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1. Introduction

Let’s start from an example
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Expansion around a threshold
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Expansion around a threshold
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After the expansion, the topology is the triangle. We would like to have
Independent external momenta: p,, p,. > efficient tensor reduction!
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Overview

One-Loop corrections for e~ annihilation

into 41~ in the Weinberg model,
Passarino, Veltman (1979)

One-loop

10.1016/0010-4655(92)90125-I, Ezawa et al. (1992)

0509141, Denner, Dittmaier (2005)

0810.0992, Binoth et al. (2008)

0905.1005, van Hameren (2009)

0903.4665, van Hameren, Papadopoulos, Pittau (2009)

1111.5206, Cascioli, Maierhofer, Pozzorini (2011)

Helicity amplitudes

1904.00705, Chen (2019)

1906.03298, Peraro, Tancredi (2019)

2012.0082, Peraro, Tancredi (2020)

Parametric integrals

9606018, Tarasov (1996)

9912251, Anastasiou, Glover, Oleari (1999)




2. The Passarino-Veltman Tensor Reduction Problem

Classical Example

JHY — deﬂNS_ATTLX W 4 BpHpY
Rk+p2 o TO0F

1*"g,, = AD + Bp~ g A= -
I"p,p, = Ap® + B(p®)’ b=

One-Loop corrections for e Te annihilation into

utu~ in the Weinberg model,
Passarino, Veltman (1979)
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The Passarino-Veltman Tensor Reduction Problem

Different ansatz Easier Inversion
k//tk’/ ANSATZ H 3V H 3V
I//w:[de—:A(g/,w_pp)_l_Bpp
k*(k + p)- p* (p?)?
U PPy ) TRIVIAL " P ﬂp v
JH — =A(D -1 — —
(g/u/ p2 ( ) — A = D (g,m/ p2 )
"*p,p,=B



TR = Projection onto basis

kM kY HpV HpV ) Lo PP,
= JdekZ(k )2 - (g/w — >+Bf 2p)2’ A= D—-1 (gﬂv ﬂz ) - B = Iﬂypﬂpv
TP P — P

—) Define
g = (g/w_pﬂpy)
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TR = Projection onto basis

ap a .U D U
1= ( Lyt ) 8t + 1 (p : ) —
D—1 p D

Rewrite [ as:

pu ;4
= (Iaﬁ<8fﬂ>)8fy T (Iaﬁ@a)(l?ﬁ >)P” p”s (gh") = o1 . (pH) = i

D—1 p?
Verify projection conditions:

&N8w=1  &,=0  (pg"=0  (pyp*=1

11



TR = Projection onto basis

7 QA B v
A - 8\ +Iﬁ(pl2?> pl;
D—1 p p

Rewrite [ as:

= (Nl + (L™ (") ) 0¥ () = gﬁ’-” oy = P

Verify projection conditions:
&g =1 & ,=0  (p)gl"=0 (pp" =1

What we would like to have:
PROJECTION

[P =1, o Z (T,) T FE, (L) - Ty =T T iy = Oa

For any rank R, Np ext. momenta
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How to make It systematic

The Dual Basis

P = Dy Qo Ta) ™ T

A

<Ta> ' Tb ‘= <Ta>ﬂlmﬂRTb,/¢1...ﬂR =0 b

Large loop integrals,
Dual momenta YanNeervn, Vermaseren (1964

Melnikov, Zanderighi

Dual metric tensors 1801.06084, P, Herzog
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How to make It systematic

The Dual Basis
I//tl-°°//‘R — Ial...aRz <Ta>a1...aRT51...ﬂR’
da

<Ta> ' Tb ‘= <Ta>ﬂ1mﬂRTb,ﬂ1.../¢R = 56119

Dual momenta

ANALOGY

w) = ) la)alw)

<Cl‘b> — 551,[9

Melnikov, Zanderighi

Dual metric tensors 1801.06084, P, Herzog
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Large loop integrals, van Neerven,
Vermaseren (1984)

Dual momenta

Np X Np matrix, for Np linearly independent external momenta in D dimensions

Hij .= Pi " Pj> A =111

NP
U .__ H
(P = Z Ajj Pi» pifr...pf) = i) Ap; )
j=1
Verify orthogonality: Np Np
Pi- <Pj> — Z Akj P Pk = Z HikAkj — 51’]’
k=1 k=1
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Dual momenta

