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Symmetry is a powerful organising principle

IR constraints Selection rules Topological protection

Landau paradigm, allowed transition, decays, topological insulators,

't Hooft anomaly matching particles in the spectrum... topological superconductors,
fracton phases...

Infinite dimensional symmetries are ultra powerful

Suffices to look at 2d CFT: Virasoro Internal symmetries also enhance: Kac-Moody
fixes spectrum exactly more constraints: rational CFTs
underpins (worldsheet of) string theory even more power: connection to 3d TQFT and
further connections to quantum gravity topological order

physical example: entanglement spectrum of fQHE
. states [Li, Haldane; 2008]
Downside: Only in 2d’ /=
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One kind of generalisation: higher-form symmetries [Gaiotto, Kapustin, Seiberg, Willet 2014]

Recently vast generalisation of the notion of symmetry

Zero-form continuous symmetry: 9,J# =0 <= dxJ;;;=0 c

= codimension-one topological operator U(%;_1) := exp(ij *J[l])
2ig—1

p-form continuous symmetry: 9, JH"17" =0 <= dxJ,417=0

= codimension-(p + 1) topological operator U(Z]d_p_l) ‘= exp if *J[p+1])

2:d—p—l

Act on p-dimensional extended operators by linking

Other generalisations: higher-group, non-invertible, subsystem symmetries, and more.
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The star of the show is a free p-form field. toossimple

Very simple dynamics: d*Jppr11=0 and d*Jpg_p17=0.
Describes generalised photons A, | or their magnetic cousinsg[d_p_z].

Has a lot of symmetry = can (and will) solve exactly on any topology

p-form U(1) symmetry (electric) (d — p —2)-form U(1) symmetry (magnetic)

generated by: exp| ia J *J [p+1]) generated by: exp iaJ *JN[d_p_l]
A4d7p71 A4p+1

acts on:
acts on: Wilson = exp iJ Alp] . ~
Tp ‘t Hooft = exp| i Ald—p-2]
Yd—p—2
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Forany Agpy, K[d,p,z] satisfying:
dA[p] + * dA[d,pfz] =0
(twisted self-duality)

There’s much more to it: infinitely many more zero-form symmetries \[\

Conserved currents: T = *(J[pH] A /N\[d_p_z] +f[p+1] A A[p])

Conserved charges: Q(/\) = f *In i < act onlocal and non-local operators (wait for Gift 1)
i1

Commutators: [ Q(A), Q(A)] =ik f AndA' Dy k= "level" ~ gauge coupling
b3
Ind = 2, p = 0~ free compact scalar J (z)a(z) and J (Z)a(%) conserved

[Q(a), Q(a’)} = ikf ada’ = [Q,,Q,,]=kn O pymm = it'saKac-Moody!

Inhigherd [, ]= f .-+ isagain a spectrum-generating, infinite-dimensional current algebra.
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Free fields and current algebras

Togetthespectrumturn [, J= f -+ intoamodealgebra => [ A, AT |=E,5

n~nm

: i alue of
r € zbip-1(3) electric . j— \/e‘gnT
Plus zero modes! { = fluxes = higher-form charges Laplacian on %

s € Zbpr(®) magnetic
Hamiltonian: Hy, = kr? + k™ 1s% + Z Al A,
n

States:
> Primarystates: |r, s ). Fixed fluxes, annihilated by all A,,. Energy = kr? + k™! s2 =: Ay

Nn
> Descendants: [ ], (.AD Ir,s).Energy = A, s + >, N,E, Siegel-like Theta function

.. Ox(q; k) 1
Non-trivial check: ch(q) = » ch, (q) = » trq¢®* = =22 =2z(s! x &
q Z r.s\d rzs: q N%(q)? ( B )

r,s

“spectral eta function” n5,(q) = [ [, (1 —gFo )71 2 very reminiscent of 2d CFTs!
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State-operator correspondence

dxJ=0
Claim:Hofman 142l 20%) A ynjitary CFTin d = 2p + 2 with a p-form U(1) symmetry is realised by
free p-form fields.

