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Partonic Structure Functions
PDFs, TMDs, etc... describe this picture:

(Picture source: EIC website)

Different energy scales probe different aspects of the hadron.
Contribution from valence and sea partons.
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https://www.bnl.gov/eic/
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Theoretical tools

FUN ctional Methods

−1
=

−1
+ +

+ + +

Ψ = 𝐺0 𝐾 Ψ

Lattice QCD

(Bi, Xiao, Guo, Ming; 2020)

Figure: “Minecraft QCD”

Amplitude analysis
Effective theories – 𝜒EFT
Pheno models
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http://dx.doi.org/10.1051/epjconf/202024509008


Dyson-Schwinger Equations

Quantum equations of motion
We can relate 𝑛-point functions with each other:

−1
=

−1
+

The full inverse quark propagator is the inverse bare propagator plus self-energy Σ
Σ depends on gluon and 𝑞𝑞𝑔 vertex
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Dyson-Schwinger Equations
Quantum equations of motion
We can relate 𝑛-point functions with each other:

−1
=

−1
+

−1
=

−1
+ +

+ + +

Coupled equations: 𝑛-point function depends on higher order correlations.
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Truncation Is the name of the game

Calculations only possible with truncations
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Rainbow-ladder truncation
(Maris, Roberts; 1997) (Maris, Tandy; 1999) (Maris, Tandy; 2000)

(Alkofer, Zierler; 2023)
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https://link.aps.org/doi/10.1103/PhysRevC.56.3369
http://arxiv.org/abs/nucl-th/9905056
https://link.aps.org/doi/10.1103/PhysRevC.61.045202
https://doi.org/10.48550/arXiv.2312.06463


Truncation Is the name of the game

Calculations only possible with truncations

𝑆(𝑝) = 𝜎𝑠(𝑝2)𝟙 − 𝑖𝜎𝑣(𝑝2)/𝑝 = 1
𝐴(𝑝2)

−𝑖/𝑝 + 𝑀(𝑝2)
𝑝2 + 𝑀(𝑝2)2

(Numerical results by: Raúl Torres)
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BUT! It’s not all-orders perturbation theory

Non-perturbative physics ⋙ all-orders perturbation theory

D𝜒SB is purely non-perturbative!

Series expansion: 1
1−𝑥 = 𝑓(𝑥) ≈ 1 + 𝑥 + 𝑥2 + 𝑥3 + … , |𝑥| < 1

Exact result: 1
1−𝑥 = 𝑓(𝑥) = 1 + 𝑥𝑓(𝑥) = 1 + 𝑥 + 𝑥2𝑓(𝑥) … , for all𝑥
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Bethe-Salpeter Equation How singularities relate to bound-states

The Bethe-Salpeter Wavefunction (BSWF) appears as the residue of a correlation
function 𝐺(𝑝):

Ψ(𝑥, 𝑃 ) = ⟨0|T𝜙(0)𝜙(𝑥) |𝑃 ⟩ Ψ(𝑘, 𝑃 ) = ∫ 𝑑4𝑥𝑒−𝑖𝑘⋅𝑥Ψ(𝑥, 𝑃 )

𝑥1

𝑥2

𝑥3

𝑥4

𝐺
𝑝2 → 𝑚2

𝜆
𝑥1

𝑥2

Ψ

𝑥3

𝑥4

Ψ
1

𝑝2−𝑚2
𝜆+𝑖𝜖

Poles in correlation functions encode the theory’s
bound-state spectrum
Position on the 𝑝2 complex plane indicates their
nature: bound-state, resonance, …
Euclidean metric!

