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Partonic Structure Functions

PDFs, TMDs, etc... describe this picture:
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(Picture source: EIC website)

Different energy scales probe different aspects of the hadron.
Contribution from valence and sea partons.
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https://www.bnl.gov/eic/

i Non-perturbative methods

2 PDFs/TMDs

3 Four-point function
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Theoretical tools

FUN ctional Methods Lattice QCD

P
o _ Gy K W gluon quark
(Bi, Xiao, Guo, Ming; 2020)

Figure: “Minecraft QCD”

Amplitude analysis
Effective theories — YEFT
Pheno models
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http://dx.doi.org/10.1051/epjconf/202024509008

Dyson-Schwinger Equations

Quantum equations of motion
We can relate n-point functions with each other:

The full inverse quark propagator is the inverse bare propagator plus self-energy &
Y. depends on gluon and gqg vertex
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Dyson-Schwinger Equations

Quantum equations of motion
We can relate n-point functions with each other:

Coupled equations: n-point function depends on higher order correlations.
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Truncation Is the name of the game

Calculations only possible with truncations
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(Alkofer, Zierler; 2023)

Rainbow-ladder truncation

(Maris, Roberts; 1997) (Maris, Tandy; 1999) (Maris, Tandy; 2000)
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https://link.aps.org/doi/10.1103/PhysRevC.56.3369
http://arxiv.org/abs/nucl-th/9905056
https://link.aps.org/doi/10.1103/PhysRevC.61.045202
https://doi.org/10.48550/arXiv.2312.06463

Truncation Is the name of the game

Calculations only possible with truncations

1 Quark mass function Strange dressing function 1/A(p?), A(u? — 19°GeV?) = 1
1.04 — Strange
0.8
3 0.6
=
Zoa
—— Chiral limit: m, -0
_31 — Up/Down o
—— Strange
—— Charm
Bottom
—4 0.0 T
2 1 0 1 2 3 4 3 2 1 0 1 2 3
logyg (#? [GeV?]) logy (7 [Gev?])

1 —ip+ M(p?
S(p)ZUS(pQ) _ZU( )P A( )pzziM(;f)z)

(Numerical results by: Raul Torres)
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BUT! It’s not all-orders perturbation theory
Non-perturbative physics s all-orders perturbation theory

DxSB is purely non-perturbative!

0(g?) O(g*)
-1 -1
o - : N O
Series expansion: — = f(z) ~ 1+z+z?+ 23+ ..., lz| < 1
Exactresult: L = f(z)=1+zf(z) =14z +2?f(z)..., forall z
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Bethe-Salpeter Equation How singularities relate to bound-states

The Bethe-Salpeter Wavefunction (BSWF) appears as the residue of a correlation
function G(p):

W(z, P) = (0] To(0)(x) |P) Wk P) = [ dae 5w (o, P)
X X . . X X
' [ 1)2 — mi tT p2—7i,\§ tie [ 3
_
G W ------
Ty —— > Ty Ty —— > Ty
Poles in correlation functions encode the theory’s Im{v/o%) Resenances
bound-state spectrum . ¢
Position on the p? complex plane indicates their . Mo
nature: bound-state, resonance, ... 1
Euclidean metric! ° Bound States
[ ]
(Eichmann, Sanchis-Alepuz, Williams, Alkofer, Fischer; 2016) Re{\/ﬁ}
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http://arxiv.org/abs/1606.09602

Bethe-Salpeter Equation Self-consistent bound-state equation

Take the scattering equation: G = Gy + GyTG, < T = K + KG,T

)
V'
T = K + K Gy T
O)
U
&
Ty —» — T Ty —— —— T
3 pz _ m?\ 1 p277i§\+ié 3
—> —
G U 7
:EQ > > 1,‘4 l‘2 —p— —— :134
yields
——

—O
v = G, | K v
—O

—

(Eichmann, Sanchis-Alepuz, Williams, Alkofer, Fischer; 2016)
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http://arxiv.org/abs/1606.09602

Bethe-Salpeter Equation FEigenvalue/vector equation

400 T

The BSE is usually solved as an eigenvalue equation:
Ai (P2> ¥; = KGo1);

States found when \,(P?) = 1. 200 1
Mass is given by P2 = —M? 14,
Eiggnvalue/vector spectrum gives ground state and 100 ]
e?<C|ted states. . N 1/,
Like DSE, analytic structure is important, and N: _
contour deformations may be needed! .

