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2D CFT Review

Conformal symmetry

@ Global conformal group

shifts, rotations, scaling P, S,.,D, K\
special conformal
transformation ’
o Wick rotation T=u
e 2D: complex Z=TH+1x, Z=T—1
Coomlma“;s 1 (2,2) = (f(2), (2))
o Local conforma  mtl 5 _metl
transformations L ==2"70, L ==2""0
c
. . . [Lma Ln] = (m_n)Lm+n+_(m3_m)5m+n,0
o Quantization: Virasoro 12
1 L
algebra T(z) = Z m?Q
o Energy-momentum nez ©
tensor

¢ - central charge of the theory
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2D CFT Review

Conformal primaries

o Primary field: Jo\ "/ d _h
tensor-like d(w, w) = ( w) (d_w> (2, 2)
z

transformation law dz
o Primary states LalhoB) = Lyl By =0, k>0
e State-operator Lolh, h) = hlh,h) ; Lolh, h) = hih, h)
correspondence #(0,0)[0) = |h, h)|h), h) < é(z,2)
o Vacuum state Lo|0) = L_1‘0> =0,Li0)=0 k>0

o Identity operator 1 <+ vacuum state
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2D CFT Review

Correlation functions

<¢1(Zl)¢2(22)> — 5h1,h2

— )2k
o Two-point function (z —w)=2M
(p1(21)p2(22)#3(23)) = Cr23v123(21, 22, 23)

e Three-point v123(21, 22, 23) = 215/ 215 295"

function i = hi+ hy — Z I

k#i,3

o Invariant cross-ratio = R12%34
e Many-point £13%24

functions (f1...¢p) = H zi;%'j F(x1 . Tns)

1<j

Boris Runov (Ariel University) Supershadow formalism December 19, 2024 4/21



2D CFT Review

Conformal blocks

Operator Product zypﬂ K]¢( K)( )
Expansion ZZ —hi—h;+hp+ K]

Four-point function decomposition

(¢1(00)d2(1)d3()$4(0))
—203410012 ahe h4+hpzc 15p[ K 21 (00)$a2(1)0S ) (0))

Conformal blocks F

(d1(00)$2(1)P3(2)94(0)) = > CaupCiopFi3 (pla) Fi3 (p, Z)

p

Conformal blocks are model-independent, i.e. depend on ¢, h; but not
on ka
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Semiclassical limit

[Lim, Ly) = (m = 1) Lypn + — (mg — M) 0m4n,0

12
5”[ Kb (w)

ZZ Cur 5
—hi—hj+hp+|K]|

In semiclassical limit the central charge ¢ tends to infinity

Coeflicients BZ[_K] are proportional to inverse of Gram matrix of

vectors at the level |K| = BZ[_K] ~ O(c71) unless K = (1,1,1,1,...,1)
In the limit ¢ — oo only global conformal algebra generated by Lo, L4
contributes to conformal block

Semiclassical conformal blocks in C'F'T5 corresponds to geodesic
Witten diagrams in AdS3 [Hijano et al (2016), Chen et al (2017), Dyer
et al (2017)]
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2D CFT Review

Shadow formalism

Dual shadow operator [Ferrara et al (1972), Simons-Duffin (2014),
Rosenhaus (2018)]

6i(09) = [ M,
is a (quasi)primary field of dimension
dim¢;, =h*=1—h
Two-point function
(&h (2, 2)p(w, w)) = 6%(z — w)
Projector property

I, = / d226n (2, )|0) (0165 (2, 2)

Iy, 11y, = 6hynoln,
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N=1 SCFT

Superspace

Superspace C!I! is parametrized by coordinates Z, Z
Z = (2,9), 7 = (2, é), 01605 = —056,

Zig =212 — b2, zi2=21— 22, 012=010>

Superderivative B B
D=0yp+60,, D=0;+00;

Superanalytic functions: Df (Z, Z) = 0 Superconformal
transformations Z — Z = (Z,0) preserve superderivative

