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Entanglement entropy
is of fundamental

importance in QM QFT
and even

More so in quantum gravity
2

Can we define a notion of entropy

Finiteness of entanglement entropy

is at the heart of the information

paradox in black hole physics
















































































can we define an analog of

von Neumann entropy in quantum

gravity in particular string theory

S Tre loge
O

O

Tracing over black hole interior

naively gives a density matrix lo

whose VN entropy diverges
Infinite q bits for tack hole
















































































QEinQM_

Classic example is the Bell pair with

Spooky EPR Wong disaster correlations
A pair of photons in spin o state

see Kr

In IAI Ht

Maximally entangled pure state in the Bipartite
tee Eee x Ser

very different from an unentangled pure state

like 11J 194 orli
















































































EntanglementEntropy

state 14 4747 1

density matrix e 147 41 Tre 1

Reduced density matrix er E f partial trace

Tr er 1 Sufficient to study correlators like

241 Or 147 Tr Or er
Mr

Fine grained microscopic von Neumann entropy

SEE Tr er log er tentsopy

For in er I int o

SEE log 2 log dimber

S Maximum entanglement
















































































dti spacetime QE.IQ Y Transverse

spatial slice
x

Divide space o fer
Co Sh

se See Hr Not really true

er Tre
IFMinkowski vacuum

see IDK

ÑrBr
Area law with DV divergence Ay
















































































P athInt eg.nl

wave functional of 12 in field basis x

Divide QCD as 9 xD and 9r x

Kier R Icar

path integral in the lower time strip is a

functional of the field values Qe x J J I'URC

and corresponds to the wavefuntional
of the Ket 117

Similarly for the bra

Crl 4L 9 I QL.IR
















































































the density matrix in the field basis

P LKsa er e I 4 er

Partial trace over the left states

can be performed by identifying
Qi act y and integrating

Lar leplory

yyy
















































































ffhffd

path integral over cut plane gives a simple
formula for the density matrix

Keplérler Upl e 27k1gr
i

441152 led pile R I
















































































R

path integral over heated cover

FI

RFmthodf2TNIurplusopeningang.ie

SEE data n file
d

2 1

Needs analyticontinuation in 1
















































































Rindlerspanetime

Right Rinder
wedge wedgestring

He

s

Bifurcate Horizon
i i K Kp k Lorentz Boost

A quantum fluctuation in Minkowski

vacuum lives for ever and appears like

thermal bath of particles
Tex IF Unst
















































































ds de dx dy

e dt de di 2

t ecoshe e sink t x2 P

wick rotation Periodic Euclidean time

2 it ds e2d02 e

KMS unde
















































































er exp 2T KR

KR Partial Lorentz Boost in right wedge

K KR KL

Entropy density S T Td x

i

Sjdxdftdtw.ee
1 1

log d 1

UV divergence because of strong short

distance correlations entanglement or

very high Unruh temperature
















































































Oct x 5 a went
it T

Saw x x h c

Ur I bat w e
in ik t

fan e t h c

QL E Ia w e
tweet its

fat w e th c

Aw 117 0 bw 1127 Dw 1127 0

Exponential nap t e cosh 2 I et

Mixing of positive e negative frequencies

Bogolyubov transformations
















































































Ébw é

bw In e
w

It r

Lotte bw IR 0

bw IB PIB Jw IR 0

Ip n IBID Ir Kindler
vacuum

Unruh Bell

twerp e tidbit It R
















































































Algebraic
It's not quite correct to assume

H fer Le because of

strong correlations at the boundary

Hilbert space notfactorzed
Algebra of local observables

is nevertheless factorized

AFAR CAR AL O
















































































Vonneuman Algebsa

Algebra A of local observables

A Low
Osx Bonded

Closed under conjugation

Ok
t also belongs to A

30 Closed under weak limits

41947107 410114
Only E A Then DID E A
















































































Tomita Takesakitheon
Given a von Neumann algebra
and a cyclic separating state

one can define a modular

Hamiltonian K For sight
Rindler wedge it's the Rinder

Hamiltonian or Lorentz Boost

Kp dxdyxX
















































































Iype Iftype III

It admits an irrep

Ex Se Se HR in QM

Ap admits irrep on HR

TypIII I heifer in QFT

AR Ar D

If Ar admitted an irrep this

would be inconsistent w Shuri lemma

Divergence of the entanglement entropy is

the property of the algebra and not the state
















































































1 Bekenstein Bound
Bekenstein Casini

E L ᵗ

nfollowsfromposffyofrelati.ve topy

4 Mr e Sr
6 ground state

I any state

2 Strong subadditivity Info parads

Mathur AMPS
erond I
















































































Generalized second law

Δ Sgen Δ If Sont 0

Follows from mercy under inclusion

of Relative Entropy
Uses Null Raichaudhali equation to relate

the change in energy to change in

area But this term is UV divergent

ΔS 0I o

1
















































































Orbifoldmethod
Instead of considering n fold cover

with surphts opening angle one can

consider an order N orbifold with deficit
opening angle

If Y 2

It

Compute Tre as the partition function

of 42 orbifold with N
















































































stringsonacon
END Tr exp t IHr 1 37

KREHR
S p angst Wg É

S A N Wg Z N
my

deficit angle IN 27 t t

conical curvature singularity at the tip

Rex 47 I H 8 x
















































































S 5 Sq

log Ea N Zg N

Zig N E Z'd N Y
9 1

Go

510 classical entanglement

At classical level log 210 Z'D IN

Las is nonzero exen though Rhs D

Analytic continuation gives
510 Ag
















































































alznorbifid
Type IB in light one gauge on IRS x

5018 3 506 X 5012

Xi Sy Glo 143141
Sa 8s II ICI
sa Sc get II Nod
5012 UCD Spin z

Fields charged under it get twisted

Zn hi 9 g gn
i

C U I

g exp 41A
















































































Partitionfunction

2 Gein I 1
Etf e

3

396 DEKE 1
IKil o

g an 2 N h

Z N
AE LIE I G.TN

An V8 es 8 42 21

Horizon Area
















































































IacDivergene

The ZIN orbifold breaks supersymmetry

The spectrum is replete with tachyons

The modular integral is badly

divergent in the infrared

11M

IR e

Id

un

Stint provides a natural Vx cutoff
















































































Presence of tachyons need not be
a cause for despair In QM

Tr e converses with Tre 1

tret can diverge

We are computing Tre tret
N I

Tachyon's divergence could be

a signal of this font that

Tret can be divergent
















































































How can we find the analytic
continuation to the physical
region 0 N E 1 given the