Unity in the space of momenta:

NP
' = ) pHp)* Pr " =Dy
=1

With this we can easily define the transverse metric in general:

UV . __ 2 U
g, =8"—u"
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Dual metric tensor =z

GGeneric rank R even

M1 MR — oH1M2 M3, , . o HR-1MR
Ta T gJ_ gJ_ gJ_

R!
Thereare N, ... = W independent metric tensors

How do we find the corresponding dual (7 )1 "## ?
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D u al m et ri C te n SO r {Tgl"'ﬂR — gflﬂzgf3ﬂ4° . .gJ/’jR—lluR, <Ta>ﬂ1'”ﬂR — <gf1ﬂ2gjf3ﬂ4. . .ng—l//‘R) }

ForR=2weuseT, - (T, = 1 and immediately find:

gTﬂz
TM1/42 — ﬂ1ﬂ2’ T YiH2 —
{ =g A(T) D, }
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D u al m et ri C te n SO r {Tgl"'ﬂR — gflﬂzgffsM. . .gJ/’jR—lluR, <Ta>ﬂ1'”ﬂR — <gf1ﬂ2gjf3ﬂ4. . .ng—lﬂR) }

ForR=2weuseT, - (T, = 1 and immediately find:

gTﬂz
TM1/42 — /41/42’ T YiH2 —
{ =g A(T) D, }

For R = 4 we have T51ﬂ2ﬂ3ﬂ4 = {gﬂlﬂzgﬂ3ﬂ4 ’ gﬂ1ﬂ3gﬂzﬂ4 , gﬂ1ﬂ4gﬂzﬂ3 }

ANSATZ
<gflﬂ2gf3ﬂ4> — AlgflﬂzngM _|_A2gfzﬂ3gf1ﬂ4 +A3gfzﬂ4gf1ﬂ3
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Dual metrlc tenSOr (T ﬂR_gﬂlﬂz Hafla.... gHr-ikk (T Y- ,MR_<g/41ﬂ2 Mty fR-lﬂR)}

ForR=2weuseT, - (T, = 1 and immediately find:

gjl_lﬂz

Tglﬂz — gflﬂz’ <Ta>ﬂ1//t2 — 5
1

For R = 4 we have Tglﬂzﬂsm c {gﬂlﬂzgﬂ3ﬂ4 , gﬂ1ﬂ3gﬂzﬂ4 , gﬂ1ﬂ4gﬂzﬂ3 !

ANSATZ™
Pk g 3 it *nw\pg“ﬂ p Mokl o M1 .
(818" = A8 1? Fag 3g j '+ A38778" Only 2 coefficients are necessary!
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Dual metrlc tenSOr (T ﬂR_gﬂlﬂz Hafla.... ghr-iHe (T \Hr- ,MR_<g/41/42 Mty fR-lﬂR)}

ForR=2weuseT, - (T, = 1 and immediately find:
gTﬂz
T/hﬂz — oMM T ik —
= 8" A(Ty) D,

For R = 4 we have T51ﬂ2ﬂ3ﬂ4 = {gﬂlﬂzgﬂ3ﬂ4 ’ gﬂ1ﬂ3gﬂzﬂ4 , gﬂ1ﬂ4gﬂzﬂ3 }

D, +1

ANSATZ D (D, —1)D, +2)
ORTHOGONALITY

<g//l1/42 3ﬂ4> — A gﬂlﬂzgfﬂzt + A (gﬂ2ﬂ3 Hika 4 gﬂle 1#3) —

1
D, (D, — 1)(Dy +2)

A2:
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D ual m etrl C tenSO r {TM MR — gmﬂzgi%ﬂzt R IMR (T Y Hr = <gﬂ1ﬂ2 Haly J/fR—lluR>}

For R = 4 we had

ANSATZ
<g//11//l2 3,“4) — A g//ﬁﬂzg H3H4 4+ A (g//lzl/% Hi1H4 4 gﬂ2ﬂ4 1ﬂ3)
1

ANSATZ < groups considering symmetry under transformation of indices
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Dual metric tenSOr {Tgl'”ﬂR — gﬂlﬂngm R IUR (T VA1 HR = <g//l1ﬂ2 Hafly MR_MR>}

For R = 6, shorthand notation
gfllfizgfm HsHe — (12)(34)(56)

Equivalence classes for transformation of indices, e.q.

