
Two-Loop Feynman Integrals for Multi-Scale
QCD Corrections

Ben Page

Ghent University, Physics and Astronomy Department

QCD Meets Electroweak

Feb 5th – 9th 2024



Introduction Differential Equations Solving DEs Discussion

Scattering Amplitudes and Feynman Integrals

Aim: Compute the amplitude: a sum of Feynman integrals.

A(2)(p1, . . . , p5) = +O(10000) diagrams.

I Standard approach: reduce A(2) to master integrals:

A(2)(pi · pj , pi · εj) =
∑
k

Ck(pi · pj , pi · εj)︸ ︷︷ ︸
rational functions

Ik(pi · pj)︸ ︷︷ ︸
master integrals

.

I Key challenges in computing master integrals:

I Integrals with many IR/UV divergences ⇒ deep ε expansion.

I Instabilities in Ck combination ⇒ need strong precision control.

I Want Ik , such that Ck are as easy as possible to compute.
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Introduction Differential Equations Solving DEs Discussion

Amplitudes Suitable for Phenomenology
Amplitudes are stable and fast. E.g. NNLO 3-jet production.
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[Czakon et al].

Many NNLO five-point cross-sections available:

I 3γ [Kallweit et al; Czakon et al].
I 3j [Czakon et al].
I γγj [Chawdhry et al; Badger et al].
I γjj [Badger et al].

I Wbb [Hartanto et al; Buonocore et al]

I ttH (approx) [Catani et al]

I ttW (approx) [Buonocore et al]

Amplitudes even used in αS determination. [ATLAS].
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Introduction Differential Equations Solving DEs Discussion

State of the Art Two-Loop Five-Point Integrals

I Massless (5-scale)

[Papadopoulos, Tommasini, Wever ’15]
[Gehrmann, Henn, lo Presti ’18]
[Abreu, Page, Zeng ’18]
[Chicherin, Gehrmann, Henn, lo Presti, Mitev, Wasser ’18]

[Abreu, Dixon, Herrmann, Page, Zeng ’18]
[Chicherin, Gehrmann, Henn, Wasser, Zhang, Zoia ’18]
[Gehrmann, Henn, lo Presti ’18]
[Chicherin, Sotnikov ’20]

I One-Mass (6-scale)

[Papadopoulos, Tommasini, Wever ’15]
[Abreu, Ita, Moriello, Page Tschernow, Zeng ’20]
[Canko Papadopoulos, Syrrakos ’20]
[Chicherin, Sotnikov, Zoia ’21]

[Abreu, Ita, Page, Tschernow ’21]
[Kardos, Papadopoulos, Smirnov, Syrrakos, Wever ’22]
[Abreu, Chicherin, Ita, Page, Sotnikov, Tschernow, Zoia ’23]

I tt+j family [Badger, Becchetti, Chaubey, Marzucca ’22] (6-scale)

I tt+H families [Febres, Figueiredo, Kraus, BP, Reina ’23] (7-scale)

[Agarwal, Heinrich, Jones, Kerner, Klein, Lang, Magerya, Olsson ’24] (numeric)

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1

<latexit sha1_base64="YMsxORc1qROyZt/Sshecb25Lu40=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNqql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH8PjL8=</latexit>

2

<latexit sha1_base64="PvkqMPf0KQ2ZiRgX4QPbidqMLN8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftkrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl76pcqVdK1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AICTjMA=</latexit>

3

<latexit sha1_base64="y+WDoqttszdexELZg6EJPDYoWM8=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIp6rHoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1VnqoDypVr+YtQNaJX5AqFGgOKl/9YcKyGKVhgmrd873UBDlVhjOBM7efaUwpm9AR9iyVNEYd5ItDZ+TcKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5eZ6CbIuUwzg5ItF0WZICYh86/JkCtkRkwtoUxxeythY6ooMzYb14bgr768TtqXNf+qVq82boswynAKZ3ABPlxDA+6hCS1ggPACb/DuPDmvzseyseQUEyfwB87nDxedi5c=</latexit>

4

<latexit sha1_base64="pukKC4/a/4Vumdv9C1rDgxpFPro=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju5nfekKleSwfzDhBP6IDyUPOqLFS/bJXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3lW5Uq+UqrdZHHk4gVM4Bw+uoQr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AYObjMI=</latexit>

5

t̄

H

t

Ben Page UGent

Two-Loop Feynman Integrals for Multi-Scale QCD Corrections 4/29



Introduction Differential Equations Solving DEs Discussion

Integral Computation Wish List

Analytic wishes:

I Must ε expand to some set of functions up to O(ε).