D = DD
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N=1 SCFT

Superconformal transformations

c_oaztbtal 5 Gz B+ Af
 cz+dBe  cz+d+ B0
e Global superconformal aff — ca bs — da

Qi
I
i

group ad —be’ Vad —be’
A = +/ad — bc — 3o

~

¢
(L, Ln] = (m_n)Ln+m+§5m+n,0(m3_m)

@ Supervirasoro algebra [Lin, Gs] = (@ - 7“) Gm+s

(NS sector)

2

{Gri G} = 2t & <T2 _ 1)

m,n integer, r, s half-integer
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N=1 SCFT

N=1 SCFT
O(Z,2) = 0z, 2)+00(z, )00 (2, 2)+00¢ (2, 2)
o Superfield 1
dim¢ = h,dimy = h + 3
. . _ 5h1h2
o Two-point function (@1(21)P2(Z2)) = 72kt
12
o Invariant Z19 734
cross-ratios = 71374
21903 — 21302 + 20361 — 36010203
= 3
o Three-point (212213223)
function (1(21)P2(Z2)P3(Z3))

_ |Zl2|*27123 ’Z13’*27132 ‘Zzs‘*?}’zm (C + 01237777)
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N=1 SCFT

Supershadow operator

622 = L [ [ e BT

o Shadow |2 — Wiz
operator W= w,§),Z—-W=z—w-—060
(@4(Z, 2) (W, W) = 6%(0 — )% (2 — w)
e Two-point
function 6(0—&) =0-¢
| = [ [ 00,2, 2)0)0/}(2.2)
@ Projector
e Shadow Chinihy = 24=2(9p — 1)2@hh1h210(h — hi2, h + h12) Ny,

three-point
constants Chh1h2 =24 Chhlhzfo (h + hi2 —i— —h—hia+ = ) Np,
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N=1 SCFT

Superconformal blocks

Four-point function <H (I)l(Zla Zl)> — |£h17h2,h3,h4 (Z12a Z34; 2247 Z13)|2

ZGh(hhh2,h37h4\X,X,77,77777/777/)
h
, 1
n=moas, 1 =(1-X) 20123

Leg factor Ly, hy hs.n, ensures global superconformal symmetry
_ 7—hi—ha z—h3z—ha —ha h3+h4 —hi+ha+h3—hy
Ly hohsha = L1 Z3 Z 23 Z14

(0,1) (1,1)

0’ + gh nn’ﬁﬁ’
1,— 1, 1 _
+ £ e+ T+

Gh —g;(L )+g;(1 )nn+g
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Supersymmetric shadow formalism

Using shadow formalism

A 4-pt function can be decomposed into sum of CPWs

4

<H q)l(Z’La Zl)> = Z \I}Zl7h27h3,h4 <Z17 Z27 Z37 Z4)
i=1 h

Inserting identity
1=) M, T= /d2z/d29<1>h(z, Z2)|0)(0|®5(Z, Z)
h
between ®, and ®3 we compute superconformal partial wave

‘I/ZI’hQ’hS’M = /szO/dQGOVhlhgh(ZIaZZaZO)Vh*h3h4(ZOaZ3aZ4)

A CPW contains contributions from superconformal block G}, and
shadow superconformal block Gp«
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Supersymmetric shadow formalism

Extracting superconformal blocks

Individual components can be obtained via superanalyticity

2 4
of 0;0; + g/

X) = I 96,00,00500,
fX) f($)+i<j 90;0;10=0""7 " 00,00200500,

g}(lo’o) (X) is a superanalytic continuation of ¢(>9(z), which is obtained

at the point 6; = 0
(0 04 g(0 0) =Chishy Chinaiy | X | Fapt <h + =, hi2, ha| X, X)
Chiihs Chnang X | Fapt (hy haz, hsa| X, X)
_ i-n 2
F4pt —Y(l — h, hlg)’X2 2F1(1 —h+hsa,1—h—hio,2 — QhIX)‘
Y (h, hsa)| X" 29 F1 (h + hag, h — hia, 2h] X)|?
(1 — 2R)0(h + K)D(h — h)
T —h—WC(1—h+ i)
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Supersymmetric shadow formalism