0.0 0.5 1.0

Im+t
QFT “version” of the Schrodinger Equation
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2 Non-perturbative methods

: PDFs/TMDs

s Four-point function



Hadrons on the Light Front

Goal: Use DSE/BSE to study hadrons on the
light front, z* = 0.

Natural frame for defining parton
distribution functions: PDFs, TMDs, ...

1.2 12
MSHT20NNLO | e/ =100 Gev?
2f(e i = 10GeV?) \
08 0.8
&/t
) c
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e\
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0 — -
0.0001 0.001 0.01 0.1

Future: COMPASS/AMBER @ CERN
EIC @ Brookhaven National Laboratory.

(AMBER: arXiv:1808.00848)
(EIC: arXiv:2305.14572)

z" =0

= =0

(P T (2)02(0) | F;)
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https://arxiv.org/abs/1808.00848
https://arxiv.org/abs/2305.14572

Hadronic quantities

f(k, P) H(k,P,A)
J k= [ dk~
V_) fdg‘b’ o 17 -
[z, k) <————— W(z,k,b) H(x,k & A)
f [ ik, [ ik,
\4 f ng Y - Y
fl@) «<———— f(x,b) H(z,&,A%)
[ dzam? [ dxa!
\ \
Fn(Az) ZZ:O Ank (AQ) (2€)k

(Lorce, Pasquini, Vanderhaeghen; 2011), (Picture adapted from: Diehl, 2016), (Diehl, 2003), (MeiRner, Goeke, Metz, Schlegel; 2008), (Meifner, Metz, Schlegel; 2009)
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https://doi.org/10.48550/arXiv.1102.4704
https://link.springer.com/article/10.1140/epja/i2016-16149-3
https://doi.org/10.1016/j.physrep.2003.08.002
https://iopscience.iop.org/article/10.1088/1126-6708/2008/08/038
https://iopscience.iop.org/article/10.1088/1126-6708/2009/08/056

Our Goal

Main Goal: Get partonic distribution functions from hadron-hadron correlations via
FUN ctional Methods

G is the four-point quark correlation
function, calculated with scattering

A Ik
I / equation.

The quark propagator is calculated via
quark DSE.

/O/ \O\ The BSWF is calculated via the meson
BSE.

Pf P Lo P (Mezrag; 2015), (Diehl, Gousset; 1998), (Tiburzi, Miller; 2003),
K (Mezrag, Chang, Moutarde, Roberts, Rodriguez-Quintero, Sabatié, Schmidt; 2015),
m many others, ...
51 Pk a) = 110 | [ i [ e wwreo) p)

Partonic distributions are calculated by integrating the correlator in £~ and taking
appropriate traces.
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https://pos.sissa.it/247/045
https://doi.org/10.1016/S0370-2693(98)00439-0
https://doi.org/10.1103/PhysRevD.67.113004
https://doi.org/10.1016/j.physletb.2014.12.027

Triangle Diagram

We start by solving a simple model, and gradually build up the complexity of the
calculation.

- Hadrons are on-shell: P? = —M?

T A =+VA2 P=2mt

o = O O
— o O O

N —
/O/ \O\ 0
7y o] — k=aP+MVR \/127

M
N A
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Triangle Diagram

We start by solving a simple model, and gradually build up the complexity of the

calculation.

- Hadrons are on-shell: P? = —M?

- Forward limit: A — 0 — We get the PDFs and TMDs

P=2mVt

k=xP+MVR| r—0f

— o O O

Steps:
1. Calculate BSWF;
2. Calculate the correlator;
3. Project to the light-front;
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Light-front Projection

The TMD is defined as: Need the BSWF in Z & (—o0, 00).

