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COVARIANT PERTURBATION THEORY

‣ Local: expansion in all IR scales: fields, derivatives, (light) 
masses

‣ EFT matching contribution from integration of heavy 

d.o.f’s

‣ RG - Running of local operators  

‣ Covariant: Maintaining manifest gauge covariance at every 
step (background field method) 

‣ Any Order: Go beyond the usual 1-loop case
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GOAL

‣Want to calculate arbitrary, covariant  - loop diagrams 
and expand in local operators

L



BACKGROUND FIELD METHOD

‣ Background field method: 
                        etc


‣ Integrating over fluctuations gives effective action 

ϕ(x) = ϕb(x) + ϕf(x) Aμ(x) = Aμ
b (x) + Aμ

f (x)

Seff[ϕb, Ab, . . . ]
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‣ Couplings, e.g. 
      gϕψ̄ψ = . . . + gϕb ψ̄f ψf + gψ̄b ϕf ψf + g ϕf ψ̄f ψf + . . .

 

‣ Propagators, e.g.  

      ⟨ϕf ϕ̄f⟩ =
−i

(∂ − iAb)2 + m2
⟨Dϕf ϕ̄f⟩ = (∂ − iAb)

−i
(∂ − iAb)2 + m2



THE HEAT KERNEL TRICK

‣ Represent each propagator by 




‣ Schwinger parameter  (one for each propagator)

⟨x | −i
D2 + X + m2 |y⟩ = ∫

∞

0
dt ⟨x |e−it(D2+X+m2) |y⟩
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‣ Represent each propagator by 




‣ Schwinger parameter  (one for each propagator)

⟨x | −i
D2 + X + m2 |y⟩ = ∫

∞

0
dt e−itm2 ∫ ddk

(2π)d eitk2−ik(x−y) B(t, X, x, y)

t

 

is analytic in  and has a local, covariant expansion

B(t, X, x, y) ≡
⟨x |e−it (D2+X) |y⟩

⟨x |e−it ∂2 |y⟩

t
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‣ Propagators of derivatives of fields 
 

 

⟨x |Dμ
−i

D2 + X + m2 |y⟩

= ∫
∞

0
dt e−itm2 ∫ ddk

(2π)d eitk2−ik(x−y) (Dx
μ − ikμ) B(t, X, x, y)

‣ Fermions 
 

 

⟨x | i
i/D − m |y⟩

= ∫
∞

0
dt e−itm2 ∫ ddk

(2π)d eitk2−ik(x−y) (i/Dx
μ + kμ + m) B(t, X, x, y)

‣Gauge fields, ghosts, etc in a similar way

X = − SμνFμν
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THE HEAT KERNEL EXPANSION

‣ First expand  around  

    heat kernel coefficients

B t = 0

B(t; X; x, y) = ∑
n

tn

n!
b2n(x, y) ⟵

‣Will need generalized local heat kernel coefficients (LHKC) 
lim
y→x

( . . . Dx
μ)( . . . Dy

ν)b2n(x, y) ≡ [b2n;μ…;ν…](x)

‣ The local heat kernel coefficients are polynomials in  , , 
and their covariant. derivatives

Fμν X

‣ A Mathematica notebook for calculation of the LHKC’s is 
available with GG+Santos, arXiv 2212.07451
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‣ “Standard” local Coefficients  
 
 
 

[b2n]

‣Generalized local coefficients (e.g.,  or  ) 
 
 
 
 

[b0;μ;ν] [b2;;μν]

EXAMPLES OF LOCAL COEFFICIENTS



THE MASTER FORMULA
GG + Santos ’23 
GG ‘23

 Γ(ti, xn, ki) ≡ Πi (…)Bi Πn Cn

I(ti, xn, ki) ≡ e−itik2
i −ixn𝔹niki

Gauge and  
Lorentz invariant!