[(13)(/34)(56)] = (1%)(/34)(56) + (1@(/56)(34) + (3@96)(12) .

ANSATZ
/41/42 //l3/44 /45#6 7:“8
<g g 1 > T

M3y o HsHe

[(12)(34)(56)] A8, "8"8)
[(12\)94)(56)] _|_A2 (gfl%gfzmgﬂs% + )
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For R = 8 we have

gJ/sz

All the transformations of indices:

Dual metric tensor =g

gfsﬂztgfs% KM — - (12)(34)(56)(78)

[(12)34)(56)(79)]
[(12)3H(56)(73)]
[(12)3H(S6)(78)]
[(12)3H(56)(79)]

—1MR <T>M “HR —<g//l/4 H3Hy,

R—1ﬂR> }
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Dual metric tensor (mw= gimgi. g (g ymm = (gmghs...gtwm)

For R = 8 we have

gflﬂzgf3ﬂ4gfsﬂ6 HiHg — (12)(34)(56)(78)

All the transformations of indices: [(12)(34)(56)(78)]
[(12)3H(56)(73)]
[(12)(34)(56)(78)]
[(12)(34)(56)(73)]

(12)3H(6)(T8)]

25



D u al m et ri C te n SO r {Tgl"'ﬂR — gf1ﬂ2gf3ﬂ4...ng—1ﬂR, <Ta>ﬂ1'”ﬂR — <gf1ﬂ2gf3ﬂ4...ng—1ﬂR> !

For R = 8 we have

ANSATZ
<gflﬂ2git3ﬂ4gfsﬂ6gf7ﬂ8> — e
[(12)(34)(56)(78)] A18,78 7878
(12)34)/56)(78)) +y (gt gl g+ )
[(12)(34)(56)(78)] LA, ( glkaghats ghsti ghetts 4 )
RRIEISRGY +As (glglglog s+ . )
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D u al m et ri C te n SO r {Tgl"'ﬂR — gf1ﬂ2gf3ﬂ4...ng—1ﬂR, <Ta>ﬂ1'“ﬂR — <gf1ﬂ2gf3ﬂ4...ng—1ﬂR> !

sy
[(12>(34)(56)g(l78;l o Aigy"g1 8178
[(12)34)(56)(78)] +A, ( ghisghbghiighis | )
[(12)(34)(30)(9)] +A, (gf1ﬂ3gfzﬂ4git5ﬂ7git6ﬂ8 L )
NSRS s (gflﬂ38f2” g )

Number of terms in the ansatz is in 1-to-1 correspondence
between the unique integer partitions of R/2 :

1+1+14+1] 2+ 1+ 1] 12 4+ 2] [4]
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Dual metric tensors

Useful properties

<gla/¢1//i2' -5 l,//tzn_wzn> 7 (8 J—a/h//i2>' (8 laﬂ2n—1ﬂ2n>



Dual metric tensors

Useful properties

M1l Hom—1Mom —
gJ_ e 'gJ_ <gl»ﬂ1ﬂ2' ) 'gl»ﬂzm—lﬂzmglapmz' ' 'glaﬂzn—lﬂzn> <gl»ﬂ1ﬂ2' ' 'glaﬂzn—lﬂzn>

(Prove it using orthogonality relations)
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https://www.google.com/search?sca_esv=601719464&q=orthogonality&spell=1&sa=X&ved=2ahUKEwibivvtivuDAxU-9AIHHZQzB7QQkeECKAB6BAgKEAI

Now we have the building blocks...



What about their combinatorics?



Rank R, Np ext. momenta

As usual, we can list all possible tensor structures as in usual PV reduction.