Ij(pa · pb, ε) =
0∑

k=−4

djklε
khl(pa · pb) +O(ε).

I Must understand algebra of relations between hl .∑
i

αihi = 0 ⇔ αi = 0, and hihj = cijkhk .

Numerical wishes:

I Must cover all of physical phase space.

I Large phase space ⇒ need high speed evaluation.

I Ability to increase precision in dangerous phase-space regions.
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Introduction Differential Equations Solving DEs Discussion

Differential Equations [Gehrmann Remiddi ’01; Henn ’13]

In this talk, we will attack this problem using differential equations.

I Part 1: Constructing Differential Equations.

I Part 2: Solving Differential Equations (pentagon functions).
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Introduction Differential Equations Solving DEs Discussion

Differential Equations and their Construction
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Introduction Differential Equations Solving DEs Discussion

Differential Equations Summary
I Feynman integrals satisfy coupled system of first-order DEs:

dIk = M̃kl(ε, ~s )︸ ︷︷ ︸
differential forms

Il .
[Gehrmann, Remiddi ’01]

I Conjecture: Exists Ji = UijIj , satisfying ε-factorized DE:

[Henn ’13]
dJk = εMkl(~s )Jl .

I This trivializes ε expansion!

Jk =
∞∑
n=0

εnJ (n)
k ⇒ J (n)

k = J (n)
k (γ0)︸ ︷︷ ︸

(numeric) boundary

+

∫
γ
Mkl(γ)J (n−1)

l (γ)︸ ︷︷ ︸
iterated integration

.

Crucial Components

Jk , Mkl , J (n)
k (γ0) and iterated integral understanding.
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Introduction Differential Equations Solving DEs Discussion

Constructing Differential Equations

1. Construct a basis of “pure” integrals. ⇐ Hardest step.

2. Construct a basis of differential forms ⇐ quasi-systematic.

Mkl = Mklm︸ ︷︷ ︸
rational numbers

ωm︸︷︷︸
differential forms

3. Use ωm as Ansatz. Fit with evaluations of DE. ⇐ Easy.

Important Caveat

Only strong theory understanding for polylogarithmic integrals.
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Introduction Differential Equations Solving DEs Discussion

The Computational Backbone: Analytic Reconstruction

I We will constantly study the DE using Ansaetze.

Fk(~s) =
M∑
j=1

fjkajk(~s), fjk ∈ Q.

I Finite-field evaluations constrain unknown fjk .

~s(0) −→ −→ {F1(~s(0)), . . . ,FM(~s(0))}.

[Schabinger, von Manteuffel ’14; Peraro ’16]

I Often extract properties on “univariate slice”. Fix numeric ~a, ~b

~s = ~a + ~bt Fk(~s)→ Fk(t).
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Introduction Differential Equations Solving DEs Discussion

Numerical Differential Equations

Differential equations constructed with algebraic operations:

dIi = bia(ε, ~s)Ĩa, and Ĩa = caj(ε, ~s)Ij

With finite field IBPs, can easily compute caj for numeric ε, ~s.

Mkl(ε0, ~s0) = bia(ε0, ~s0)caj(ε0, ~s0).

Numerical evaluations of Mkl(ε0, ~s0) have multiple uses:

I ε-factorization check: Mkl(ε1, ~s0)/ε1 = Mkl(ε2, ~s0)/ε2.

I Compute alphabet dimension: linearly independent Mkl .