Results for superconformal blocks

0.0 v %) (o A (0) 2
g, (X, X) 201200034‘G070(h7 hi2, h34|X)‘
- 2
+ 01200034‘@()?)(7% h12, h34|X)‘
G r © = LG 1
00 = X"2F1(haath, h—h1s, 20| X) , Gyl = G h+ 5, 2, haa| X
(1L0) (x| X)) =Cla9Co34 |G (h, hia, hsa| X
9, (X, X) =C120C034 |G (b, haz, b )
s 2
+ 01200034‘G§f())(h, h12, h34!X)‘

e _1 1
Gg,()) = X" %2F1 (h34 +h— —,h — h12,2h|X>

Gl = —G(e) (h + = h12,h34]X)
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Supersymmetric shadow formalism

Correlation functions on a torus

Coordinates

—_ 627m'u) _2mT

z , qg=e€ , Zm~qz

One-point function

(D1(Z1))7 =) struy, [qLoqioq’l(Zh Zl)]
Ay

Two-point function

(@1(Z0)®s(Z2))r = 3 strmy, (470750121, 20)®s (2, o)
Ay
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Supersymmetric shadow formalism

Shadow formalism on a torus

Wi (q,q, Z1, Z1) = ™' g™ /d2w1d2€1VAI,h1,A1(W1,th W)
W2 (4,0, 21, 21, Z2, Zo)
= ¢Mgt /d2w1d §1VAs hy,ny (Wi, Z1, W2)
X Vagho a0 (Wa, Za, q - Wh)

~ 2
(®1(Z1,21))+ ZCAlhAl Bo(h1,A1|Q)‘ + Casna, |Bi(hi, Arlg)

<¢1(21,51)¢2(22,22)>T =) CarnasCashan | BS (a1, 21, 22) 2
A1,Ag

1
+ § CAlhAQ CAQhAl |B(()0) (C]h 21, 22) |2
IAVIAY)
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Supersymmetric shadow formalism

One-point block on a torus

21
1
Bo(h1,A1lg) = —————¢™' [ b d
0( 1, 1\(1) 01(h1,A1,21)q /o(zl,wl) w1
0
1

Bi(h1,A1lq) =

Z1
A fp d
e (hl + %,Al,Zl)q 0/ l(zlawl) w1

T(2A — BT (h)(=1)*2(=2)"
T(2A)

bo(z1, w) = vi-ay hy Ay (W1, 215 qW1) + QUL Ay 1A, (W1, 215 qun)

Cl(h7 A? Z) =

1
bi(z1,w) = (5 —2A; + h1> VoAt ba, (0121, qun)

1
+ <2A1 5 + h1> \/aU%—Al,h1+%,A1+%(w1’zl’qwl)

Boris Runov (Ariel University) Supershadow formalism December 19, 2024 18 /21



Supersymmetric shadow formalism

Two-point block on a torus

1 hi1,h
Béo)(q’ 21’22) = A11A22(Q721722)

(A1 4+ Ay — hi) (A1 + Ay — ho)

hi,h
B VAN PAY) ‘FA11+21/2,A2+1/2((1’ 21, 22)
B(2) _ fhl,hQ A2fh1’h2
00 — A17A2+1/2(q721322) - A_l A1+1/2,A2(q7 Z]_,ZQ)
ha h hi+h
21z (1 — q) 1+h2
./T"hthAl’AQ q, 21, 22) = 1 ~2
( ) Zil21+h2(z2 _ qzl)h1+h2
Ar A Ar+ A2 —hi, Ay + Ay — hy
><P11922F4[ DAL 2A, ‘,01,/)2
_ b (en)?
2129(1 —q)?”’ z122(1 — q)2
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Supersymmetric shadow formalism

Conclusions and outlook

(Super)shadow formalism correctly reproduces known results for
4pt block

New results for 2pt block on a torus

Generalization to Ramond sector?

@ Dual description for many-point superblocks?

Is it possible to extend formalism to full (super)Virasoro algebra?

Boris Runov (Ariel University) Supershadow formalism December 19, 2024 20 /21



Thank you

Thank you!
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