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Motivation

@ Foundations of quantum mechanics are usually studied in optical or electronic systems.
Quantum correlation is a central topic of investigations in the quest for an understanding as well
as for harvesting the power of quantum mechanics in a plethora of systems like quantum optics,
spin systems etc.

@ Recently, some measures of quantum correlations have been investigated for the systems of
unstable mesons viz. B and K-mesons and for neutrino oscillations.

@ Neutrinos can be potential candidates for transmitting quantum information and was
demonstrated by Stancil et al. (2012).

@ Open problem in neutrino sector:
Neutrino mass hierarchy (Unknown sign of Asy, + or —),
Is there CP-violation?

@ We study some measures of quantum correlation such as Bell-type inequalities viz. Mermin
inequality, Svetlichny inequality and some other measures like flavor entropy and geometric
entanglement. These quantities are found to be sensitive to the neutrino mass ordering as well
as to the effects of nonstandard interaction (NSI).
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Neutrino Oscillation

Quantum mechanics in neutrino oscillations

The three flavor states (eigenstates of weak interaction, which are detectable in lab)
of neutrinos, ve, v, and v- mix via a 3 X 3 unitary matrix to form the three mass
eigenstates (which are the propagation eigenstates) v1,v» and v3. Neutrino
oscillations occur only if the three corresponding masses, mi, my and ms3, are
non-degenerate.

In three flavor neutrino oscillation
Propagation states — {|v1), |v2), |v3)}:
Flavor states — {|ve), |vu), |vr)}

The general state of a neutrino can be expressed in flavor basis as:
[W(t)) = ve(t) [ve) + vu(t) [vu) + v (t) [vr)
Same state in propagation basis looks like:
[W(t)) = 11(2) 1) + va(t) [v2) + v3(2) v3)

The coefficients in two representations are connected by a unitary matrix

I/e(t) Ue1 Ue2 Ues Vl(t)
vu(t) | = (U U2 Uy va(t)
v (t) Ui U2 Urs) \1s(t)
or,
Va(t) = Uy;(t). (1)
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Neutrino Oscillation

Quantum mechanics in neutrino oscillations

@ A convenient parametrization for U or U(012, 023, 613, 0) is given by the PMNS
matrix

C12€13 ) S12€13 ) spze” 0
U(612,023,013,8) = | —si2c23 — crasmssize™  crocoz — siosmssize”®  syzens
51353 — Cl23513¢”0  —ciosy3 — spepssize’® cxans
@ where ¢ = cosfj;, s;j = sin0j;, 0; being the mixing angles and ¢ the CP
(Charge-Parity) violating phase.
@ The mass eigenstates evolve as
lll(t) e iEat 0 0 l/1(0)
w(t) | = 0 e~ Eat 0 1(0) |,
v3(t) 0 0 e—Est | \13(0)
or,
vm(t) = Evin(0) ()
@ From 1 and 2, 15(t) = U EU™! 15(0) = Ur 14(0).
* * - 2 AUL
Pag = bup —42 Re(Uz,;UgiUajUj;) sin® ( 1.27 -
1>
.\ AL
+2) " Im(U};Ug;iUajUg;) sin 2.54—~ (3)
i>j

= m2—m2=FE — E
WhereA,mej m: = E; — E;.
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Neutrino Oscillation

Problems not resolved vyet ...

@ Neutrino mass hierarchy problem i,e., whether m; < my < mj3 or
m<m <m).

o CP violation (¢ # 0).
P(Da — 78) # P(Va — vg)

@ Absolute mass

(m,y’ (m,)* -
(Am7),
() e——— —
V\
M),
Vu (Amz)_‘“ﬂ
V‘[
—— ()
(a7,
L] (m|)3 (m])l__
normal hierarchy inverted hierarchy
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Neutrino Oscillation

Neutrino experimental facilities

We included accelerator v,,- neutrino experimental conditions in our study
DUNE (L = 1300 Km, E = 1-10 GeV, A = 1.7x10713 eV)

NOVA (L =810 Km, E =1-4 GeV, A=17x10" eV)
T2K (L =295 Km, E=0.1-1GeV, A=1.01x10"13 eV)

(L — baseline, E — neutrino-energy, A — matter density potential)
Source: www.fnal.gov/

