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Figure 1. Sample Feynman diagrams of two-loop corrections and associated two-loop counterterms.
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Figure 2. Sample Feynman diagrams of factorisable corrections, including one-loop counterterm
corrections.

3 The UV-renormalised unsubtracted amplitude

3.1 Generation of the full amplitude and evaluation of the interference terms
The amplitude at O(ααs) receives contributions from different kinds of Feynman diagrams,
for which we depict4 in figures 1 and 2 a few representative examples. In the initial state
we have two-loop vertex corrections (figure 1(a)), which are combined with the two-loop
external quark wave function corrections (figure 1(b)) and with the one-loop external quark
wave function correction with initial-state QCD vertex correction (figure 2(f)), yielding an
UV-finite, but still IR-divergent, result. The two-loop gauge boson self-energies, together
with the corresponding two-loop mass counterterms and with the charge renormalisation
constants of the initial and final state vertices are shown in figures 1(c),(d),(e) and yield an
UV- and IR-finite contribution. An example of two-loop boxes with the exchange of neutral
or charged EW bosons is given in figure 1(f). At O(ααs) all the factorizable contributions
include an initial-state QCD vertex correction; the second factor can be, alternatively: the
final-state EW vertex corrections, the external lepton wave function correction, the one-loop
self-energy corrections, the one-loop mass and charge renormalization counterterms, and
the one-loop external quark wave function correction. They are schematically represented
in figures 2(a)–(f) respectively. Also in this case the BFG properties allow to identify
UV-finite combinations of Feynman diagrams.

In the interference term 〈M(0)|M(1,1)〉 we recognise different subsets associated to
different combinations of the EW bosons exchanged in the loops. We consider the following
cases: γγ, γZ, ZZ, W ; in the neutral cases there are either one boson in a loop and one
in a tree-level line or both bosons in the loops, as depicted in a few representative cases
in figure 3(a)–(c) for the γZ subset; in the charged case we find one or two W s always
in the loop lines figure 3(d)–(f). The calculation of the bare matrix elements up to two-
loop follows a general procedure. For the generation of the Feynman diagrams we have

4The straight line with an arrow represents a fermion line (blue: massless quark, red: massive leptons,
green: neutrinos), the wavy lines represent EW gauge bosons and the spiral coils represent gluons.

– 9 –

Z

W



Evaluation of Master Integrals

         →       ℳvirt 2Re (ℳvirt(ℳBorn)†) =
NMI

∑
i=1

ci(s, t, m; ε) 𝒯i(s, t, m; ε)

Evaluation of rational coefficients

tensor reduction  (Matilde)
reconstruction based on mathematical properties     (Giuseppe)

Amplitude properties (Sebastian)

mathematical properties of pentagon functions (Ben)
direct evaluation of Feynman integrals (Ayres)
elliptic functions in Bhabha         (Lorenzo)
solution via series expansion (Simone)

Precision phenomenology EW precision observables and tests  (Stefan, Lisong), Higgs physics (Roberto)

many more connections can be identified
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