Feynman Graph G

 is the incidence  
matrix of the graph
𝔹
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THE MASTER FORMULA

 Γ(ti, xn, ki) ≡ Πi (…)Bi Πn Cn

I(ti, xn, ki) ≡ e−itik2
i −ixn𝔹niki → Ĩ(ti, pn, zi)

SG
eff = ∫ti

e−itim2
i ∫x

Ĩ(ti, i∂xn
, zi) Γ(ti, xn, - i∂zi

)
zi=0, xn=x

Feynman Graph G

‣Only LHKC’s appear


‣  is universal (depends only on topology of graph)


‣    equivalent to loop momentum integration

Ĩ
I → Ĩ

GG + Santos ’23 
GG ‘23



THE UNIVERSAL MOMENTUM INTEGRAL

Ĩ(ti, pn, zi) = (4π)− dL
2 Δ− d

2 exp ( 1
4 zi ℚij zj − izi ℝin pn − pm 𝕌mn pn)

‣  is the leading coefficient of  as 


‣  ,  ,    

Δ det 𝕋 ϵ → 0
𝕋−1 = ℚ + ϵ ℚ′￼+ ϵ2ℚ′￼′￼+ … ℝ = ℚ′￼𝔹T 𝕌 = 𝔹ℚ′￼′￼𝔹T

Incidence matrix:   
𝔹ni =
+1 if edge i enters vertex n
−1 if edge i leaves vertex n
0 else

⟶ 𝕋 ≡
it1

it2
⋱

+ ϵ−1𝔹T𝔹



THE UNIVERSAL MOMENTUM INTEGRAL

‣ and  are polynomials in the 


‣  and   first and second Szymanzik polynomials


‣  and  are new graph polynomials

Δ, Δℚij, Δℝin, Δ𝕌mn ti
Δ Δ𝕌mn →
Δℚij Δℝin

‣ All four polynomials can be written as sums over subgraphs 
(all vertices, fewer edges)


‣Gives rise to many interesting relations…

Ĩ(ti, pn, zi) = (4π)− dL
2 Δ− d

2 exp ( 1
4 zi ℚij zj − izi ℝin pn − pm 𝕌mn pn)

Golz ’17, GG ‘23



THE UNIVERSAL MOMENTUM INTEGRAL










Δ = τ1τ2 + τ2τ3 + τ1τ3

ℚ =
1
Δ

τ2 + τ3 −τ3 −τ2
−τ3 τ1 + τ3 −τ1
−τ2 −τ1 τ1 + τ2

ℝ =
1
Δ (

−τ2τ3 τ2τ3
−τ1τ3 τ1τ3
−τ1τ2 τ1τ2

)
𝕌 =

τ1τ2τ3

Δ

− 1
4

1
4

1
4 − 1

4

Ĩ(ti, pn, zi) = (4π)− dL
2 Δ− d

2 exp ( 1
4 zi ℚij zj − izi ℝin pn − pm 𝕌mn pn)

v1 v2

e1

e2

e3

Figure 7: The two-loop sunset graph.

The graph has three spanning trees, three fundamental cycles, and one spanning 2-

forrest (consisting just of the two vertices with no edges). The Kirchho↵ polynomial is

easily seen to be

� = ⌧1⌧2 + ⌧2⌧3 + ⌧1⌧3 (5.34)

Moving on to the three matrices Q, R and U, one gets
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⌧3
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0 0 0

1

A+
⌧2
�

0

@
1 0 �1

0 0 0

�1 0 1

1

A+
⌧1
�

0

@
0 0 0

0 1 �1

0 �1 1
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(5.35)
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U =
⌧1⌧2⌧3
�

✓
�

1
4

1
4

1
4 �

1
4

◆
. (5.37)

The corresponding polynomials are easily found to be

Q = �z
|
Qz = ⌧3(z1 � z2)

2 + ⌧2(z1 � z3)
2 + ⌧1(z2 � z3)

2 , (5.38)

R = �z
|
Rp = 1

2 (⌧2⌧3z1 + ⌧1⌧3z2 + ⌧1⌧2z3) · (p2 � p1) , (5.39)

U = �p
|
Up = �

1
4⌧1⌧2⌧3(p2 � p1)

2 . (5.40)

6 Symmetries, symmetry factors, and complex conjugation

In this section we would like to investigate the symmetries of a given Feynman graph

in relation to our formalism. The purpose is threefold: firstly, we would like to define

the symmetry factors of a graph in a more formal way, usually not done in stan-

dard quantum field theory textbooks. Secondly, we would like to study the induced

transformations on the I and � factors and in the case of the latter point out some

computational simplification that they imply. Thirdly, we would like to study complex

conjugation of graphs in our formalism.