Deep Underground Neutrino Experiment

Sanford Underground

Fermi National \ S~
Research Facility Accelerator Laboratory North Dakota A
Lead, South Dakota Batavia, lllinois o S
O~ e

) lowa Fermilab
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Neutrino Oscillation

Matter effects on neutrino oscillations

Ve - Ves Vpr Vo Ves Vs Vr
W+ A
- Ve e ,p,n e ,p,n

(a) The Feynman diagrams for charged current inter- (b) The Feynman diagram for neutral

actions rent interactions

Hf = UH U™ 4+ V diag(1,0,0) + Vz, 13x3.

where, V' — matter density potential due to coherent-forward scattering of v,
with e~ present in the matter.
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Correlation measures in neutrino oscillations

Single particle (mode) entanglement in 2-flavor neutrino oscillations

@ One can establish the following correspondence of a two flavor state with two-qubit
state (PRD 77, 096002 (2008))

lve) =11).10),

) = [0}, [1),,

where |0) , — absence of neutrino in mode «
|1),, — presence of neutrino in mode .

occupation no. represention (4)

@ State of a neutrino in two flavor neutrino oscillation scheme

|¢(t)> = Uee |Ve> + Uep, |VH>
= Uee [1). 10}, + Uep 0 [1),,

@ Entanglement (non-separability) is established among flavor modes, in a
single-particle setting.
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Correlation measures in neutrino oscillations

Quantum correlations in terms of neutrino oscillation probabilities
(NPB 909 (2016) 65)

If a state is given by p (density matrix operator) and matrix T = Tr(p(om ® on))
is defined, then
@ Bell-CHSH inequality : M(p) = max(u; + u;) <1,
where u; and u; — eigenvalues of T (violation shows nonlocality).

for neutrinos
M(p) =1 +4PsurPosc

o Concurrence (entanglement measure) : C = max(A1 — A2 — A3 — A4, 0),
Ai — square roots of eigenvalues of pg, p = (0, ® 0,)p* (0, ® 7))
for neutrino system (nonzero C = entanglement)

PSLIVPOSC
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Correlation measures in neutrino oscillations

Leggett-Garg inequality (LGI) in neutrino oscillations
PRL 117, 050402 (2016)

@ Two-time correlation function
Gj(wa) = 1 — 25sin*(26) sin®(24p4.5).

where ¥, = f—é:(tj — t;), such that § and A; are known to us and E, is the
neutrino energy.

o For an experimental arrangement in neutrino-sector, we have (tj — t;) ~ 0L in
the relativistic limit, i.e., the phase varies only with the E;; i.e.,

Yajj = Ya = wadl /2
Under equal time assumption

Cij(wa) = 2P (va) — 1.

then the inequality

K3O =Co+C3— CGs= [2Puu(1/}a) - 1] + [2P;t;t(7/5b) - 1] - [2'Dwt(7/)a + wb) - 1]

@ Measurements are selected at various E;, such that the phases obey a sum
rule ¥, + ¥ = e = (wa + wp)dL/2.
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Correlation measures in neutrino oscillations

Leggett-Garg inequality (LGI) in neutrino oscillations

(PRL 117, 050402 (2016))

n 3=
2 T 7
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Figure: Experimental verification of LGl-violation in neutrino-system

@ MINOS experiment's data shows a greater than 60 violation.
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Correlation measures in neutrino oscillations

Correlation Measures in 3-flavor neutrino oscillations

State of a neutrino in three flavor neutrino oscillation framework mapped over three qubit
system with v, as initial state

[0(8)) = Une 1), 10),, 10}, + Uy [0} [1),,10), + Uper [0),,10),, 1),

@ Flavor Entropy : The von Neumann entropy for a state p in a d-dimensional space is

defined as
S(‘lﬁ(t») = - Z Tl‘(pj |0gpj) (pj = Trall but not subsystem j |¢(t)> <'¢}(t)|)
J=e,u,T
== | Uus I loga | Uus > =D (1= | Upp I?) loga(1— | Upp )
B B
S(p) = 0 for separable state
PP=\d logr(d) — (d —1)logo(d — 1)  for totally entangled state

@ Tripartite entanglement : For a tripartite system, the geometric entanglement is
defined as the cube of the geometric mean of Shanon entropy over every bipartite
section. ) ) )