Sketch of proof: (J(x)J(y)) =f(x—y) = (dJ(x) dJ(y))=0 = dJ =0.

very specific function [Costa, Hansen 2015]

> d = 2 ~» standard result: free field realisation

> d = 4~ free photon realisation (photonisation)
~» precise one-to-one correspondence between states on H.5, and nonlocal operators
sets the stage for understanding higher-dimensional CFTs on compact manifolds

such a correspondence is not possible for generic CFTs [Belin, de Boer, Kruthoff 2018].
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unique holonomy

For illustration, take d = 4 and quantise on X = S';i(Sl/_ unique flux

Recover the spectrum of states by path integrals on B> x S! with insertions of line operators

L) = f DAe S £({0} xs!) =

takes care of
Bogoliubov transformation

~Texp(A2+(41)°)

Asurprise: |1) # |vacuum) = |0, 0) Why? radial evolution mixes ladder operators
~ A, |1) # 0but (#nAn + #nAi) |1) = 0 = squeezing transformation: |1) = &0, 0)

«~ Vacuum is prepared by photons of all frequencies smeared on S! (consistent with [Belin, de Boer, Kruthoff 2078])
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The rest is straightforward

Primary states
Wilson—"t Hooft li + ~
[r,s) e 1son=trootines =6"x exp(ir A+is A)
dressed with squeezing operator gt st
Descendants

Representation theory at work ~ sprinkle oscillators

AT I1,s) e &7 x # A+ # AV xexplir | A+is| A
l_[( I"I) > n n n n p
n n St St

That's it. That's the entire spectrum.
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Topological order = patterns of long range entanglement
I 8R| time
In@+Nd: Sgg=———71 [Kitaey, Preskill; Levin, Wen 2006]
€
P log (total quantum dimension)

IR effective field theories ~» 3d TQFTs

bulk/edge correspondence
anomaly/symmetry inflow (cf. SPTs, SymTFTs)

entanglement spectrum = edge spectrum [Li, Haldane 2008; Chandran et. al 2011]

edge spectrum organised by Kac—Moody algebra [Elitzur, Moore, Seiberg 1989]

Here: Consider higher-dimensional topological order and study its entanglement
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The theory: a (d -dim) theory of (p-dim) surface-net condensates [Bombin, Martin-Delgado 2006]

A~A+ da[p_l]

k . .
RTQFT:S = Py f Brg—p-11AdA[ gauge invariance~> » _ p 4 dBrp-1]

Presence of boundary: gauge transformations that survive ~» global charges

Here: Qla)= %J aAB, Q(ﬁ) = L P AA
%

27 Jox

Satisfy [Q(a), (Nz(ﬁ)] =ik f andp looks familiar?

[
Edge modes is free p-forms + chirality condition ¢ higherd analogue of chiral boson

Edge spectrum controlled again by infinite-dimensional current algebra
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Important issues:

Hs: # Hp ® Hest ~> Pg Needs care ~» solution: extended Hilbert space
[Buidovich, Polikarpov 2008; Donnelly 2011; Donnelly, Wall 2014]

UV issues by the introduction of dR ~ solution: regulate trace with quadratic Hamiltonian

_ Ox(q; k) extract entanglement by modular
. n_ neHY _ “X\1> g Y
Altogether: Tr pp = ch(e ) " nx(q)?  properties of © and hard work (for 1)

AN 0 1
Sep = Z Cﬁ")(—) + KP8 even log( )—E(bp(aR)+ bg—p—1(0R))logk

—1 & &

proportional to heat subleading universal topological ’,term\

kernel coefficients



Outline

Giftideas (outlook)



Non-invertible current algebras

Gauge charge conjugationJ ~ —J = symmetry broken but resurrected as non-invertible
[{others}, Antinucci, Galati, Rizi 2022; Aguilera-Damia,Argurio,Chaudhuri 2023]

Current algebraalso: D(A) ® D(A) = eik [ And D(A+A)e® ik [ Andy D(A—A")
~» Should still fix the spectrum TIP w/ Aguilera-Damia, Argurio, Chaudhuri

Current algebras in gravity

Linearised gravity enjoys “biform” symmetries with charges R — (traces) and xR x —(traces)
[[Hinterbichler et al 2022, (Hull et al 2024)*1]

Also leads to a current algebra (depends on more parameters 2 KY tensors, 2 one-forms)
~> Implications: linearised spectrum, asymptotic symmetries...? TIP w/ Mathys

Non-linear p-form electrodynamics



Thank you!
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