Use Padé approximants:

ag+ a1 Z + ayZ? + - +anzN

fdk P — F f(Z) = 140, Z 40,22 4+ by ZM
Pk (L. Schlessinger, 1968) (Tripolt et al., 2019) (D. Binosi, R-A. Tripolt; 2019)
In our kinematic variables: N — M s fixed, can control behaviour at
very large Z.
k= o< —2ivVRZ ylarg

Definition of the TMD
TMD(R, z) 721‘\/@/% dZ3(R, Z,x)

(Eichmann, EF, Stadler; 2022)
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https://link.aps.org/doi/10.1103/PhysRev.167.1411.
https://doi.org/10.1016/j.cpc.2018.11.012
https://doi.org/10.1016/j.physletb.2019.135171
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.105.034009

TMD: Some results

y=15=4,c=1

|TMD|

[TMD]

0.0

oz, 1y 1

2

3 0.0

m Upper line open

m Lower line open = Sum of both
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PDFs

Vt=0.33i,8=4,c=1 VEt=05i,=1,c=1
1.0 4 1.0 4
0.8 1 0.8 1
0.6 0.6
& &
Q Q
& &
0.4 4 0.4 4
0.2 4 0.2
0.0 / 0.0
()i(] l)i? l)iél l)TG 0:8 lfl) (JT() (JT2 ()T4 ()T(i [)tS 1f0
m Upper line open m Lower line open m Sum of both

18/ 25



PDFs

Vt=0.33i,8=4,c=1 Vt=05i,=1,c=1
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# Non-perturbative methods

2 PDFs/TMDs

: Four-point function
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4-point function

4- point function determined from scattering equation:
G =Gg+GyTGy — T=K+KG,T — T=(1-KG,) 'K

p

Y

Fully off-shell: 6 Lorentz
invariants

- 3radial: X,t, R;

- 3angular: YV, Z,Q;

uXRZY@— K(X.Rp-q)
/ dxx/ dzV1— 222G (z, 2, 1)

224

2m
X / dy/ dWK(X,;z:,k-q)T(t,x,y,z,R,Q)
-1 0

Same G, and K as in the BSE
Solved numerically as linear system
Contains all dynamics of 2 ¢ particles
- Must produce bound state poles dynamically!

(Eichmann, Duarte, Pefia, Stadler; 2019)
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http://arxiv.org/abs/1907.05402

4-point function

T'is made fully on-shell 2nd sheet 1st sheet
Partial-wave expansion shows s ' 1 '
bound-state pole in the first Riemann
sheet s |
10fF-———————————— . g-————————————
E B
c=28 ‘b s bound
®o | state
0.5 ‘.10 4
| tachyon
| —-
| 1 12 13
0.0 ! R @
-1.0 0.5 0.0 0.5 1.0
Revt

(Eichmann, Duarte, Pefia, Stadler; 2019)

Describes both long-range and
short-range gq dynamics.

21/ 25


http://arxiv.org/abs/1907.05402

Full triangle

Can we use the full 4-point function? — YES!

Calculate 4-point function
Calculate BSE

Do the loop integration
Project to LF

Do statistics on extrapolation

~_"

" P T

o p WD E

by P,

We solve one triangle for each pointin the R,z grid — HPC Needed!
- N, x N x N, 4-point functions!



Results Preliminary

TMD: 8 =1,R = 1,v/t = 0.4i, slice on (z, v, 2)
6 \ \ T T T I I I
Real part +30
5 F Imag. part +30 H

— — em em e em = = e - =
- -
-

1 \ \ \ \ \ \ \ \ \
-1 -08 —-06 -04 0.2 0 0.2 0.4 0.6 0.8 1

23/ 25



Conclusions

We have a method for TMDs/PDFs from first-principles self-consistent functional
methods

We have incorporated BSE solutions
We have implemented contour deformations — resonances!
We have made considerable progress in the inclusion of the 4-point function

24/ 25



Backup
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Scalar toy model Bethe-Salpeter Equation

Scalar model:
- ¢ of mass m The BSWF is a function of the kinematic
- y of mass s invariants:
BS amplitude for bound-state of two ¢: e o
—M? = P? — X p xk-P
m
P I | I P 4 poo
q I — =4 L r — m” 1
‘ 2, T) = - dll
I+ | e, 52) = 52 /0
1
X / dz;\/1—2,2Gy(l, 2, @)
0 X -1
1
« X (0% X
q:§P+m\/ﬁ % l= 7P+m\[l % X/ dyl K(f)7 »lazlayl>¢<lvzlaa)
—1
X X

(Wick; 1954) (Cutkosky; 1954)


https://link.aps.org/doi/10.1103/PhysRev.96.1124
https://link.aps.org/doi/10.1103/PhysRev.96.1135

Analytic Structure of BSE Im \/# > min (1)

Go ' = (B +m?)(2 +m?) K= (g— 1) + 7

Branch cuts in complex v/ plane Branch cuts in complex v/ plane
depend on path taken:

