
















































Quantum Information
Lecture 3

Recall our postulate 4

The state space of a composite physical system is the tensor product of the
state spaces of the component physical systems If the systems are labelled
by numbers 1 Through n and the i th system has been prepared in the
state 14 then joint state of the system is 14 142 14ns

Tensor Product

Let A B be two quantal systems with Hilbert spaces 71s andFIB

respectivelyIf we prepare system A B in states 147 and 14,37 the

joint state of the system is 14A 9B 4 19137

Comment A tensor product can be defined between any two
vector spaces For tensorproductbetween two Hilbert spaces we choose



















































an innerproduct on the tensor product space thats naturally inherited

from the component Hilbert spaces

Suppose 1277 and 1pm are orthonormal basesfor A B We
can then perform projective measurements 14 41 1pmXβml

Then the probabilies are p i m p i pBcm
where p i Kai 4712 and pBcm 4pm 413 1

But we also expect p i m Kai Pml Ya 43 1

This motivates di βm 4A B α 14A βm937

Defu Tensor Product

If Tea Jets are two Hilbert spaces we define their tensor product
Ha as the Hilbert space whose elements aregiven by the bilinear



















































map Ha FIB HAB with the following properties

i If 127 EH p E H then 12 β 1 70 β HA

ii 127 c β 021Pa C 1 7 018 C2 1 701827

d 12,7 421227 β d 1217 β dz 1227 β

iii If 121 β 122,827 tears then their inner product

is given by 22 βildasβa αilβikdlβa

where Lai β 4110411

iv If 19 β K2 Pa Has then c α βi Calapa GHA



















































Comments

1 states of the form 141,4B 1470197 are called product
states

2 States IAB that cannot be written as product states are

called entangled states

3 127 b1β b 107 1β7 6127 1β

4 Suppose 1217 1227 C Ha st 2211227 0 Then
Lai Pil 2 Pa 0 irrespective of βilβ2

5 If 12 and 1βm7 are orthonormal bases for Fla
then 12 βm7 furnishes an orthonormal basis forHAB

6 DimHAB Dim 71A x DimHB



















































7 Extending linear maps on 71A 71 ontoHAB Suppose 0A 10
is a linear map on Ha HB

OA Ha HA OB HB HB

Then we can extend their actions to Flap by defining

10 010 0 127 β

B
127 B 127 0,3187

The product of operators 0A OB is defined by

OA OB 127 IP Oa D 0 β
E g Hi Pika Pal 121 221 1βiXβal



















































Example Two qubits

consider two qubits A B The product basis in the computational
basis is given by

10,07 10 17 11,07 11,17

Explicitly since 107 b ID

1007 b i to.is 6 01

1107 D x 9

However there are other bases in which the basis states are entangle

The Bell basis



















































1βoo 2
1007 1117 Iso 5 5 52

Ipo 1017 1107
1007

Bio 1007 11154 5 11.07

Iβ 1017 1107 11 17

T 10,07 1 1017 1107

The statesof the Bell basis are examples of maximally entangledstate
Consider the state

1βi α 101 1 2 1107

Na
where α E 0,1 This state is unentangled when α 0 2 1 but not in
between

Now suppose given 18,97 we make a measurement on A in the

computational basis Then the conditional state of qubit B will be



















































Resultof A measurement is 0 prob state of B is ID is

Result of B 11 a 1 a B 107 is

Thuswe see that the conditional state of B qubit is a mixed state bu

only when the state of the combined AB system is entangled

This the state of the qubit B is

PB 10 01 ix 1

Trp I α
122

22 Na 222 22 1

If we compute s Triplogp 2 109 2 log 25
2 a

19 25 1948
























f we plot so as a function of α we see that sα reaches its

maximum value when α with 52 0 when 2 0 1

Thus we see That VonNeumann entropy is a good measure of bipartite
entanglement entropy



The No communication Theorem

Suppose Alice Bob share an entangled state

1pm 101 1107

f Alice makes a measurement then it influences the result

of Bob's measurement But entanglement cannot be used to send

information by Alice to Bob in a way that violates the
principleof special relativity

Furthermore Hice's choice of measurement does not influence
the probability of Bob's measurement outcomes

et us make The ideas more concrete Let 14 be an

entangled state shared by Alice Bob

17H37 Fab a 157 I a Iab b I a 14dB
a



where 197 167 are orthonormal bases for Ha ftp

14 are states that belong to HB Note that

11dB a 4B

Now suppose Alice and Bob decide to make projective
measurements in the 197 and 167 bases

Then we can compute the joint probability p a b by

p a b a b 712

Kaib E 1a
2

Saas b Ya 12



p a b b 1a 12

similarly we can write

p a b Ka Up
A 12

Now let us compute the probability for Bob to get 167
as a result of his measurement

p b plan Zaka V1
A 12

I 418 1 a
a U'A

15A ftp.CA



Thus we see that p b is independent of the choice

of measurement by Alice

since plb involves 115 Hla if we make a

change of basis in Ha then

1454 14 5 414 A

This may seem to give a different probability

distribution p b 87 but since

1151A 4 45 A

Weget p b 64 14 4115 I II p b
Thus we see that p b is independent of the choice of basis for
This is the content of the no communication Theorem