(Eichmann, Sanchis-Alepuz, Williams, Alkofer, Fischer; 2016)

𝑀 = 2𝑚

𝑅𝑒{√𝑝2}

𝐼𝑚{√𝑝2}

Bound States

Resonances

8/ 25

http://arxiv.org/abs/1606.09602


Bethe-Salpeter Equation Self-consistent bound-state equation

Take the scattering equation: 𝐺 = 𝐺0 + 𝐺0𝑇 𝐺0 ⇔ 𝑇 = 𝐾 + 𝐾𝐺0𝑇

𝑇 = 𝐾 + 𝐾 𝐺0 𝑇

&
𝑥1

𝑥2

𝑥3

𝑥4

𝐺
𝑝2 → 𝑚2

𝜆
𝑥1

𝑥2

Ψ

𝑥3

𝑥4

Ψ
1

𝑝2−𝑚2
𝜆+𝑖𝜖

yields

Ψ = 𝐺0 𝐾 Ψ

(Eichmann, Sanchis-Alepuz, Williams, Alkofer, Fischer; 2016)
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http://arxiv.org/abs/1606.09602


Bethe-Salpeter Equation Eigenvalue/vector equation

The BSE is usually solved as an eigenvalue equation:

𝜆𝑖 (𝑃 2) 𝜓𝑖 = KG0𝜓𝑖

States found when 𝜆𝑖(𝑃 2) ≡ 1.
Mass is given by 𝑃 2 = −𝑀2

Eigenvalue/vector spectrum gives ground state and
excited states.
Like DSE, analytic structure is important, and
contour deformations may be needed!

QFT “version” of the Schrödinger Equation
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Hadrons on the Light Front

Goal: Use DSE/BSE to study hadrons on the
light front, 𝑥+ = 0.

Natural frame for defining parton
distribution functions: PDFs, TMDs, ...

Future: COMPASS/AMBER @ CERN
EIC @ Brookhaven National Laboratory.

(AMBER: arXiv:1808.00848)
(EIC: arXiv:2305.14572)

𝑥3

𝑥0

𝑥− = 0𝑥+ = 0

𝑃𝑓 𝑃𝑖

𝒪

𝑥

Δ

⟨𝑃𝑓|TΦ(𝑥)𝒪Φ(0) |𝑃𝑖⟩
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https://arxiv.org/abs/1808.00848
https://arxiv.org/abs/2305.14572


Hadronic quantities

𝐻(𝑘, 𝑃 , Δ) Correlation function

𝐻(𝑥, �⃗�, 𝜉, Δ⃗) GTMD

𝐻(𝑥, 𝜉, Δ2) GPD

∑𝑛
𝑘=0 𝐴𝑛𝑘 (Δ2) (2𝜉)𝑘 GFFs

𝑓(𝑘, 𝑃 )

𝑓(𝑥, �⃗�)TMD

𝑓(𝑥)PDF

Δ = 0

∫ 𝑑𝑘−

∫ 𝑑2�⃗�⟂

∫ 𝑑𝑥𝑥𝑛−1

∫ 𝑑𝑘−

∫ 𝑑2�⃗�⟂

𝑊(𝑥, �⃗�, ⃗𝑏)

𝑓(𝑥, ⃗𝑏)

𝐹𝑛(Δ2)FFs

FT, 𝜉 = 0

FT, 𝜉 = 0

𝜉 = 0

∫ 𝑑2 ⃗𝑏

∫ 𝑑2 ⃗𝑏

∫ 𝑑2�⃗�⟂

∫ 𝑑𝑥𝑥𝑛−1

(Lorce, Pasquini, Vanderhaeghen; 2011), (Picture adapted from: Diehl, 2016), (Diehl, 2003), (Meißner, Goeke, Metz, Schlegel; 2008), (Meißner, Metz, Schlegel; 2009)
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https://doi.org/10.48550/arXiv.1102.4704
https://link.springer.com/article/10.1140/epja/i2016-16149-3
https://doi.org/10.1016/j.physrep.2003.08.002
https://iopscience.iop.org/article/10.1088/1126-6708/2008/08/038
https://iopscience.iop.org/article/10.1088/1126-6708/2009/08/056


Our Goal
Main Goal: Get partonic distribution functions from hadron-hadron correlations via
FUN ctional Methods

𝑃𝑓𝑃𝑓 𝑃𝑖 𝑃𝑖
𝑃

𝐺

𝑘Δ

𝐺 is the four-point quark correlation
function, calculated with scattering
equation.
The quark propagator is calculated via
quark DSE.
The BSWF is calculated via the meson
BSE.