A . 1
VIL = F(1£a)Vt |2 +i) -2+ ——5; 32
(1+a)?t Vi=p | Q4i|1—02+ =
p
4 e 4 : : : T T T
Vi, 1)
Va(+,—)
. Jz(—,+)
3+ v 3k
V(= =) ==m T
v ¥ JE
. 1-a)Vi m
2k (1+a)Vi 7 2 F %
® u © / vz
! >
E E H
= i
0 ] 0
i —
. 4 1
9 . _ .
—2 —1 0 1 2 3 4 i -1 0 1 2 3 4
Re{yz} Re{Va’}



Extrapolation (can be) unreliable

Schlessinger method is fast but limited —at most o % R(Z) =

- Coefficients must be very accurately calculated 1+

Different input points = different output!

1 —2
0_4 NZ: 2 e
10 . nZ:4 e—
10~ nzZ: 6
% 1078 nZ: 8
?:010*10 nZ:10
S 1012 nZ:12 — -
8101 nZ:14 = =
10-16 NZ:16 = ==
10718
10720

-1 -08-06-04—-02 0 02 04 06 08 1
o



Use Padé Approximants

In this case we know the analytic dependence — can improve extrapolation
Uncertainty massively reduced — automate search for best parameters
- Use statistics to “approximate” uncertainty

0.00112
0.0011 -

0.00108 | |
0.00106 | |
0.00104 | |
2. 0.00102 -
0001 -
0.00098 |- -
0.00096 |- -
0.00094 | .

0.00092 ‘ ‘ ‘ ‘ ‘
2 4 6 3 10 12 14

nZz

Figure of merit: First Mellin moment (%) = [daf(a).
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Use Padé Approximants

In this case we know the analytic dependence — can improve extrapolation
Uncertainty massively reduced — automate search for best parameters
Use statistics to “approximate” uncertainty

noin: mein( Points soloctes: (-6.971882,0) (-0.964138,0) (-
» (o.rsane, 70 (5.529139,0) (0855008,

637757,0) (-0.559991,0) (-0.367686,0) (-0.106877,0) (-0.00673456,0) (6.533591,0) (0.670008,
Points selected: (-9.986222,0) (-0.991752,0) (-0.816613,0) (-0.536235,0) (-0.373951,0) (-0.0363416,0) (0.119572,0) (0.346285,0) (0.568612,0)

. 75Lm5h 10> (0.084481,0) (0.988616,0)

0] Points selected: (-6.994135,8) (-6.788311,

15 0 (s (0.1e010.0

8) (-0.86165,0) (-8.537646,8) (-8.301774,8) (-0.168543,0) (8.692649,0) (8.345567,6) (0.642733,0)

Points soloctod: (-0.956588,0) (-0.919778,0) (-0.756584,0) (-0.503692,0) (-0.364942,0) (-0.105799,0) (0.110391,0) (0.349409,0) (0.601376,0)
(n ssnide, n) (0.850736,8) (0.940282,0)

Points selected: (-6.971467,0) (-0.719462,8) (-0.801734,0) (-6.548751,0) (-0.37002,8) (-0.135181,0) (.167636,0) (6.316577,8) (0.560352,0)
(©0.825767,0) (0.945959,0) (0.824111,0)
nain: nain() Points selectes: (-8.996096,0) (-0.947657,8) (-0.756661,0) (-8.517286,0) (-8.396726,8) (-0.262665,0) (8.17211,0) (8.420647,0) (8.61719,0) (8
16) @.797286,0) (0.947448,8)

Points selected: (-0.957069,0) (-0.923619,0) (-

. 744116,) (-9.604607,0) (-0.285585,0) (-0.247233,6) (0.159705,0) (0.426975,0) (0.561043,0)

(u Greiss, 0 0.039226,0) (0.95240,0)

Points selected: (-6.99626,0) (-0.839563,8) (-0.763215,6) (-8.582946,0) (-0.318577,8) (-0.126642,6) (6.184791,8) (5.361275,8) (8.627858,5) (

0.725125,) (0.044745,0) (0.970048,0)
nsin: nain() Points soloctos: (-9.894138,0) (-0.916913,0) (-0.744792,0) (-0.498678,0) (-0.387726,0) (-0.085,
8.617861,0) (@.500084,0) . 541081,0)

nail Points selected: (-6.985678,0) (-0.859571,6) (-0.753059,0) (-0.611597,0) (-0.379511,8) (-0.18972,6) (6.164463,0) (0.279575,60) (9.64143,0) (0
uwr o) m 867791,0) (0.932604,0)

