
 Quantum Information
Lecture 4

The EPR Critique of QuantumMechanics
In 1935 AlbertEinstein BorisPodolsky and NathanRosen EPR offered an argument that

quantum mechanics is an incomplete Theory The EPR argument if true would imply that there

There mustexist hiddenvariables which are not partof quantummechanics Such theories

are called hiddenvariableTheories

Herewe present a version of the EPR argument that is due to JohnBell who derived

a testable version of the argument which led to the Bell inequalities

Suppose we have two qubits say twoparticles with spin which are in an entangled

state givenby the Bell state

19117 107 1107

For two spin particles in this state it can be shown that the total angular
momentum operator 5 5,01 1 5 has eigenvalue given by 5 S StDt



with 8 0 This state is called a singletstate

The nice thing aboutthe singletstate is that it hasthe sameform in anybasis
So if we

express it in the basis it becomes

1pm 2
1 7 17 1 7 1 7 1 7 1 7 1 7 17 1 7 1 7

1 7 1 7 1 7 1 7 1 7 1 7 1 1 7

None
suppose

theparticle A endsup in Alice's lab while particle B ends up in Bob's

lab Alice and Bob's labs can befar apart EPR argued that anymeasurement that
Alice made on herqubit must be independent of anymeasurement that Bob did

and viceversa Wemay call this assumption the locality assumption

Nowaccording to quantummechanics Alice can do a bunchof incompatible measurement on

her qubit Suppose Alicehas a choice of two measurements a or Suppose Bob alsohas

the same choice Xp or It But according to 9M the value ofThese variables do

not exist before Alice or Bobmakes the measurement



If Alice chooses to measure then the valueof Bob's qubit's B value is determined

Onthe otherhand a measurement of Za will yield the value of IB But the

apparentlyreasonable assumptionof locality means that Alice's choice

of measurement doesn't influence the measurement that Bob does Thus the

values of B It must exist even though they are not simultaneously measurable

according to quantum mechanics An aspect of a physical systemwhich can be

measuredwithout disturbing it is called an element of reality This assumption is known

as the reality assumption

This version of local realism seems compelling since there is no known mechanism bywhich

thetwo particles can interact overvast distances Furthermore Alice and Bob can even do their

measurements so that the elapsed between the events of measurement shorter than the time

takenfor a beamof light to traverse the distance betweenthem In the languageof
specialrelativity the twoevents are space like separated



9
Criticismof the EPRargumentinvolves

i Its counterfactual So Alice can never do both a Za measurements and so making
the statement the valuesof both B EB exist is not a factual statement

ii NielsBohr argued that there needn't be a physical mechanism bywhich the two

qubitscan communicate with eachother He argued that thetwo different choices of
measurementswere complementary to each other in the same way the wave aspect and the

particle aspect of a quantumparticle are complementary Thelatter is the statement of
principle of complementarity which says that whether we see the particle orwavenature

of a quantum particle depends on the experimental setup

The Bell Inequalities or the Bell Theorem

In 1964 JohnBell proposed a statisticalexperimental testof the EPR argument Here we

present a version ofthe argument due to John Clauser MichaelHorne AbnerShimony andRich

archHolt CASH



Let Alice and Bob have choice of making measurements A or A and B or Ba

respectivelyThus jointy There are fourpossible measurements Ai Bi A1B2 Az Bi A B

suppose we choose units such that thesemeasurements can take the values 1 or 1 Forour

case we take the state to be an entangled singlet state and so we are measuring in units

of 5 2

Note thateachpairofthese observables are mutually exclusive as a set but we can built us

a statistics of their joint values AiBj This quantitytakes the value either 1 or 1

CHSH Then proposed to measure the averagevalueof 9 A B Bz Az B Bz Q then

can take values between 2 and 2

This means that the averagevalueof lies between 2 2

2 A B AB2 A B AzBz 2

This is knows as the CHSH inequality and it is an exampleof a Bell inequality It was

derivedassumingthat Ai Bj can take values independentofeach other



Whatvaluesdoes quantum mechanicspredict

The valuesof 2A B in quantum mechanics will depend on both our choiceof A B

as well as the state withrespect towhichwe take the average

Formeasurement we consider a spinmeasurement in the nz plane in which the angleof the ax

of measurement makes an angle 0 from the z axis This direction is definedbythe unitrector

ñ sin0 0 Coso and the measurement is No ñ 5 sino Cost

We can now calculate WaoWBoi for the singlet Bell state

We first observe

10 117 117 107

And so

a A B β A B 101 1107 110 1017
2
101 1107 β I

b a Z Iβ aZ 21101 1107
2
1117 1007 1007 1117 IPoo

c IaZB Bii Zlatt 101 1107 101 1107 1pm

d La B β Za Bfz 1017 1107 If 1007 1117 Ipod



Thus WAWBoi Sinosino a B Sind lost aZB

Cos0 Sino Ita B CostCoso Aa B

Sino Sino t o 0 Coso Go cos 0 01

Let us pausefor a momentand see ifThis resultmakessense For 1pm f 1017 1107

we see that Za ZB are anti correlated This agrees with 0 0 Wa WBO 1

Now for Ai Bj we choose Al
B

A Wo B Wy
Az WE 132 Way

AzAnd so

a WOW W.WS 7 LWEWq LWEW3I By

E f t
252 2



Thus we see that in QM 29 violates the CHSHinequality Bychanging 0 0 we

can also obtain 207 252 2

Thuswe see That 914 violates the prediction of locally realistic hiddenvariable theory
Wehave moved Bell's Theorem

Tripartite Entanglement
So far we have only dealt with bipartite entanglement Here we
have seen that entanglement entropy is a good measure of
entanglement

However when we go to higher order entanglement there is a

one choice of measure of entanglement For exampleconsiderfollowing three qubit entangled states

1 The GHZ state GHZ 100017



2 The W state IW 1001 10107 11007

Note that 1GHz has the same form as the Bell states
so one might be tempted to label it as a maximally entangled
state But an observation of any of the

three qubits destroys
entanglement

On the other hand with the W state observation of any one of
the qubits do not destroy entanglement completely Thus from a

certain perspective 1W is a maximally entangled state

The Area Law of Entanglement Entropy

Entanglement entropy is an important quantity in many body
physics It is a difficult quantity to measure Questions have
been raised about the relationship between entanglement entropy



and thermal entropy

Consider the thermal state p I Éβ
The absence of off diagonal terms in p imply lack of coherence
The emergence of the thermal state of a quantum system
that starts off in a pure state in contact with its

environment another closed quantum system albeit very long
is a non trivial problem

There seems to be some relationship between entanglement
entropy and thermal entropy However whereas thermal entrop
is assumed to be extensive and hence proportional to the
volume of the system entanglement entropy between two

subsystems A B is proportional to the boundary are

of the two subsystems In this way entanglement entropy is



like the thermal entropy of a black hole


