each term gives

V(q) = S;qug (Viz + Vi + Vag + Vibs + Vips + Vibs + Vigs + Vs + Vigs)
where

1 . 1 -
V; - , V/jk = , I,j,k=1,2,3,4,5

" sin [3%(‘7/ - q,-)} sin {ﬁ(ql' —q* CIK)}

V(q) is invariant under the entire affine Weyl group!

) + - + — - +

oo: Viz ¢ Vg V1Jf AN V13_5 V2_3 AN V12_5 V1J§5 AN V235 Vizs O
o1 : V13 — V23 V1_E5 A d V1$5 V1_£’5 — V2§5 VL35 4 V2§5 V12 O
o2: Viz & Vig Vizs <> Vizs  Viogg > Vigs Viss ¢ Vigs Vag O

Similarly for the hyperbolic and Lorentzian Kac-Moody algebra.
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Calogero models PT symmetric extensions/deformations

PT -extensions
H 7p +zz:eAga (O[ q)+llup

p=1/23 cp Gaf(a- q)a, f(x) = 1/x V(x) = f2(x)
- Not so obvious that one can re-write

2, 2%
s2 ) gst+as0s a€ls
Hu P+Iu 22 a9 ga_{ G+ 023 acA,

=M, =n""hcan  with n=e I
- integrability follows trivially L = [L, M]: L(p) — L(p + in)
- computing backwards for any CMS-potential

1
Hllzzp_'_zz Oéq—i—llu p_é;u

-u2=a232 Y V(a-q)+a2d? > V(a-q)only for V rational
aclg OéEA/
[AF, Mod. Phys. Lett. A21 (2006) 691, Acta P. 47 (2007) 44]
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Calogero models PT symmetric extensions/deformations

PT -deformations
IR e W g
Haac(p. Q) =7 + d@E-gF+ >

(o1
= 2
GEA+ GENAT (O/ q)

Example A; :

&y =cosheaq + (coshe — 1)ag—1v2V/cosh e sinh (%) (1 +2a0+a3),
dp=(2coshe — 1)ap + 207/2v/cosh & sinh (E

2
&g =cosh eag + (coshe — 1)ay —1v/2V/cosh e sinh (%) (1 +2a0+a3)

) (1 + a2 + a3) ,

PT-symmetric potentials (q; = gi — gj):
d1-qQ = Qa3+ coshe(qia + Q3q) — 1V 2 coshesinh %(qw + Qo4)
do-q = q23(2cosh5—1)+12\/2coshasinh%q14

&3-q = Qo1+ coshe(qi2 + Ga4) —1V2coshesinh %(Cha + Qe4)
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Calogero models Anyonic exchange factors

Anyonic exchange factors in the 4-particle scattering process

w X y z w X y z
° ° Y = e'"s ° ° °
a1 gz a3 Qqa qz Qa a1 aqs
X y z X y z
° « ° = s ° o
ai g =Qqs Q4 Q2 g1 = Qa4 as
X y X y
¢ ® = ' ® °
a1 =Qq gz = Q4 g1 =Qqs3 Q2 = Qs
X y X y
- ° = ° -
G =Q2=0q3 Q4 Qs g1 =02=0Q3

[AF, M. Smith, J Phys. A 43 (2010): 325201, 45 (2012): 085203.]

Andreas Fring TFT/Calogero model and co Weyl groups Applications of Field Theory  30/31



Conclusions

Conclusions
@ We defined and investigated a new class of Kac-Moody algebras.
@ Q: Constructions of algebras besides the root spaces?

@ Lorentzian Toda field theories can be seen as a systematic
framework of perturbed integrable systems

@ Q: quantum corrections to masses, couplings, scattering matrices,
form factors, correlation functions,...?

@ We found a systematic way to generate the root spaces of
Lorentzian Weyl groups from orbits of the associated Coxeter
elements

@ Calogero models invariant under the infinite affine, hyperbolic and
Lorentzian Kac-Moody algebras have been constructed

@ Q: quantum versions, other algebras, PT-versions....
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