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Figure 1. Static configuration of an electric change and a magnetic monopole.

which follows from symmetry (the integral can only supply a numerical factor, which

turns out to be 4π [27]). The quantization of charge follows by applying semiclassical

quantization of angular momentum:

J · R̂ =
eg

c
= n

!

2
, n = 0, ±1, ±2, . . . , (2.4a)

or

eg = m′
!c, m′ =

n

2
. (2.4b)

(Here, and in the following, we use m′ to designate this “magnetic quantum number.”

The prime will serve to distinguish this quantity from an orbital angular momentum
quantum number, or even from a particle mass.)

2.3. Classical scattering

Actually, earlier in 1896, Poincaré [3] investigated the motion of an electron in the

presence of a magnetic pole. This was inspired by a slightly earlier report of anomalous
motion of cathode rays in the presence of a magnetized needle [32]. Let us generalize

the analysis to two dyons (a term coined by Schwinger in 1969 [11]) with charges e1, g1,

and e2, g2, respectively. There are two charge combinations

q = e1e2 + g1g2, κ = −e1g2 − e2g1

c
. (2.5)

Then the classical equation of relative motion is (µ is the reduced mass and v is the

relative velocity)

µ
d2

dt2
r = q

r

r3
− κv × r

r3
. (2.6)

The constants of the motion are the energy and the angular momentum,

E =
1

2
µv2 +

q

r
, J = r × µv + κr̂. (2.7)

Note that Thomson’s angular momentum (2.3) is prefigured here.

Because J · r̂ = κ, the motion is confined to a cone, as shown in figure 2. Here the
angle of the cone is given by

cot
χ

2
=

l

|κ| , l = µv0b, (2.8)

where v0 is the relative speed at infinity, and b is the impact parameter. The scattering

angle θ is given by
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θ
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2
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charge quantization
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topological monopoles

every GUT predicts monopoles
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massless monopoles

size smaller than Compton wavelength
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Holdom: Dark Photons
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get fractional magnetic charges



Weinberg Paradox: Lorentz violating poles


Multiparticle States are not tensor products

of Wigner’s 1-particle states


Unitarity Puzzle: Callan’s “half-particles” or

gauge charge violation

Three Problems with Monopoles



Are multiparticle states 

products of 1-particle states?
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Monopole QM

Lipkin, Weisberger, Peshkin Annals Phys. 53 (1969) 203
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Wigner’s Little Group

Annals Math 40 (1939) 149

   

massive: labeled by spin

rest frame invariant

under 3D rotations

boosted states can transform by a

rotation that leaves the momentum fixed 



Wigner’s Little Group
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massive: 

massless: 

labeled by spin

rest frame invariant

under 3D rotations

labeled by helicity

momentum invariant

under rotation around

momentum axis

boosted states can transform by a

rotation that leaves the momentum fixed 



Wigner’s Monopole Friend

e1 g2
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rotations about COM axis leave system invariant
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 there is an extra phase from J in field
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Pairwise Spinors
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All 3-pt EM Amplitudes

write most general Lorentz invariant expressions

consistent with Little Group and Pairwise Little Group
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Dressed/Pairwise States
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rotate photon cloud and Dirac string


Berry phase of rotating Dirac string of dressed state

 = Pairwise Little Group phase
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Check: Lowest Partial Wave
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Georgi-Glashow: SU(5) GUT
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Rubakov-Callan
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Figure 1. Static configuration of an electric change and a magnetic monopole.

which follows from symmetry (the integral can only supply a numerical factor, which

turns out to be 4π [27]). The quantization of charge follows by applying semiclassical

quantization of angular momentum:

J · R̂ =
eg

c
= n

!

2
, n = 0, ±1, ±2, . . . , (2.4a)

or

eg = m′
!c, m′ =

n

2
. (2.4b)

(Here, and in the following, we use m′ to designate this “magnetic quantum number.”

The prime will serve to distinguish this quantity from an orbital angular momentum
quantum number, or even from a particle mass.)

2.3. Classical scattering

Actually, earlier in 1896, Poincaré [3] investigated the motion of an electron in the

presence of a magnetic pole. This was inspired by a slightly earlier report of anomalous
motion of cathode rays in the presence of a magnetized needle [32]. Let us generalize

the analysis to two dyons (a term coined by Schwinger in 1969 [11]) with charges e1, g1,

and e2, g2, respectively. There are two charge combinations

q = e1e2 + g1g2, κ = −e1g2 − e2g1

c
. (2.5)

Then the classical equation of relative motion is (µ is the reduced mass and v is the

relative velocity)
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The constants of the motion are the energy and the angular momentum,

E =
1

2
µv2 +

q

r
, J = r × µv + κr̂. (2.7)

Note that Thomson’s angular momentum (2.3) is prefigured here.

Because J · r̂ = κ, the motion is confined to a cone, as shown in figure 2. Here the
angle of the cone is given by
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Callan’s Puzzle
s-wave


initial state


Callan claimed only possibility:


fractional fermions or gauge charges conserved statistically?
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Resolution of Callan’s Puzzle

incoming state


truncated 2D analysis missed
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But Why Does it Work?
s-wave two doublet case -> 2D


Rubakov and friends showed


Abelian Instanton


Euclidian space density:
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2D vortex solutions:
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But Why Does it Work?
s-wave two doublet case -> 2D


Rubakov and friends showed


Abelian Instanton


Atiyah-Singer index theorem: 

four zero modes


<latexit sha1_base64="gJU+OEWrDtiMScIfB/DPFLzI0o0="></latexit> Z
d4x ~E · ~B = integer



Lorentz violating terms from soft photons 
exponentiate to a phase 


Weinberg’s Lorentz violation/gauge dependence 

is hidden in a 4D topological intersection number 

rotations shift phase in accordance with 

Pairwise Little Group 


Pairwise Little Group fixes scattering amplitudes,

without Callan’s “half-particles”

Conclusions