But now, each tensor structure is accompanied by its dual
]ﬂl--°ﬂR — ] aRZ <Ta>a1'”aRTglmﬂR,

d1...
d

Look at all possible structures without transverse metric tensor:

N, N,
D TH(T e sy P *ep; pifeopl) = D p;1ep, Ko 1) (D ")

il,iz,"’,iRzl il,iz,"',iRzl

Np R

Z piak< pi>ﬂk — H 1 G

R
k=1 \ i=1 =1
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Rank R, Np ext. momenta
JH1---HR — L Z <T >0!1 OlRTﬂl ﬂR

Look at all possible structures with at least one transverse metric tensor:

2|R/2 ] N,
Z T061 ‘AR <T >/41 ‘MR Z Z ga1a2 n 1%, p. Xn+1, 0‘R<gﬂ1/42 J//fn 1//inplﬂn+1,,,pl{4R>
lnt1 n+1 R
n=2 1i,1....lp=1
2|R/2] 2|RI2] n/2 R

— Z galaz...g“n—1“n<gﬂ1ﬂ2 gﬂn 1/’tn> I I T — Z I I Pi_1H2;— 1u0‘21/421 I I 14 %Mk
n=2

k=n+1 k=n+1
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4. Wick operation analogy

iMig PV + — a;p; iU
Mg () (T

With the contraction operation, it is now easy to list all the terms present:

2 TglmaR <Ta>/’t1""“R — % H YRR 4+ all contractions

WICK CONTRACTIONS

= I {u"H .  u“rFr}

TIME ORDERING

Define

d
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Going back to an easy example
enleie ()

1 = Ly (87%(gl") + uul)

Or, more suggestively

" =1, (u“”uﬁ”+u“”uﬁ”)
L



Example R=4

_ 7 o o o o
JH1H2H3H — Ia1a2a3a4 Y {u 1174 %Mo, X3H3q, 4,“4}

Y {ualﬂluazﬂzu“3ﬂ3ua4ﬂ4} — gy Q1H1 g Gafog O3l Oy

+u0‘1ﬂ1u0‘2ﬂ2u0‘3ﬂ3u0‘4ﬂ4 4+ 1y F1H 17 FoMog, A3f3y, FaHy 4+ 1y F1H 17 FoMog, K3H37, FaHy

L | . 1
_|_u0‘1ﬂ1u0‘2ﬂ2u“3/43u“4/44 + 1 117y Xl g, O3H3g Gy + 1 F1H 17y Xl g, G3H3g, Gy
L | | L |

+u0‘1ﬂ1u0‘2ﬂ2u0‘3ﬂ3u0‘4ﬂ4 4+ 1y F1H 17 FoHog, K3H37, FaHy 4+ 1y F1H 17 FoMog, F3H3y, FaHy
L o1 —1 1 | L1 |
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Number of terms

For a rank-R tensor and Np Independent external momenta, tensor
reduction generates

2|
2 R! R—2n
R =21 P terms

n=0

Rank Ext. mom. # terms

558

38641
3 4 240809




In a practical amplitude computation...

Reduce the proliferation of terms using

g, Py =0

<gJ_>/wpiy = () Substitute (g, ) , g, only at the very end

. U
}/J//f * gjf Vw
{Vj’f, ;f”} = {;fjf, 71} = 281" 14y

1224 — M
ut*p;, = p

Substitute u« only at the very end
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D1 > > > ANNANNN P3
—> >
A A A
k [ — k g — [ Y R=7, Np=3 massless externals
—> >
D2 > > > ANANNAN P4

We verified TR gives the same result in

_ _ _ 0010025, New features of
interference with the tree summed over spins FORM, Vermaseren (2000),
and polarisations
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https://arxiv.org/abs/math-ph/0010025

Summary
ualﬂl o MaRlbtR

metrics in the space of momenta
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Summary

g{ Mallftl o uaRﬂR}

metrics in the space of momenta
_|_

metrics Iin the transverse space
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Summary

Ly o7 AU UTRER]

metrics in the space of momenta
+
metrics Iin the transverse space
+
scalar integrals
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Summary

Hi---HRp — B ETS! ARHR
I =1y o7 QU UTRERY

metrics in the space of momenta
+
metrics In the transverse space
+
scalar integrals

tensor integrals
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Why we needed IR

We came across this as a part of a larger project, the numerical integration of
locally finite subtracted amplitudes.

0804.3170,
Catani, Gleisberg, Krauss,
Rodrigo, Winter

1906.06138, Capatti, Hirshi,
Kermanschah, Ruijl

2211.09653, Capatti

0912.3495, Kilian, Kleinschmidt
2110.06869, Kermanschah

M

Locally finite

Divergent

dkP[m — r] + | dkPr

Numerically
inD =4
!

LTD/cFF,

Threshold
subtraction

Analytically
in D dim
!