G = H(U)H(U,, ) H(U,-)

where H(UZ ;) = —U? 5loga(U2 ) — (1 — U2 ) loga(1 — Un ), B=e,pu, T

Khushboo Dixit (CAPP, University of Johannesburg)| 11/31



Correlation measures in neutrino oscillations

Correlation Measures in 3-flavor neutrino oscillations

Tripertite nonlocality :

@ A three qubit system may be nonlocal if nonclassical correlations exist between two
of the three qubits. Such a state will be absolute nonlocal and will violate the
Mermin inequality for a detector setting A, B and C. Mermin inequalities are:

My = (ABC") + (AB'C) + (A'BC) — (A'B'C') <2
M = (ABC) — (A'B'C) — (A'BC') — (AB'C') < 2

@ A state violating a Mermin inequality may fail to violate a Svetlichny inequality
which provides a sufficient condition for genuine tripartite nonlocality. Svetlichny

inequality is:
oc=M + M, <4
fal A e === Local correlation
[N [N
/ N /s \ ———Nonlocal correlation
/ “ e N
’ \ ‘ .
- — ——— . « 3
Complete locality hybrid/residual complete nonlocality

nonlocality
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in neutrino oscill
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Figure: The maximum of geometric entanglement (GE) is plotted against CP-phase for DUNE (left), NOvA (middle),
T2K (right) experiments with neutrino (v,,) beam. Solid(blue) and dashed(red) curves correspond to the positive and
negative signs of Agg, respectively. The mixing angles and the squared mass differences used are 61, = 33.48°,

03 = 42.3°, 613 = 8.5°, Ap; = 7.5 x 10 %eV?, Agy = Az = 2.457 x 10~ 3eV2. The neutrinos pass through a
matter density of 2.8 gm/cc

@ Entanglement exists both in terms of absolute and genuine manner, Mermin
and Svetlichny inequalities are violated.

o Various correlation measures show sensitivity to the neutrino mass ordering.

@ DUNE is the most prominent experimental setup to discriminate the effects
of normal and inverted mass orderings. It can be attributed to its long
baseline and higher neutrino-energy range.

EPJC, 78 914 (2018)
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measures in neutrino oscill

Max (Geo. Entanglement)
Max (Geo. Entanglement)
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Figure: The maximum of geometric entanglement (GE) is plotted against CP-phase for DUNE with neutrino (VM)
beam (left) and for antineutrino (,,) beam source (right). Solid(blue) and dashed(red) curves correspond to the
positive and negative signs of A3p, respectively.

@ From QIP point of view, to test the nonclassicality embedded in the neutrino
system, one should employ (anti)neutrino beam as source in case of
(inverted)normal mass ordering.
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Correlation measures in neutrino oscillations

[1. NSI effect on quantum correlations

Motivation: Neutrino stands the test of entanglement and nonlocality. It becomes
pertinent to characterize the quantum nature of neutrinos under different circumstances.
The simplest parameter defining quantumness of a system can be quantum coherence.

@ Coherence: A measure of quantumness embedded in a system; a key concept in
quantum mechanics & information theory.

@ Quantum coherence is closely related to various measures of quantum correlations,
such as entanglement.

@ Recently, quantum coherence has been quantified in terms of experimentally
observed neutrino survival and transition probabilities (PRA 98, 050302(R) (2018)).

@ In this work we study the effects of nonstandard neutrino-matter interaction on
coherence in the oscillating neutrino system in a model-independent approach in the
context of DUNE experimental setup.

Definition
Coherence For a d-dimensional state

p =) ¥l
the /1-norm of coherence parameter is formulated as

C=> lpjl<d-1
i#j
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Correlation measures in neutrino oscillations

NSI effect: Model independent analysis
The Lagrangian for neutral-current nonstandard neutrino-matter interactions (NS/)

Lusi =—2V2Gr Y el (ay" Pvg)(Fy, PF)
f,P,a, 8
with eg’; = EZﬁ &P ~ O(Gx/GF). The matter part Vf of Hamiltonian
Hm = Hm+ U"1VeU (Hm = diag(E1, E2, E3)), defined for the evolution of
neutrino-state, becomes
1+ 6ee(X) Eeu(X) E67'()() N
Vi = V2GENe(x) [ €Z.(%) pun(x) eur () | with cap = p 0 g £(x) f

Ezf(x) E;:T(X) 5TT(X) Ne(x) ~aB*
U is the 3x3 unitary (PMNS) matrix.
@F @F Standard %GD/@)@
b @ @
Non-
@ standard @ @
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Correlation measu
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Figure: C plotted in (E - §) plane in the context of DUNE (L = 1300 km & E = 1 — 10 GeV) experiment: (a) Upper
panel (SM+NO) and lower panel (SM+10). (b) Upper panel (LMA-Light + NO) and lower panels (LMA-Dark + 10).
Minimum value (zero) of x represents the complete loss of coherence whereas for a maximally coherent state x = 2.