– 22 –

( τi = iti )



EXAMPLE

We have defined ⌧ ⌘ it and � ⌘ is, see discussion around eq. (3.14). Eq. (4.3) is the

exact one-loop result to all orders in the operator dimension. To extract individual

operators of a desired dimension, we expand the exponentials containing the partial

derivative, as well as Bf and Bs according to eq. (2.6). In this particular example, the

term proportional to m will yield odd-dimensional operators (zero for chiral C), while

the other terms will yield even dimensional ones. For a nontrivial example, consider

the dimension-six operators:

LD=6
e↵ = (4⇡)�

d
2

Z
d�d⌧

e�m2⌧

(� + ⌧)
d
2


� �⌧

� + ⌧
@µ
x tr b

s
0(y, x)C̄(x)�µb

f
2(x, y)C(y)� �2

� + ⌧
@µ
x tr b

s
2(y, x)C̄(x)�µb

f
0(x, y)C(y)

+ i
�2⌧

(� + ⌧)2
@2
x@

µ
x tr b

s
0(y, x)C̄(x)�µb

f
0(x, y)C(y) + ⌧ tr bs0(y, x)C̄(x)�µbf2;µ(x, y)C(y)

+ � tr bs2(y, x)C̄(x)�µbf0;µ(x, y)C(y)� i
�⌧

� + ⌧
@2
x tr b

s
0(y, x)C̄(x)�µbf0;µ(x, y)C(y)

�

y=x

,

(4.4)

where the semicolon denotes covariant di↵erentiation, see eq. (B.6). Making use of the

observation pointed out after eq. (3.2), many terms will be zero, the nonzero ones are:

LD=6
e↵ =

1

16⇡2

1

m2


� 1

2
tr
⇣
C̄;µ�

µ
h
bf2

i
C + C̄�µ

h
bf2;µ

i
C
⌘
+

✓
3

2
� log

m2

µ2

◆
tr
h
bs2;;µ

i
C̄�µC

+
i

3
tr C̄;(µ⌫⇢)�

µg⌫⇢C + tr C̄�µ
h
bf2;µ

i
C � i

2
g⌫⇢ tr

⇣
2C̄;⌫�

µ
h
bf0;µ⇢

i
C + C̄�µ

h
bf0;µ⌫⇢

i
C
⌘�

,

(4.5)

where we already performed the integrals over ⌧ and � given in App. C.2. The square

brackets denote the LHKC’s, i.e. [b](x) ⌘ b(x, x). Notice that at this point, all the [b]0s

and C 0s are evaluated at the same point x. Using the results from app. B, and making

some simplifications, we arrive at

LD=6
e↵ =

1

16⇡2

1

m2


1

8
tr C̄;µ�

µ(/F
f
)C � 1

8
trC /F

f
�µC;µ +

i

3
tr C̄;(µ⌫⇢)�

µg⌫⇢C

+

✓
1

4
� 1

6
log
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◆
trF s

µ⌫;⌫C̄�µC +
1

4
tr C̄�µF f

µ⌫;⌫C

�
. (4.6)

The calculation of these dimension-six operators in non-covariant perturbation theory

would require the evaluation of 14 diagrams (not counting permutations of external

legs), including some tedious Dirac algebra, plus the reconstruction of the covariant

operators in terms of the noncovariant result.
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‣ Integrating out massive fermion at one loop 
         ℒint ⊃ gχ̄b ϕf ψf C ≡ gχb



SUMMARY

‣ Developed general formalism to compute local covariant 
-loop Feynman graphs (matching, running)


‣Generalized HK expansion (automated)


‣ Expressed -loop momentum integral in terms of graph 
polynomials (analytic expressions in terms of )

n

n
𝔹

‣ Future directions:


‣ Include gravitational background


‣ Tackle Schwinger-Parameter integrals  
(in EFT, one mass, no momenta)


‣ Automation ? 