(Mezrag; 2015), (Diehl, Gousset; 1998), (Tiburzi, Miller; 2003),
(Mezrag, Chang, Moutarde, Roberts, Rodríguez-Quintero, Sabatié, Schmidt; 2015),
many others, ...

𝒢[Γ] (𝑃 , 𝑘, Δ) = 1
2
Tr [∫ 𝑑𝑘− ∫ 𝑑4𝑧

2𝜋4 𝑒𝑖𝑘⋅𝑧 ⟨𝑃𝑓| 𝜓(𝑧)𝒲Γ𝜓(0) |𝑃𝑖⟩]

Partonic distributions are calculated by integrating the correlator in 𝑘− and taking
appropriate traces.
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https://pos.sissa.it/247/045
https://doi.org/10.1016/S0370-2693(98)00439-0
https://doi.org/10.1103/PhysRevD.67.113004
https://doi.org/10.1016/j.physletb.2014.12.027


Triangle Diagram

We start by solving a simple model, and gradually build up the complexity of the
calculation.

- Hadrons are on-shell: 𝑃 2 = −𝑀2

- Forward limit: Δ → 0 – We get the PDFs and TMDs

𝑃𝑓𝑃𝑓 𝑃𝑖 𝑃𝑖
𝑃

𝐺

𝑘Δ Δ =
√

Δ2
⎛⎜⎜⎜
⎝

0
0
1
0

⎞⎟⎟⎟
⎠

𝑃 = 2𝑚
√

𝑡
⎛⎜⎜⎜
⎝

0
0
0
1

⎞⎟⎟⎟
⎠

𝑘 = 𝑥𝑃 + 𝑀
√

𝑅
⎛⎜⎜⎜⎜
⎝

0
0√

1 − 𝑍2

𝑍

⎞⎟⎟⎟⎟
⎠
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Triangle Diagram

We start by solving a simple model, and gradually build up the complexity of the
calculation.

- Hadrons are on-shell: 𝑃 2 = −𝑀2

- Forward limit: Δ → 0 – We get the PDFs and TMDs

𝑃𝑃 𝑃 𝑃

𝑘𝑘

𝑃 − 𝑘

𝑃 = 2𝑚
√

𝑡
⎛⎜⎜⎜
⎝

0
0
0
1

⎞⎟⎟⎟
⎠

𝑘 = 𝑥𝑃 + 𝑀
√

𝑅
⎛⎜⎜⎜⎜
⎝

0
0√

1 − 𝑍2

𝑍

⎞⎟⎟⎟⎟
⎠

Steps:
1. Calculate BSWF;
2. Calculate the correlator;
3. Project to the light-front;
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Light-front Projection

The TMD is defined as:

𝑃𝑃∫ 𝑑𝑘−
𝑃 𝑃

𝑘𝑘

𝑃 − 𝑘

In our kinematic variables:

𝑘− ∝ −2𝑖
√

𝑅𝑍

Need the BSWF in 𝑍 ∈ (−∞, ∞).
Use Padé approximants:

𝑓(𝑍) = 𝑎0 + 𝑎1𝑍 + 𝑎2𝑍2 + ⋯ + 𝑎𝑁𝑍𝑁

1 + 𝑏1𝑍 + 𝑏1𝑍2 + ⋯ + 𝑏𝑀𝑍𝑀

(L. Schlessinger, 1968) (Tripolt et al., 2019) (D. Binosi, R-A. Tripolt; 2019)

𝑁 − 𝑀 is fixed, can control behaviour at
very large 𝑍.