@ LMA-Light + NO solution decreases the coherence in comparison to the SM + NO.
@ For LMA-Dark + 10, coherence is enhanced in comparison to the case of SM + |0 for E =~ 4
GeV, the energy corresponding to maximum neutrino flux at DUNE, for almost all values of §.

@ The maximum value C = 2 cannot be achieved by three flavour neutrino oscillation in the
context of DUNE experiment.

EPJP (2021) 136:334 e
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Correlation measures in neutrino oscillations

bcp = 1112, NO Ocp = 112, NO

----- LMA-L+NO

2 4 8 10

6
E (GeV)

Figure: In the left panel probabilities Py —uvy (blue), Py, —ve (red) and Py, —vr (green) are plotted with respect
to E in the context of DUNE (L = 1300 km) experiment for § = 7 /2 and normal ordering, where solid and dashed
lines correspond to the SM and NSl interaction, respectively. The right panel shows the variations of C parameter with
E for 6 = 7 /2 and NO.

@ A small change in probabilities due to NSI effects can trigger relatively large
alteration in the coherence inherent in the neutrino-system.

EPJP (2021) 136:334
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Correlation measures in neutrino oscillations

Non-Local Advantage of Quantum Coherence (NAQC)

@ The h-norm of coherence in the basis of eigenvectors of Pauli spin
observables o; (i = x,y, z) is reformulated as

Cgi(p) _ Z<R|p|5); |R) and |S) — eigenstates of o
R#S

@ The complementarity relation of coherence > /(p) = Cpo & V6

@ Suppose that Alice and Bob are two game participants and share qubits A
and B with state p”B, respectively.

> Alice randomly performs one of the measurements M? on qubit A with
probability PMf = Tr[(M? ® 1)pag].

> The measured state for the two-qubit state can be obtained as
pagimp = (M7 @ Dpas(M7 @1)/Pyp

> The conditional state for qubit B is PBIME = T"A(PAB\MI?)

> Alice then tells Bob to her measurement choice and outcome, and Bob's task is
to measure the coherence of qubit B at random in the eigenbasis of the other
two of the three Pauli matrices o; and oy.

> The violation inequality implies that a single-system description of the
coherence of subsystem B does not exist.

PRA 95, 010301 (2017)
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Correlation measures in neutrino oscillations

Nonlocal Advantage of Quantum Coherence

@ In the presence of NSI, Bell's inequality violation occurs in the entire energy
range whereas the NAQC violation is observed only in some specific energy
range justifying the more elementary feature of NAQC.

3.0
238
~ 26
2
= 24
22 Vaccum
----- Std. matt.
20f ¢ v [ - Nsi
2 4 6 8 10 12 14 16
E (MeV) E (MeV)

Figure: Variation of M(p) and Niy (p) with energy (E) for KamLAND experiment, L = 180 km, E &~ 1 — 16 MeV.
Dotted (black) line represents the classical bound of M(p) and Ny (p). Although NAQC is a comparatively stronger
witness of nonclassicality, it shows lesser sensitivity to NSI effects in comparison to the Bell's inequality parameter.

EPJC 82 (2022) 446
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Correlation measures in neutrino oscillations

Quantum complexity of spread of states

@ Quantum computational complexity estimates the difficulty of constructing
quantum states from elementary operations, a problem of prime importance
for quantum computation.

@ Neutrinos have shown features such as entanglement and nonlocal
correlations that proves their efficiency to perform QIP tasks.

@ It gives us motivation to see how complex is a evolution of neutrino system
and if complexity can also probe any open issue in the neutrino sector.
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Correlation measures in neutrino oscillations

Complexity of spread of states

@ The complexity of the state can be defined by minimizing the spread of the wavefunction over
all possible bases.