I Data for Ansatz-based computation of (pieces of) Mkl .
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Introduction Differential Equations Solving DEs Discussion

Pure Basis Construction: General Summary
Automatic Techniques (Mostly well suited for low scale count):

I Many codes: Libra, Fuchsia, Epsilon, INITIAL, DLogBasis.
[Lee; Gituliar, Magerya; Prausa; Dlapa et al; Henn et al]

The Ad-hoc Approach

1. ε-factorize on “maximal cut”.
I “Unit leading singularities”.

[Cachazo ’08; Arkani-Hamed, Bourjaily, Cachazo, Trnka ’10; Henn ’13]

I Magnus expansion.
[Argeri, Di Vita, Mastrolia, Mirabella, Schlenk, Schubert, Tancredi ’14]

I Educated guess from literature experience. E.g.[
(`ε1 ·`ε2)(p1 ·p2)

√
∆5

]
→

t̄

H

t [
(`ε1 ·`ε2)(p1 ·p2)

√
∆5

]
µ12 = `ε1·`ε2.

2. Release cut conditions and fix mistakes.
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Introduction Differential Equations Solving DEs Discussion

Leading Singularities∗: The Massless Double Box
I Start with “good” integral representation of max cut:

max-cut

(
1

2 3

4`2`1
)

=

∫
Ω(ε), Ω(0) =

dρ8dρ9N (s, t)

2sρ8ρ9[(s + ρ8)ρ9 + s(ρ8 − t)]︸ ︷︷ ︸
Baikov polynomial

[Frellesvig, Papadopoulos ’17]

I Leading singularities are repeated residues of Ω(0).

Resρ9=ρi9

[
Resρ8=ρi8

Ω(0)
]
,

(ρ8, ρ9)0 = (0, 0),
(ρ8, ρ9)1 = (0, t),

. . .
I Fix N by requiring residues to be rational numbers.

N = s2t.

∗Pedagogical resource: [Wasser ’18] (Master’s thesis).
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Introduction Differential Equations Solving DEs Discussion

Magnus Expansion (i) [Argeri, Di Vita, Mastrolia, Mirabella, Schlenk, Schubert, Tancredi ’14]

I Let us assume that the precanonical DE is linear in ε

M̃(ε, ~s) = M̃(0)(~s) + εM̃(1)(~s).

I A basis Ji = UijIj satisfies an ε-factorized DE if

dUij = M̃
(0)
ix Uxj .

I A particular solution is given by the Magnus expansion.

U = exp

( ∞∑
i=0

Ωi

)
, Ω1 =

∫
γ

M̃(0)(γ), Ω2 =
1

2

∫
γ1

∫
γ2

[M̃(0)(γ1), M̃(0)(γ2)].

I Practical strategy: reconstruct just M̃(0) from samples.
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Introduction Differential Equations Solving DEs Discussion

Magnus (ii): Beyond the Maximal Cut

I If max cuts are canonicalized, next-to-max cut DE takes form

M̃(0) =

(
0 0

B̃ 0

)
I For simplicity, let b̃ = B̃ be 1× 1. Magnus expansion simple!

dU =

(
0 0

b̃ 0

)
U ⇒ U =

(
1 0∫
b̃ 1

)
I Same strategy: reconstruct only b̃ from samples of M̃(0).

I Proceed iteratively. Challenges: reconstruction/integrations.
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Introduction Differential Equations Solving DEs Discussion

Structure of Canonical Differential Equations

I Many entries of DE matrix are linearly dependent.

Mkl(~s) = Mklm︸ ︷︷ ︸
∈Q

ωm(~s)︸ ︷︷ ︸
alphabet

I In considered cases, the differential forms are “d log”

ωm = d log(Wm).

I Wm are algebraic functions of the kinematics, e.g.

W29 = m2
t (v15− v34)2 +q2v15v34 W35 =

v12 −
√

v2
12 − 4m2

t q
2

v12 +
√
v2

12 − 4m2
t q

2
.

examples from [Febres Cordero, Figuereido, Kraus, BP, Reina ’23]
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Introduction Differential Equations Solving DEs Discussion

Algebraic Structures and Galois Groups
I Pure basis often involves introduction of square roots, e.g.

[
(`ε1 ·`ε2)(p1 ·p2)

√
∆5

]
I Nested square roots can also arise.