Two parties who share a quantum state cannot communicate by

i either a choice of local measurement

ii or by making a local unitary transformation

Conditional states

Although Alices choice of measurement or choice of states do not influence
Bob's probabilities p b the result of Alice's measurement does influence Bob
measurement out comes

This is most easily seen if we take the singlet state and Alice measures

in the 107.1177 basis Then p b oa o o p b 1 9 0 1

According to Baye's theorem



p b a P a b
p a

b Ya B 2

p a

This probability is identical to that obtained by Bob having the conditional

state

4B Ya B

N p a

Density Operatorsfor a subsystem
Now consider a subsystem B of a compositive system AB The states of B are

given by the conditional states
I a

AB

N P a V pca

If we now compute the density operatorfor system B



p Ʃ pca it VII

I talk'AB y AB
a

I cal p
AB

a

Thus we see that p
B the densityoperator for the subsystem B is given

by tracing over the subsystem A

Partial Trace

Tracing over a system involves the mathematical operation of partial
tracing which is defined using product states

If GAB 124 B pct B

Then Gt TrpSAB
B X B α BCA

I 40 B bXb X'B 12 p
A



I b β 4
B α

6B b

Ʃ b 9 b

ExpectationValuesof Operations of A subsystem

suppose Q is an operator Observable of the subsystem 7 If we compute Oa
then we firstextend 0A to the system AB by Da OA 1B
Then if the system in the joint state 14437 then

20,2
B I0A 1 TAB

I 41 I 0A IbXb I CAB

ask.FI
TraIIh I1b7Oa TrapAOa





Schmidt Decomposition

Supposewehave a densitymatrixp defined on a systemp We canthendiagonalize P in some

orthonormal basis 1KP

Pp I XK KPKKPI
where 7k 0 with É Ak 1 This is justthespectral decompositionof Pp Nowsuppose

that there exists an auxiliary system such that the combinedsystem PO adints an

entangledstate I Step He st that with pp 14 7 4 we have

Pp Trappa

For ageneric basis 109 of 9 we can write

I Pd CpkIKP 109

Ʃ K Cpk10

14Pa Ʃ IKP I

where 14197 I Cokley



So now p Try KPa 4Pa

IKPKKP 4,9 4,9

comparing thiswith Pp AKIKKKI We see that 4191419 XkSkk

We can then introducethe orthonormal set 14,9 NIK 1K

Then wewrite 1400 as

14Pa I NIKIKP KO

SchmidtDecomposition

Comments

1 If dimHP dimbed d thentheexpansionof an entangled state in a generic product basis

101 9 wouldhave d terms ingeneral The Schmidt decomposition has at mostonly

d terms withreal coefficients NIK These coefficients are known as the Schmidt

coefficientsThe Schmidt decomposition is specific to the entangled statewehavechosen



2 For an entangled state at leasttwo Schmidt coefficients mustbe nonzero

3 If the dimensions of the two Hilbertspaces are unequal thenthenumberofterms in the

decomposition will be determined by the dimension of the smaller dimensional Hilbertspace

4 The Schmidt basis is a specialbasis when the twodimensions are the same

1 7 11077 are eigenbases for Pp pg respectively

5 14Pa is known as the purification of Pp For a given mixed state p one can

alwaysfind an auxiliary quantum system such that there exists a pure ski

17 depth st pp Tra 14 4ᵗʰ

Example For a pairofqubits find the Schmidt decompositionfor thestate

177 2
10,07 11,7

Solution If wefind the eigenbasisfor thefirst qubit qubitA thenwe can find the eigen

basisfor the second qubit B

p Tr 177 71 10 01 0107 10 112017 11 01 107 1 11 2 1 7



10 4 1K 1 01 11 11

In the computationalbasis 10 ID p can bewritten as

a I
Wefind theeigenvalues A A

det I I I 0 1 7 1 1 7 1
Pa11 7 1 11 7 Pa 7 X 117

1 2 5
a 2 E a a Ida

2 1 fz
a b a b

a L 2 1

1 7 i n t
A

11 7 107 117 17 7 107 117

1 7 1 7



Thus Pa 1 1 4 1 1 1 41 with 7 7 0

Thus we can write 2 17 2
4 10710 2 11 1 7

x IE
2

10 1 7

107 1 7 IE 107 1 7

17 7 2,5 2
107 1 7

IY 2 10710 101 7

107 1 7 NT IE 10 1 7

HIS 2 7
0 1 7

Othogonality TB YB C 01 4 1 107 1 7 Kolo 2 1 7

401 7 4 107

C I I 0



Normalization LEB YB
24 40107 201 7 4 107 2 17

SEE t It if HEHEKCITE

EEE

FB EB 2T
40107 201 7 410 2 154

EH 17

Em
Thus IT 1 1 7 KB X 171413