Definition of the TMD

TMD(𝑅, 𝑥) ∝ −2𝑖
√

𝑅 ∫
∞

−∞
𝑑𝑍 𝒢(𝑅, 𝑍, 𝑥)

(Eichmann, EF, Stadler; 2022)
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https://link.aps.org/doi/10.1103/PhysRev.167.1411.
https://doi.org/10.1016/j.cpc.2018.11.012
https://doi.org/10.1016/j.physletb.2019.135171
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.105.034009


TMD: Some results

𝛾 = 1.5, 𝛽 = 4, 𝑐 = 1 𝛾 = 1, 𝛽 = 1, 𝑐 = 1

Upper line open Lower line open Sum of both
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PDFs

√
𝑡 = 0.33𝑖, 𝛽 = 4, 𝑐 = 1

√
𝑡 = 0.5𝑖, 𝛽 = 1, 𝑐 = 1

Upper line open Lower line open Sum of both
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PDFs

√
𝑡 = 0.33𝑖, 𝛽 = 4, 𝑐 = 1

√
𝑡 = 0.5𝑖, 𝛽 = 1, 𝑐 = 1

Upper line open Lower line open Sum of both
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1 Non-perturbative methods

2 PDFs/TMDs
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4-point function
4- point function determined from scattering equation:
G = G0 + G0TG0 ⟹ T = K + KG0T ⟹ T = (𝟙 − KG0)−1 K.

𝑇

𝑞

𝑝

𝑃

Fully off-shell: 6 Lorentz
invariants

- 3 radial: 𝑋, 𝑡, 𝑅;
- 3 angular: 𝑌 , 𝑍, 𝑄;

𝑇(𝑡, 𝑋, 𝑅, 𝑍, 𝑌 , 𝑄) = 𝐾(𝑋, 𝑅, 𝑝 ⋅ 𝑞)

+ 1
2

𝑚4

2𝜋4 ∫
∞

0
𝑑𝑥 𝑥 ∫

1

−1
𝑑𝑧

√
1 − 𝑧2𝐺0 (𝑥, 𝑧, 𝑡)

× ∫
1

−1
𝑑𝑦 ∫

2𝜋

0
𝑑Ψ𝐾(𝑋, 𝑥, 𝑘 ⋅ 𝑞)𝑇 (𝑡, 𝑥, 𝑦, 𝑧, 𝑅, 𝑄)

Same 𝐺0 and 𝐾 as in the BSE
Solved numerically as linear system
Contains all dynamics of 2 𝜙 particles

- Must produce bound state poles dynamically!

(Eichmann, Duarte, Peña, Stadler; 2019)
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http://arxiv.org/abs/1907.05402


4-point function
𝑇 is made fully on-shell
Partial-wave expansion shows
bound-state pole in the first Riemann
sheet

(Eichmann, Duarte, Peña, Stadler; 2019)

Describes both long-range and
short-range 𝑞𝑞 dynamics.
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http://arxiv.org/abs/1907.05402


Full triangle

Can we use the full 4-point function? – YES!

𝑃𝑓𝑃𝑓 𝑃𝑖 𝑃𝑖
𝑃

𝑇

𝑘 1. Calculate 4-point function
2. Calculate BSE
3. Do the loop integration
4. Project to LF
5. Do statistics on extrapolation

We solve one triangle for each point in the 𝑅, 𝑥 grid – HPC Needed!
- 𝑁𝑥 × 𝑁𝑅 × 𝑁𝑍 4-point functions!

1



Results Preliminary

−1

0

1

2

3

4

5

6

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1

Real part ±3𝜎
Imag. part ±3𝜎

𝛼

TMD: 𝛽 = 1, 𝑅 = 1,
√

𝑡 = 0.4𝑖, slice on (𝑥, 𝑦, 𝑧)
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Conclusions

We have a method for TMDs/PDFs from first-principles self-consistent functional
methods
We have incorporated BSE solutions
We have implemented contour deformations – resonances!
We have made considerable progress in the inclusion of the 4-point function
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Backup
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Scalar toy model Bethe-Salpeter Equation

Scalar model:
- 𝜙 of mass 𝑚
- 𝜒 of mass 𝜇

BS amplitude for bound-state of two 𝜙:

