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MainRef Nielsen Chuang Ch2

A Reviewof QuantumMechanics
Justulate 1

Associated to every isolated quantum mechanical system is a complexvectorspace equipped

with a positive definite induct This vector space is known as a thertspace

Dependingon thesystem the dimensionof thisspacemaybe finite or infinite The physical
fate of the system is completely described by a unit vector in this space This vector

is called the state rector

Comment

1 Suppose we have a system 7 whose physical state is 4 Then we denote its

state vector by 147 Ha 17 Ket vector

2 If α β and 197 14 Ha Then 2197 β 47 Ha



Examples

1 Freeparticle in ID statewith definitemomentum and energy

4pm t 4
e

Et
E In

Physical states are wave packets Nix t 7 acp e é ep

such that 4,4 Sdse x t 4 x t x 0

Hilbertspace is infinite dimensional

2 Simple HarmonicOscillator 1 D Energies En n 2 hw he 0,112

In Energy eigenkets Infinite dimensional Un x Cain Hn x e

HermiteJune
3 Spinof an electron 2 dimensional vectorspace spanned by eigenkets of Sz I 0

5.2147 I spinupstate

52117 I spin down state Sz
t

117

Sz conventional choice Sx Sy also equally Valid choices



Defa
A qubit shortforquantum bit is any quantum system with a twodimensional Hilbert

space 71 6 We denote Pauli matrices Tx Oy oz by X Y Z

Y C 7 1

and choose the eigenbasisof Z as the computational basis 107,117

10 107 107 j
Z 117 11

or 217 C17 a see 0,1

Note that In In where denotes mod2 addition

The eigenkets of X are 1 17 f 107 D

The eigenkets of Y are 1417 107 2117

comments i For QI applications we usually require Dim171 to befinite and I
so that Dimal 2 Tensor products of N qubits



2 Hilbert spaces vs ProjectiveHilbertSpaces Two vectors 147 147 71 st 147 167

for some 07 representthe same physical states Thus spaceof physical states
H where is the equivalence relationship 147 147 H is a projective Hilbert

space It is not a Vector space For most part we avoid using projective Hilbert

spaces For a qubit I Pt

Some linear algebra
1 Basis If d Dim H a linearly dependent set of Vectors 14 i 1.2 d

st 147 C 14 19 He with some cie 7 The set 14 forms a

basis of 71
2 Positivedefinite InnerProduct Since 71 is a Hilbert space an inner product

21 71 71 a

217 147 197 4197

sit i 24197 e 4

ii 241 210,7 β 427 α 4419,7 β441927
iii 414 0 414 o iff 147 0



Easy to see that if 1 7 219,7 1142 then 4 147 2 40,147 13 242147

3 Since 147 147 Wemaynormalize our basis A basis 14 11 1.2 d that

satisfies 4 14 Sij is known as an orthonormal basis

4 Dual VectorSpace71 consider all linearmaps 41 e It is a vector space H of dim
d and it is isomorphic to 71 H H Thus we identify the map 291 71

to the Ket 197 71 st 201 H 261 147 24147

291 is called a bra and 2914 is a bracket

Example 107 f 11 201 1 0 I 0 1

Lilj Sij

the Cauchy Schwartz inequality If 14 197 are twokets in 71 notnecessarily

normalized shone that 1241971 141161

where 141 24147 161 9167

Hit Evaluate 25157 where 157 14 0197 where 0 29147 6167



2 For two kets 147 197 prove the triangle inequality

14 91 141 161

where 14 41 241 2912147 167

Linear Maps or Operators

A linearmap 0 11 He satisfies

0 147 α 0147 147 EH and EQ

O 147 197 0 47 10197 147,167 71
Hermitian conjugation

1 For everylinearmap 0 another map Ot called the Hermitian conjugate of Ost
2410197 9 0 147 197,147 71

2 An operator or a linearmap is called Hermitian or self adjoint if
2410107 4110 107 1074145 71

Thus we can write 0 Ot

Exercise Let 1747 7147 Then show that 441 7 107 7 410



Comments

When there is no roomfor confusion we write 441 0197 4410197

Since 24110167 204197 we can write 0167 alot
Let At 7 then if a vector 147 st 7147 α 147 then 147 is an