data for N 1 for all odd

integers

One can achieve this for a simpler

problem of open strings on

the Rinder horizon computing
the entanglement entropy on the

D brane word volume
















































































op estarindlerhonzon
Witten 2018 was able to

find an analytic continuation

of the annulus partition function

Open strings offer a double

simplification
Entanglement on D brane

No twisted States only
N terms in the orbifold sum

Only one set of oscillator

modes
















































































Witten found an analytic continuation

Unique by Carlson's theorem

Tecananess theclosedstring.es

ector by viewing the annulus

as the conformally equivalent

cylinder diagram

O

Open string
closed string

channel channel
















































































Disappearingtaryons
Even though for N I there

are tachyons in the closed string

Channel happily there are not

tachyons The physically
interesting regime o c NI 1

corresponding to 1 I n L o

recall n
















































































t rtzon

Analytic continuation of the

closed string partition function

is a considerably harder problem

and is not yet available

Fortunately the tachyonic terms

doadmit a resummation and

analytic continuation to a function

that is finite for o f N I 1
















































































M

Iq fax é K
I

am

i

2M Iom
Gibbons Hawking term K Extrinsic curvature

Wg 2 N E

Dilation equations are satisfied exactly
for the exact CFT background
















































































Note that a priori this has nothing
to do with a black hole or holography

Could be viewed as a generalization

of von Neumann entropy in

quantum gravity even though it

is defined quite differently

Are quantum corrections

calculable

S
4

Sq
















































































ticentimationottachyons
ZIN SEE ICE Eatiz

F z gettin Inter

i Zen SEE Fog

Exponentially growing terms in

Fo Ga correspond
to tachyons
















































































tactemsted

ted EExp YIK fuk
K I

fr G
I

e
r k 1 are

8 0
















































































TG H

É e
4trez pas et

N 1 ez

8 0 2422

a 44 1 yo

since v20 N 70
















































































Remarkably Tea N has he

exponentially growing tachyonic

terms for O C N I 1

even though
it has tachyons's

divergences for N 71

We can write

Fo ka N
TCL N RR N

Rez N has no divergences and

can be easily integrated
















































































The analytic continuation of Tachyons
is not accidental and depends on three

just properties of string orbifold

1 There are exactly A 1 twisted

for each containingtonhyont

In the k twisted sector there is

precisely
one leading tachyon

whose

masqu aiselnas
in k

Mr 4,4k
G There are many

subtending tachyons

but they all have unitmultip licity
















































































CalabiYancompactification
Our ability to obtain a finite

analytic continuation in the physical

region 0 N E I depended on a

very specific structure of the

tachyonic spectrum

Is this a feature of 10 d superstring

or is it more generally valid in

Calabi Yau compact f cations

There could be additional tachyons
















































































Kindler light one

plane

9 exp HII

T exp 231 523 545 25677

SU 3 holonomy
















































































There is a danger that there are

new tachyons in the doublytwisted
sectors Tr gk
One finds that all states in these

sectors are either massless or

massive and the analytic
continuation

in N of the tachyons as in tod

For a K3 74 213 these

arenewtachyone
















































































4 213

Now there Traditional tachyons

in the doubly twisted stators with

gsomdstate energi.es as below

r 1 2

at

215 NII IC 3
0 KIN 41
















































































mk

exp
2 2 alt 2n 1 2

Σ
o L 1

Nw we take Nk and do the

k sum first

We can ignore the floor function since

the extra terms are nontachyonic

I as 22 0

NI
p 211

2 1 24
















































































We again find the tachyons sum to

i

e
in i e

Han II

e
well behaved as e o and OLN

All follows from the geometric sum

K 1
















































































Thus there is good evidence

that entanglement entropy

computed using the orbifold method

a stringy analog of replica method

is finite and calculable

This feature appears to continue

for generic
Calabi Yan compantifiation

to models with less supersymmetry
















































































Heographyentanglement
Rindler spacetime Neal horizon

geometry of the two sided eternal

Schwarzschild Ads Black Hole

mmmm

in
x ̅ see fer

MF Minkowski
rain

CFI CFTR
mm

II Σ e
w

nwñw nwñw

Thermofield double entangled state
















































































Qw

gt
BmHapy

NS5 F1 system
Q5 Q1

Exact worldsheet CFT

WZW SLE model at k 4 1,72

BTZ Black hole mass m spin J

Z N M J K can be exactly
computed for ZN orbitolds of BTZ

once again tachyonic divergences

get tamed in the physical region
















































































I ed

Holographicentanglement

I Tr II II
se

Thermal density matrix of

CFT at finite erature

5 Tréruser f x N2

5 5
4

59

95N 2 95

Expect finite and nonzero corrections
















































































ReiathofNewtonsonstant
Divergences in the entanglement

entropy in the bulk theory
of gravity can be absorbed

in the renormalization of

Newton's constant
Susskind I Uglum

S qtSq isfinite
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