√
N± =

√
Nb +

√
N2
b − Nc .

[Febres Cordero, Figueiredo, Kraus, BP, Reina ’23; Becchetti et al (to appear)]

I Useful basis property: representation of “Galois group”.

α︸︷︷︸
Galois transformation

:
√

∆5 → −
√

∆5 ⇒ α(Ipb) = −Ipb.

I Mkl then also organize into representations of Galois group.
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Introduction Differential Equations Solving DEs Discussion

Multi-scale Alphabet Construction
I Even∗ Wi are denominators of Mkl . Analytic reconstruction!

d log(Wi ) =
dWi

Wi
.

I Observation: denominators of odd Wi product of even Wi :

d log

(
a +
√
b

a−
√
b

)
=

1√
b

2b(da)− a(db)

a2 − b
, a2−b =

∏
i

W even
i .

I Find relevant W even
i on univariate slice. Fix a by Ansatz.

Num(a)2 − bDen(a)2 mod
∏
i

W even
i = 0.

[Abreu, Ita, BP, Tschernow ’21; Febres Cordero, Figueiredo, Kraus, BP, Reina ’23]

∗Assume Galois group is Z2. Otherwise, open problem.
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Introduction Differential Equations Solving DEs Discussion

Solving DEs and “Pentagon Functions”

Ben Page UGent

Two-Loop Feynman Integrals for Multi-Scale QCD Corrections 19/29



Introduction Differential Equations Solving DEs Discussion

DE Solutions and Iterated Integrals
I As solution to DE, integrals satisfy recursion relation

J (n)
k = J (n)

k (γ0) +

∫
γ
Mklmωm(γ)J (n−1)

l (γ).

I This evolves solutions from boundary point to target point.

γ(t) : γ(0) = ~sboundary, γ(1) = ~s,

I To describe the solutions, one defines iterated integrals.

[ωa1 , . . . ,ωan ](~s) =

∫ 1

0

ωan(γ[tn])[ωa1 , . . . ,ωan−1 ](~s(γ[tn])).

[Chen ’72]

I Solutions are naturally expressed in terms of iterated integrals.

J (n)
k = cki1,...,in [ωi1 , . . . , ωin ]+O(boundary), ci1,...,in = Mkjinc

j
i1,...,in−1

.
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Introduction Differential Equations Solving DEs Discussion

Algebraic Properties of Iterated Integrals
I Iterated integrals products controlled by “shuffle algebra”.

[ωa1 , . . . ,ωam ][ωb1 , . . . ,ωbn ] =
∑

c∈a�b

[ωc1 , . . . ,ωcm+n ].

I Linear independence of functions from ωi independence

”αiωi = dη ⇒ αi = 0” ⇒ [ωi1 , . . . ,ωin ] are linearly independent.

[Chen ’72]

I For d log-forms, all relations are “logarithm-like”.

I Iterated integrals inherit Galois properties of alphabet.

α(ωi ) = (−1)αiωj ⇒ α([ωi1 , . . . ,ωin ]) = (−1)
∑

k αik [ωj1 , . . . ,ωjn ].

This understanding was a large chunk of our wishlist!
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Introduction Differential Equations Solving DEs Discussion

Numerical Iterated Integrals
We follow the approach of [Chicherin, Sotnikov ’20].

I Weights 1, 2: Solve explicitly in terms of logs and Li2s.

[Duhr, Gangl, Rhodes ’11]

I Weight 3: Numerical integration with tanh-sinh quadrature

J (3)
i (~s) = J (3)

i (~s0) +

∫ 1

0
dtMijk

∂log(Wk [γ(t)])

∂t
J (2)
j [γ(t)].

I Weight 4: Perform 1 integral analytically ⇒ one-fold integral.∫ 1

0

dtn
∂ log[Wi (tn)]

∂tn

∫ tn

0

dtn−1g(tn−1) =

∫ 1

0

dtn−1g(tn−1)

[∫ 1

tn−1

dtn
∂ log[Wi (tn)]

∂tn

]
︸ ︷︷ ︸

log(Wi (1))−log(Wi (tn−1))

.