eigenvector belonging to the eigenvalue α At_ α α α is real

Proof Let It 7 and 107 st 7127 α 127

Then we can write 2217127 α 22127

Now 710 2127 a At 2 221

2217 127 22127

But 7 At and so 2217127 2 22127

α

Comments

1 Hermitian operator play a central role in quantum mechanics The complete set



of eigenvectors form a basisfor the Hilbert space Theorem

2 If α is an eigenvalue of a Hermitian operator st the equation 4147 α 147

has more than one linearly independent solutions 147 then α is known as a

degenerateeigenvalues If 14 i s da is the complete set of linearly independent
eigenvectors then there exists a procedure known as the Gram Schmidt

orthogonalization process sit the set 14 yields an orthonormal set 14

21 11 Sij

Projection Operators

Projection operators are operators which project down to a subspaceof the Hilbert space
Thus for a Hermitian operator

Aldi dildi where the index i coversboth degenerate

and non degenerate eigenvalues

For anyarbitrary state 197 9 12

We define Pi to a projection operator if Pily 9 12



We can write Pi laikail Note that

i Pi Pi

ii PiP SijPi

Spectral Decomposition Theorem

We haveclaimed without proof that the set of eigenvectors 12 of a

Hermitian operator form an orthonormal basis

Laila Sij
and 147 Yi Ki 197 71

It then follows that I I P

A I α KiXx

The spectral decomposition theorem

7 very useful corollary of this theorem is that if an operator B st
A B 0



Then B I Pikixail In particular the identity operator I can be

expressed as 11 I KiXXil

Decomposition of identity
Comments

1 Given an Operator 0 we can always express it in a given basis as a mati

Oij 2 1012

2 Suppose 12 is an orthonormal basis Let us define a set of new
vectors 18 st

1817 Ʃ 4ij 127

If we require the new set 18 to an orthonormal basis

8 18 Sij
LHS LadUeiUkj 12k



Sek U
kj

4
Kj

I tik Kj

UtikUk Sij

Vij is a unitary matrix Llij 22 18

Postulate 2

A measurement is described by an observable 7 a Hermitian operator on the

Hilbert space of the system The observable 7 has a spectral resolution

A Kiki α

where KiXail is the projection operator that projects onto the subspaceof
H labelled by the real eigenvalue α Upon measuring the state 147 1



probability of obtaining the result α is

p i 2417147
Given that the outcome α has occurred the state of the quantum system
immediately afterwards is

Example Consider a qubit in the state 147 2107 β is st
121 1ps I 29107 1 10 11 11 01

Then the Z observable is 10 01 11 11 y i oxi ilix

If we measure Z while the state of the system is 19 then

p o 2610 019 1212

p 1 911 119 1β
The conditional states rightafter observation are

10 01 j
107 up to a phase

11 11 117 up to a phase



Unitary Operators An operator 4 is called a unitary operator if it satisfies
11 4 444 11
114 11

Comment

1 A unitary transformation 4 acting on a state 147 preserves all the

information contained in that state 197 4147 147 4 147

2 Unitary operators preserve the norm of a state Unitary transformations

preserve probability 197 4147 24167 2414 414 4147

3 Physical transformation of an informationally isolated system is affecte

by the action of unitary operators on the Hilbert space

Eample The rotationof a spin system by an angle 0 around a axis ñ i

given by the action of thefollowing unitary operator on the Hilbertspace



4,10 exp on 5 2

4 Given an observable At 7 one can construct a family of unitary opera
ors 4 exp iαH α IR

Exercise Show that list 42 4 c a

Postulate 3

The time evolutionof an isolated quantummechanical sstem is governed by a

unitary operator U t t exp Hct E where H is known as the

Hamiltonian operator
14477 U t t NCE

Note that 1110 1 and L1 t satisfies

44 HULE
The Schrodinger

Equation
For any state 141077 This then implies it 41 H 14147



stationarystates

The energy eigenstates of the Hamiltonian operator are called stationary states
This is because despite having time dependence Their energy does not change