𝑞 Γ
𝑃 = 𝑞 𝑙 Γ

𝑃

𝑞 = 𝛼
2

𝑃 + 𝑚√𝜌
⎛⎜⎜⎜
⎝

0
×
×
×

⎞⎟⎟⎟
⎠

𝑙 = 𝛼
2

𝑃 + 𝑚
√

𝑙
⎛⎜⎜⎜
⎝

×
×
×
×

⎞⎟⎟⎟
⎠

The BSWF is a function of the kinematic
invariants:

−𝑀2 = 𝑃 2 𝑞2

𝑚2 ∝ 𝜌 𝑧 ∝ �̂� ⋅ ̂𝑃

𝜓(𝜌, 𝑧, 𝑥) = 𝑚4

(2𝜋)3
1
2

∫
∞

0
𝑑𝑙 𝑙

× ∫
1

−1
𝑑𝑧𝑙 √1 − 𝑧𝑙

2 G0(𝑙, 𝑧𝑙, 𝛼)

× ∫
1

−1
𝑑𝑦𝑙 K(𝜌, 𝑧, 𝑙, 𝑧𝑙, 𝑦𝑙) 𝜓(𝑙, 𝑧𝑙, 𝛼)

(Wick; 1954) (Cutkosky; 1954)

https://link.aps.org/doi/10.1103/PhysRev.96.1124
https://link.aps.org/doi/10.1103/PhysRev.96.1135


Analytic Structure of BSE Im
√

𝑡 > min ( 1
1±𝛼)

G0
−1 = (𝑙2+ + 𝑚2)(𝑙2− + 𝑚2)

Branch cuts in complex
√

𝑙 plane

√
𝑙
𝜆
± = ∓(1 ± 𝛼)

√
𝑡 [𝑧𝑙 + 𝑖𝜆√1 − 𝑧2

𝑙 + 1
(1 ± 𝛼)2𝑡

]

−2

−1

0

1

2

3

4

−2 −1 0 1 2 3 4 5

Im
{√

𝑥}

Re{
√

𝑥}

√
𝑥(+, +)√
𝑥(+, −)√
𝑥(−, +)√
𝑥(−, −)√

𝑡
(1 − 𝛼)

√
𝑡

(1 + 𝛼)
√

𝑡

K−1 = (𝑞 − 𝑙)2 + 𝜇2

Branch cuts in complex
√

𝑙 plane
depend on path taken:

√
𝑙 = √𝜌 (Ω ± 𝑖√1 − Ω2 + 𝛽2

𝜌
)

−2

−1

0

1

2

3

4

−2 −1 0 1 2 3 4 5

Im
{√

𝑥′
}

Re{
√

𝑥′}

√𝑥1

√𝑥2
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Extrapolation (can be) unreliable

Schlessinger method is fast but limited – at most∝ 1
𝑍

- Coefficients must be very accurately calculated

𝑅(𝑍) =
𝑓0

1 +
𝑎0(𝑍 − 𝑍0)

1 +
𝑎1(𝑍 − 𝑍1)

1 + …
Different input points ⟹ different output!

10−20
10−18
10−16
10−14
10−12
10−10
10−8
10−6
10−4
10−2

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1

nZ: 2
nZ: 4
nZ: 6
nZ: 8
nZ: 10
nZ: 12
nZ: 14
nZ: 16Bo

x
di
ag
ra
m
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Use Padé Approximants
In this case we know the analytic dependence – can improve extrapolation
Uncertainty massively reduced – automate search for best parameters

- Use statistics to “approximate” uncertainty

0.00092
0.00094
0.00096
0.00098

0.001
0.00102
0.00104
0.00106
0.00108
0.0011

0.00112

2 4 6 8 10 12 14

⟨𝑥
0 ⟩

𝑛𝑍

Figure of merit: First Mellin moment ⟨𝑥0⟩ = ∫ 𝑑𝛼𝑓(𝛼).

Generate large collection of 𝑍 points (≈ 50).
Print the results as 𝑓(𝛼) ± 𝜎𝑓(𝛼).
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Use Padé Approximants
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