TR,

IBPs,
master integrals

1812.03753, Anastasiou, Sterman

2008.12293, Anastasiou, Haindl,
Sterman, Yang, Zeng

2212.12162, Anastasiou, Sterman

soon, Anastasiou, Karlen, Sterman,
Venkata

10.1016/0370-2693(81)90288-4,
Tkachov (1981)

10.1016/0550-3213(81)90199-1,
Chetyrkin, Tkachov (1981)

0102033, Laporta (2000)
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P1 L AAA P3
A
kY
p2 — < _:/»p;
P1 » ANANS
]
ki%‘%
\
P2 ANAANAN
— (1 —Ry)

— v—»
+ (]. — Rk) ;@gﬂ;
P2 _’g < o Pa
P3 P1 . ;\N_\A}MP&
+ (1 — Rx) k(év
_,\()e’ —
P4 P2 Y«/wvwm
P AANAN P3
k Y
P2 — 4\ o~ P4 k=0
IR ctm
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UV ctm

IR ctm

Same structure
for N photons!
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UV ctm

IR ctm

Same structure
for N photons!

And y* |
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UV ctm

—> ‘ >
+ (1 — Rk) ﬁ'gé/é;ﬁi

P2 _’é < _:f\- P4

P3 P1 . ;’\:}N P3
+ (1 — Rk) k(év

Same structure
for N photons!

And y* |

|

Needed
compact
expression
Integrated ctms
for any N

48



Some results...
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Phase space scan of amplitude (single final state ordering)
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Slide from D. Kermanschah

Comparison with external results
One-loop interferences

with 10M MC samples on 48 cores

qq = yvy

qq — yy*

qq = YvYy

qq — yryry*

Rambo PSP

Vs =1TeV

#1
7#2
#1
7# 2
#1
7# 2
#1

7#2

cross checked with OpenLoops [1907.13071]
thanks to Federico Buccioni

finite remainder
(MC + integrated CTs)

.5882e-05

.4318e-05

.7127e-05

.5459e-05

.7300e-10

.1784e-10

.7035e-11

.9957e-11

+

I+

I+

I+

I+

I+

I+

I+

0.0151e-05

.0149e-05

.0149e-05

.0141e-05

.0251e-10

.0152e-10

.0737e-11

.0943e-11
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Comparison with external results

Finite remainder W9 — F
R
MO =IO 4O + FO

MO =P MO + ZOFD 1 FO

Compared F# 2N for qg g — yyy with the
known fully analytical result.

Soon, F*MN) for g g — yFyFy*

9605323, Catani, Seymour

0201274,
Anastasiou, Glover, Tejeda-

Yeomans

2010.15834, Abreu, Page,
Pascual, Sotnikov

2012.13553, Chawdhry,
Czakon, Mitov, Poncelet

2305.17056, Abreu, De

Laurentis, Ita, Klinkert, Page,
Sotnikov

soon, Anastasiou, Lazopoulos,
Kermanschah, MV
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5. Conclusions

* Large number of terms is unavoidable, but we have general answer in closed form

Hi---HR — B ETIS! ARH
[ _Ial...aRJ {I/t U R}

 Passarino-Veltman reduction employed in full generality, inversion of large matrix
avoided, algorithmic approach

* Possiblility of avoiding the full expansion in real amplitude calculations
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Backup slides

Integration of the IR ctm for the one-loop amplitude for N photons

P1 k>1 / P3
. S ki = k+ p,
A ky=k—p, k k
; ~ 2,a™1,p
HE T ~ R[MO] =S ,
k2k2k2
D2 ]:2 ANNANNN pN_|_2‘ L — 0
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Backup slides

Integration of the IR ctm for the one-loop amplitude for N photons

Clﬂ kZ,akl ,ﬁ

RIMV] =S ,
M k2k?ks

To start tensor reduction:

I = [ 0 P1 °p2] [<p1>ﬂ] — 0 P12 p{l
pi'pa 0 |° (p2)¥ L o | [P5]°
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Backup slides

TR of the IR ctm for the one-loop amplitude for N photons

k, k
(0) ST [u b vl
RIMD] = ST [u™u ek
12
tree-level u_ v tree-level
RIMO = |49,[...]u, LN (—47,[...Ju,

P1 P2

o gjf”
+V2}/ 4 |]:D[ ]Pypyaul

k2 ,l/tk 1,v
k2k?ks
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