HIM Enla

Then 14nA 4 t 14 n é
Ent
4ns

The timeevolutionof anystate 14 t is given by stationary states

suppose 1410 4 147

Then In 4 19101

and 19 t U t 1910 Ent
um

hey



Postulate4

The state space of a composite physical system is the tensor product of
state spaces of the component physical systems If the systems are labelled
by numbers 1 Through n and the i th system has been prepared in the
state 14 then joint state of the system is 14,7 142 14m

Example Consider a composite system made out of twoqubits Then a

canonical basis is given by 1007 1070107 101 1070 ID

1107 117 0 107 1117 ID ID

The Density Operator TheDensityMatrix

Suppose we have probabilistic distribution of quantum states The distinct
but not necessarily orthogonal normalized states 14,7 1427 14m

occur with probabilities p p Pn respectively
Under these circumstances the expectation value of an observable 7 will
be given by



A P 24 1714 12 42171427

Pn In 714m

Pi 44 1714

É Pisa 14 14 714.7

II P Truikail Triaxx 2 167

Tr EE Pi 714 4.1

Tr 7 fi 4iX4i1

Tr AP

where p P 14 4 is the density operator matrix thatdescribesthe statistical ensemble that is the state of the system



Example Suppose there is a black box which spits out the states 10 or

1 with probabilities p or 1 p Then the physical state of the system is

described by the density operator

p p 10 01 1 p 11 11

Exercise Show that for 04 1 There doesnot exist a pure state
14 2107 pli

that can mimic the state p of the system

Properties of DensityOperators

1 Suppose It is an observable then its average for a system in state p is

givenby 27 Tr pA

2 The probability of obtaining di is TrTP p



3 Conservation of probability Trp 1

4 For a pure state a state 147 sit P 14 4.1

For purestates p p

5 Tt non purestate is called a mixed state For mixed states

Trp 1

6 The unitary time evolutionof a density operator is givenby

P t U t PoUtt

If't H pct von Neumann equation



Examples 1 The state p 10 01 1211 11 is called the maximally mixed

state It is the state thatgives us the least information about a quantum
system The maximally mixed state has the same form in every ortho
normal basis p 1210 01 11 11

1 4 1 121 4 1

2 The Gibbs state Consider a quantum system with Hamiltonian H
immersed in a heat batt at temperature T Then according to quantum
statistical mechanics the state of the system is given by the density
matrix

p 1 e
β

β IT

where I Tr e β is the partition function



Non Unitary Evolution
In the real world quantum systems are often neither isolated nor are they tim

independent So the time evolution of a quantumsystem may result ininteractionwhichmayresult in lossgain of information and or change of energy
This may result in lossof coherence Even a purequantum state may unitari
evolve in a way such that on a coarse grained level the statemay look ther
mal

A general quantum evolution map then should have thefollowing properties

1 It must be trace preserving p p then Trp Tro

2 It must be completely positive I e the eigenvalues of the density
operators must remain positive A positivemapmaynot be completely
positive E.g If P is density matrix P is also a valid densitymatrix

But the map P ftp.t P results in negative eigenvaluesands
it is not a CPTP map



Krause Operator Representationof CPTPmaps
Every quantummap can be represented by a setof operators known as Krausoperators7K

so p P can be written as

p AKPA

Since Trr Trp I 7174 1

An Example Bit flip
suppose we have a noisy quantum channel If we Want to send the state 107
or 117 the probability of the qubit passingthrough unchanged in p And let

the probability that 107 flips to 117 and vice versa be 4 p This not

represented by a unitary operator but with the two Kraus operators

To IF I 7 VIX


