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Gravitational wave detectors and sources

• Gravitational waves are disturbances in the fabric of spacetime.

Figure: Moore, Cole and Berry from the Gravitational Wave Group at the
Institute of Astronomy, University of Cambridge (http://gwplotter.com/)
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What are EMRIs?

• An Extreme Mass Ratio Inspiral (EMRI): inspiral of a stellar compact
object of mass µ into a SuperMassive Black Hole SMBH
M ≥ 105M⊙, the mass ratio q = µ/M ≲ 10−4

• The inspiraling body traces the SMBHs spacetime background and
emits information through gravitational waves.

Figure: An EMRI on the equatorial plane on the left and on the right the
respective waveform (Harms , 2016).
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Why are EMRIs interesting?

• EMRIs scan thoroughly the spacetime background.

• By analyzing the GWs we can check the Kerrness of the primary black
hole.

• Any deviation of the GW from the standard paradigm reveals
deviation from GR.

• The rate of EMRIs has a direct impact on our population modeling.

• The perturbation modelling of EMRIs produces tools useful for other
theoretical fields (Barack & Pound , 2019).

• For more see e.g. (Babak et al. , 2017; Barausse et al. , 2020)
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Distance and mass ranges of two body systems

Figure: Leor Barack slide. M is the total mass, µ is the reduced mass, r is the
distance between the bodies.
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A very simple first approach to an EMRI

Assumptions:

• The inspiraling object is not spinning.

• The spacetime background is Kerr.

• The EMRI system is isolated from its surrounding environment.

• The loss of energy and angular momentum is adiabatic.

The above assumptions lead to

• a model in which the inspiraling object is shifting from geodesic to
geodesic on a Kerr background.

• motion that the non-dissipative limit corresponds to is geodesic in
Kerr, thus integrable (Carter, 1968).
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Gravitational self-force: proper EMRI modelling

Basic Idea: The mass of the secondary inspiraling body µ is very small in
comparison to the mass of the primary M, so it introduces only a
perturbation to the background of the primary source.

We can calculate the gravitational self-force by expanding the spacetime
metric of the binary system g̃µν in terms of the mass ratio q = µ/M
around the unperturbed background of the primary black hole gµν .

g̃µν = gµν + q h
(1)
µν + q2 h

(2)
µν + ...

Barack & Pound (2019) provide a review on the topic.
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Two time scale approximation

Basic Idea: The dissipation due to radiation reaction in an EMRI is very
slow in comparison to the orbital motion of the secondary around the
primary.

The slow time scale is concerned with the evolution of the constants of
motion (action variables).

The fast time scale is concerned with the orbital phases (angle variables).

Action angle variables for EMRIs (Hinderer & Flanagan , 2008).
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Teukolsky equation: an efficient way

Basic Idea: Linearly perturb a field sψ around Kerr black hole.

sO sψ(x
µ) = 4πΣT ,

where sO is a second-order partial differential operator and T is a source
term (Teukolsky , 1973).

For s = −2 we have a gravitational perturbation.

−2ψ encodes the gravitational radiation emitted to infinity and infers the
gravitational fluxes at the horizon of the primary as well.

The Teukolsky equation computed gravitational fluxes are equal to the
averaged dissipative part of the first order self-force (adiabatic order).
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GW phase splitting

φ = φA + φres + φPA1 + ...

• φA the adiabatic term contributes a phase O(q−1) to the inspiral.

• φPA1 the post adiabatic term contributes O(1).

• φres ∼
√
ϵ

q
.

For quasi-circular inspirals the GW phase φ is twice the ϕ orbital phase.

To have a proper detection of an EMRI, we need GW templates with
phase accurate up to one degree after ten of thousands of cycles!
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EMRIs into black holes surrounded by matter

Figure: A geodesic orbit in a
spacetime of Schwarzschild
black hole surrounded by a
ring-like structure (Polcar, LG,
Witzany , 2022).
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Growth of resonances

Figure: Growth of resonances as function
of the measure of the secondary’s spin
implying ϵ ∼ S2 ∼ q2 and hence phase
shift O(1) (Zelenka, LG, Witzany &
Kopáček , 2020).

Figure: Growth of resonances as function
of the measure of the quadrupole
moment deviation from Kerr spacetime
ϵ ∼ ∆Q (LG & Witzany , 2021).
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Crossing of prolonged resonances

Figure: Frequency ratio when an inspiral
crosses a prolonged resonance
(Apostolatos, LG & Contopoulos ,
2009).

Figure: Crossing appearing as a glitch on
a periodogram (Destounis et al., 2021)
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Summary

Theoretical expectations:

• EMRIs are GW sources promising to unveil the background of
SuperMassive Black Holes.

• Deviations from the standard EMRI paradigm will provide evidence
for deviations from GR.

• To model EMRI we have to invent new methods in perturbation
theory.

Challenges:

• EMRIs signal will be weaker than other simultaneously detected GW
sources.

• We have not yet achieved the necessary accuracy in waveform
modeling of EMRIs.
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Thank you for your attention!

Figure: Tycho Brahe & Johannes Kepler @ Prague.
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