@ This minimum is uniquely attained by an orthonormal basis produced by applying the
Gram-Schmidt procedure.

Schrodinger equation for a system represented by | (t))

9]
i— t)) =H t
i l(0) = H (1)
Then, the time evolution of the state |1(t)) is obtained as

[(t)) = e~ ™ [4(0)) .

One can also write

)

Mg

l(1)) =

) =3 E .
n=0

Il
<3

n

where, |1,) = H" |¢(0)). Hence, we can see that the time evolved system-state |1(t)) is represented
as superposition of infinite |1),) states.
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Correlation measures in neutrino oscillations

Complexity of spread of states

We have |¢,) = H" |4(0)). These states {|vo), |11), [12), ...} are not orthonomalized.
Gram-Schmidt procedure to obtain an ordered orthonomalized basis

|Ko) = |%0) ,
_ (Koly1)
[K1) = |¥1) — KolKo) |Ko)
_ (Kol2) (Kil2)
|K2) = |4p2) — (KolKo) |Ko) — (K Ka) |K1), and so on.

K ={|Ky),n=0,1,2...} = Krylov basis

Cost function to quantify the complexity (PRD 106, 046007 (2022))
For a time evolved state |t(t)) and the Krylov basis defined as {|Kj,)}, the cost function is

oo
2
x =3 nlKalw ()2,
n=0
where n = 0,1,2... For such Krylov basis the above defined cost function becomes minimum.
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Correlation measures in neutrino oscillations

Spread complexity in two flavor neutrino oscillations

The evolution of flavor states can be represented by Schrodinger equation as

() - (219)

where Hf = UH, U™, U being the mixing matrix and H,, is the Hamiltonian (diagonal) that governs

the time evolution of neutrino mass eigenstate

(B 0 [ cos@ sin 6
H"’_(O Ez)’ U_(fsine cosﬁ)'

weon = (3). maon=(3)

[ {lve(0)) , H |ve(0)) , HZ [ve(0)) ...} for initial ve flavor
{la)} = {{M(O)) He v, (0)), H2 |1, (0)) ...} for initial v, flavor

We have

After applying Gram-Schmidt procedure we get {|K,)} = {|Ko) , |K1)}, ie.,

ko) = (3) 1660 = (31 = (1w lws} or i e
(1K) = : X
{1Ko) = (1) LKy = (o>} = {lva), |ve)}  for initial v,
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Correlation measures in neutrino oscillations

Spread complexity in two flavor neutrino oscillations

For a time evolved state |ve(t))

Aee(t) ) _ cos? Qe E1t | gin2 ge—E2t
Aen(t) ) — \sinfcosf(e B2t — e~ iErt)
(with {|Kn)} = {|ve(0)) . [,.(0))})

1

xe = 3 nl(Kalwe(0)* = P

n=0

Similarly, for state |1, (t)) = (Ape(t), Auu(t) T (with {|Kn)} = {|1,.(0) , [ve(0))})

Xp = Pe

@ The more the oscillation probability of neutrino flavor, the more complex the evolution of the
neutrino flavor state.

@ Since P, = P, for standard vacuum oscillations, the complexity embedded in this system
comes out to be same for both cases of initial flavor, i.e., complexity of the system doesn’t
depend on the initial flavor of neutrino.
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Correlation measures in neutrino oscillations

Spread complexity in three flavor neutrino oscillations

We have three types of initial states as |ve)

1 0 0
0], |vu) 1), |ve) 0 | with Hamiltonian
0 0 1
Hf = UH, U™, Hp = diag (0, Amgl, Amgl) and U — 3 x 3 PMNS mixing matrix

Uer  Uer  Ues Ci2Ci3 S12€13 size”’
_ _ i i
U={Uun U Uss|=|—sncs— cosssize C12C23 — S12523513€' S3C13
i5 i
Ury Uzrz Uzs 51353 — C12C3513€" —C1253 — S12C3513€" C€23C13
Here, Krylov basis # flavor basis.