[Caron-Huot, Henn ’14]
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Introduction Differential Equations Solving DEs Discussion

Evaluation Performance
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PentagonFunctions++

Avg. time per point: 9 s

All functions

(mixed precision)

cumulative

[Abreu, Chicherin, Ita, BP, Sotnikov, Tschernow, Zoia ’23]

I All integrals for pp → H + 2j .

See also [Kardos, Papadopoulos, Smirnov, Syrrakos, Wever ’22]

I 9s/point: Double precision (+ quad precision rescue system) .
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Introduction Differential Equations Solving DEs Discussion

Series Solutions of DEs recently popularized by [Moriello ’19]

I Solve DE with collection of power series:

∼
∑
j1,j2

(t − t0)j1/2 log(t − t0)j2 ∼ 0.2 0.4 0.6 0.8 1.0
t

-300

-200

-100

100

200

300

[Abreu, Ita, Moriello, BP, Tschernow, Zeng ’20]

I Many public implementations: DiffExp/SeaSyde/AMFlow.
[Hidding ’20] [Armadillo et al ’22] [Liu, Ma ’22] [See Simone’s talk]

I Only game in town for elliptic five-point.

I Low algebra control. How to optimize for 2→3 phase space?

I NB: Can use series tools to evaluate pentagon functions
[Badger, Hartanto, Zoia ’21]
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Introduction Differential Equations Solving DEs Discussion

Boundary Values (i): Regularity Constraints
I Lots of approaches! Will discuss numerical implementation of

[Abreu, Ita, Moriello, BP, Tschernow, Zeng ’20]

I Consider DE on path γ(t) going through singularity at t0.

M[γ(t)] =
M−1

t − t0
dt +O(t − t0)0.

I Singularities in the DE might cause branch points of solution:

J (n+1) =

∫
d log(t − t0)(M−1J (n)(γ[t0])) +O(t − t0)0.

I Absent singularity [Sebastian’s talk] ⇒ constraint!

M−1J (n)[γ(t0)] = 0.

I Combine constraints from multiple surfaces ⇒ J (n)(~s0).

Ben Page UGent

Two-Loop Feynman Integrals for Multi-Scale QCD Corrections 25/29



Introduction Differential Equations Solving DEs Discussion

Boundary Values (ii)

The Pragmatic Solution

High precision AMFlow evaluations.

[Liu, Ma ’22], See also [Hidding, Usovitsch ’22]
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Discussion/Summary
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Introduction Differential Equations Solving DEs Discussion

Bottlenecks in (Polylogarithmic) Integral Calculation

I Growing integral count: efficiently automate canonicalization?

I In multi-scale case residue techniques very desirable.∮
{|fi (`)|=ε}

d4`1d
4`2

D1 · · ·Dn
.

[Cachazo ’08]

I Can we improve understanding and automate?

See dlogBasis [Henn, Mistlberger, Smirnov, Wasser ’20]

I Symbol alphabets without the DE?
I Even letters ∼ Landau equations. [see Sebastian’s talk].

I Odd letters “from even”. Algebraic factorizations?

WoddW odd =
∏
i

W αi

i,even.

see also [Heller, von Manteuffel, Schabinger ’19], [Jiang, Liu, Xu, Yang ’24]
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Introduction Differential Equations Solving DEs Discussion

Take-Home Messages

I Large progress in multi-scale Feynman integral calculation.

I Integrals understanding required for amplitude computation.

I Canonical differential equations give strong analytic control.

I Numerical constructions of DE very useful!

I “Pentagon functions approach” has good stability/efficiency.
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How Many Integral Topologies?
I One-loop integrals with 4D externals stop at pentagons.

I No solution for 6-prop cut ⇒ identity:

1 =
6∑

i=1

ciDi ⇒ =
6∑

i=1

ci
i

.

[Hilbert’s Weak Nullstellensatz]

I At two loops, there is no solution to 12-propagator cut:

⇒ ,

∗

, · · ·

∗Masters potentially O(ε), but analysis more intricate.

Many more integral topologies to compute!
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