10) (8.839761,0) (0.328953,) (8.54071,) (

Points selected: (-6.918352,6) (-6.933751,8) (-0.672537,0) (-8.616266,) (-8.328011,8) (-0.132243,0) (8.13234,0) (6.427762,8) (0.692186,0)

m 716246,6) (8.849771,6) (0.965346,0)
nain()1 Points seloctod: (-0.886897,0) (-0.924523,0) (-0.722075,0) (-0.424517,0) (-0.363058,0) (-0.124189,0) (0.119086,0) (0.419112,0) (0.556684,0)

Gerass, 0 0.02207,0) (0.962522,0)

mai ) Points selected: (-6.875028,0) (-6.896325,8) (-0.781625,0) (-0.562061,0) (-6.362633,8) (-0.18577,6) (9.206556,0) (0.298088,6) (9.638054,8) (

0 7<mv a) (0.86561,0) (0.905794,0)

Points soloctes: (-8.957465,0) (-0.796093,0) (-0.772831,0) (-8.598603,0) (-6.389953,0) (-0.111661,0) (.119117,0) (6.408803,8) (0.550732,0)
G. bSBbl‘Ln) (6.889395,8) (0.977267,0)

mein: imain() Points selected: (-0.90401,0) (-0.865011,0) (-0.842518,0) (-9.537244,0) (-0.398679,0) (-0.113835,0) (0.0799175,0) (0.380676,0) (0.591231,0)
©.01713,8) @.779767,0) 0.932920,0)

Points selected: (-6.947619,6) (-6.928872,8) (-0.65895,6) (-6.58436,0) (-0.380357,8) (-0.133252,6) (6.148025,0) (.468123,8) (8.50863,0) (8

724966,0) (0.935442,0) (0.971511,6)
noin: :nain()] Points soloctos: (-0.981875,0) (-0.859104,0) (-0.780963,0) (-0.587309,0) (-0.37561,0) (-0.228738,0) (0.170687,0) (0.320618,0) (0.554563,) (
8.855404,0) (0.952401,0) (0897179,
Points selected: (-6.994747,0) (-0.936452,8) (-0.799706,0) (-0.502598,0) (-6.293855,0) (-0.238063,0) (9.0710795,0) (0.418727,8) (9.528265,6)
(n 791017 a) (0.841999,0) (0.922319,0)
na Points selectes: (-6.981981,8) (-6.942334,8) (-0.817244,0) (-8.562693,0) (-8.362869,0) (0.0531426,0) (5.188661,0) (6.378999,8) (0.517289,0)
m 7ec0s, m rn 958332,0) (0.529141,8)
Points selected: (-0.830801,0) (-0.895413,0) (-0.

753161,0) (-9.533404,0) (-0.292988,0) (-0.116918,0) (0.126602,0) (0.398628,0) (0.60259,0)
(0.730918,0) (0.883785,0) (0.986913,0)
mai n0) Points selected: (-6.928836,6) (-6.91827,8) (-0.686716,6) (-8.599125,0) (-0.351364,8) (-0.143183,6)
s ) (0.821294,0) (0.927566,0)

nain()1 Points seloctos: (-6.939713,0) (-6.896893,0) (-
(c 7caern, 0 @usin.0) .95099.0

(8.14999,8) (5.304763,8) (0.628969.,5) (8

5192,0)

.773163,6) (-8.530326,0) (-0.32484,8) (-0.0845858,0) (0.8429227,0) (6.308719,0) (0.5.

Points selected: (-9.912195,0) (-0.928642,0) (-0.786102,0) (-9.560542,0) (-0.356796,0) (-0.123163,0) (9.118005,0) (0.335118,0) (0.571327,0)

Generate large collection of Z points (=~ 50).



Use Padé Approximants

In this case we know the analytic dependence — can improve extrapolation
Uncertainty massively reduced — automate search for best parameters
- Use statistics to “approximate” uncertainty

102
10t
10°

I I

I
Real part
Imag. part =

L Rl

—_
9
IS

[T T

| ! \ \ \ ! \ \ \
-08 —-06 —04 -0.2 0 0.2 0.4 0.6 0.8 1

|
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Print the results as f(a) + o /(a).
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