1
@ For initial |ve) state |Kp) = |ve) = <O

—N1

Am21

other states spanning the Krylov basis take the form

0
Ue2 UHQ +
UeZ U7—2 +

58

E ) Ue3 Uu3
A ) Ues Urs
2E

m

wsn

(%
(%

A) UpUz + (5
—A) UnUno + (5

Amal

- A) Uz Uys
- A) Uz Urs
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Correlation measures in neutrino oscillations

Spread complexity in three flavor neutrino oscillations

Xe = Pep(£)(NF[a1 | + 23 b1 [?) + Per (£)(Nf |2|* + 215 | bo[?) + 2R(NF af a2 Acu(£)Acr (£)")
+ 4R(NZ b by Acyu (£)Aer (1))

with
(Am2)° |Uaz (1 = |Uazl?) + (Am2)? [Uas (L = [Uas|?)
— (Am3)) (Am3)) |Uazl?|Uasl? (Am3; + Am3,;)

A= ,
(Am3))? |Ua2P(1 = |Ua2l?) + (Am2))? [Uas2(1 — |Uasl?) — 2 (Am3,) (Am2,) |Uazl?|Uas|?

Khushboo Dixit (CAPP, University of Johannesburg)! 27/31



Correlation measures in neutrino oscillati

Spread complexity in neutrino oscillation experiments
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Figure: T2K: Cost function (upper panel) and 1-P, o (lower panel) in the plane of E — § in case of initial flavor ve
(left), v, (middle) and v (right). Here, L = 295 km and mixing parameters 015 = 33.64°, 013 = 8.53°,

023 = 47.63°, Amg1 =753 x 10~% eV? and Amg1 =2.45 x 10~3 V2 are considered.
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Khushboo Dixit (CAPP, University of Johannesburg)|



& (radian)

& (radian)

2 3 4 5 6

Figure: NOvA: Cost function (upper panel) and 1-P o (lower panel) in the plane of E — § in case of initial flavor v,
(left), v, (middle) and v (right). Here, L = 810 km, and higher octant of 63 (47.63°) is considered.

@ For both the experiments, the maxima of x,, and x, are found at § ~ —7/2 and § = /2,

respectively.

@ This means that the matter effect just enhances the magnitude of complexities, however, the
characteristics of x, with respect to § are almost similar for both T2K and NOVA experiments.
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Correlation measures in neutrino oscillations

@ In the T2K and NOVA experimental setups, where only v,, beams are produced, the only
relevant complexity is x ..

@ For both the T2K and NOVA x, is maximized at § ~ —1.5 radian at the relevant experimental
energies. The T2K best-fit value of § = —2.14t%%% radian is consistent with this expectation.

@ The NOVA best-fit, however, is at 6 ~ 2.58 radian which is far away from the maximum x,, in
the lower-half plane of § but is still within a region of high x,, value in the upper-half plane of §.

@ P, which is the only oscillation probability accessible to the T2K and NOVA setups, it
becomes maximum at § &~ —1.5 radian. This is compatible with T2K best-fit but is in odd with
the NOVA best-fit.

@ Complexity provides correct prediction for the § in experimental setups.

arXiv:2305.17025v2 [hep-ph]
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Summary & Conclusions

Summary & Conclusions

@ Quantum correlations show sensitivity to the neutrino mass ordering, i.e. the sign of Asz;. Itis a
general feature displayed by all the correlations that the sensitivity to the mass ordering becomes
more prominent for the high energy and long baseline experiment like DUNE compared to
NOvA and T2K.

@ Coherence parameter shows more deviation from its SM value due to NSI effects in comparison
to the probabilities, both in case of normal and inverted mass ordering. Hence, measurement of
coherence and other correlation features can also be used to probe new physics in neutrino
sector.

@ We formulated and derived the quantum spread complexity embedded in the neutrino flavor
states both for two and three flavor oscillation scenario.

@ In case of three-flavor oscillation, initial flavor state evolves into two mixed final states. Hence,
the complexity contains additional information regarding open issues related to neutrinos,
compared to the total oscillation probability.

@ Remarkably, we found that the complexity is maximized for a value of the phase angle for which
CP is also maximally violated. T2K experimental data also favors this phase angle, which is
obtained from flavor transition.
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Figure: DUNE (antineutrinos): Showing Flavor entropy (upper left), Geometric entanglement (upper right), Mermin
parameter (M1, M2) (bottom left) and Sevtlichny parameter (o) (bottom right), as function of the CP violating phase
8. The energy-range is taken between 1-10 GeV and the baseline is 1300 km.
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