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Rescuing L 
from oblivion



Rescuing L from oblivion

We have been hearing about measuring spin of top, W,  Z, even τ, for 
decades. 

But probably, last time you studied orbital angular momentum (OAM) was 
in your degree. Why is it so?

Yet, it is there. Consider for example H → VV, with V = W,Z
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OAM cannot be directly measured from angular distributions!

total spin of VV pair: 0,1,2

Initial state J = 0 Final state J = 0

l = 0,1,2



Rescuing L from oblivion

Let's introduce a reference system (x,y,z) in the H rest frame. Decay 
amplitudes using a fixed spin quantisation axis ẑ [whatever] look like

with Ω=(θ,φ) the angles of [say] V1 in H rest frame
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spherical harmonics up to l = 2

s1 + s2 + m = 0
Note:

OAM is there! And there it is, just like it should be!
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There are 9 amplitudes. 
c superscript stands for 
`canonical´ as opposed to 
the commonly-used 
helicity amplitudes

s1, s2: 3rd spin components 
for V1, V2 in ẑ axis



Rescuing L from oblivion

Hmm... ok...  but how do the amplitudes get an angular dependence?

Setting a particular value for the third spin component along a particular 
direction ẑ breaks isotropy in the Higgs decay.

This is in contrast with helicity amplitudes which are just numbers
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Rescuing L from oblivion

But wait... the Higgs is a scalar, and scalar decays are isotropic, how is this 
possible?
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all (θ,φ) dependence is lost
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[of course, you can calculate it, from initial state and decay amplitudes]

density operator for L

OAM cannot be directly measured from angular distributions!



Rescuing L from oblivion

Q: OK, but I have seen helicity amplitudes, and I never saw OAM there.

A: Sure, in the helicity direction    the third component of OAM vanishes

because                 .  This does not imply

Actually, this property makes helicity amplitudes simpler in order to extract 
parameters from experimental measurements.

For H → VV there are 3 helicity amplitudes vs 9 canonical amplitudes.
For t → bW it is 4 vs 26!
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Rescuing L from oblivion

Entanglement measurements involving OAM are rare — and never done in 
HEP!
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take your new physics hats off, enjoy new SM measurements!



The 
trick



The trick

If one is able to experimentally measure

then, one is able to determine the full density operator ρLWb that fully 
describes the top decay, also including OAM!

Fortunately, most of these quantities can be obtained from observables 
already measured by ATLAS.
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The trick
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           are the 
helicity 

amplitudes
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The trick
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Use helicity basis to 
measure           in data

obtain canonical 
amplitudes from

model-independent

obtain ρLWb from data
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Measuring helicity 
amplitudes



Measuring helicity amplitudes

To obtain helicity amplitudes          we ignore OAM for a moment and 
work in the helicity basis [of course!]
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4D angular 
distribution

helicity amplitudes
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Measuring helicity amplitudes
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What about                    ? Can’t be measured without 
measuring b polarisation, unknown phase.
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Bipartite and 
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entanglement



Bipartite and tripartite entanglement

There are several points one can address from ρLWb:

They can be addressed using Peres-Horodecki sufficient condition for 
entanglement, and using the entanglement measure [negativity]

for A, B any subsystems of 
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Is tripartite entanglement genuine?

Are A, B subsystems entangled when C is marginalised? 
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Bipartite and tripartite entanglement

Tripartite entanglement is genuine if the state is entangled under any 
bipartition of 
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HW HL ⊗ Hb 0.80
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Entanglement is very large in 
all cases!

These are SM values for top 
[not anti-top] with Pz = 1

For single-top production, 
slightly smaller

N > 0 ⇒ entanglement



Bipartite and tripartite entanglement

Given the three subsystems A, B, C, we can marginalise C [trace over its space] 
and obtain the entanglement between A and B 

19

A B N(ρ)

HL HW 0.62

HL Hb 0.40

HW Hb 0.01

C is the unlisted subsystem in 
all cases.

These are SM values for top 
[not anti-top] with Pz = 1



Bipartite and tripartite entanglement

What about                     which in principle is not measured?

This is the phase between amplitudes with λ = 1/2 and λ = −1/2 for b.

Since the former are quite suppressed by the small mb, this phase is fairly 
irrelevant in order to establish entanglement.
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Expected 
uncertainty



Expected uncertainty in t-channel single top

Pseudo-experiments performed assuming 50K events
[number obtained from Run 2 ATLAS measurement]
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Run 2

L-(Wb) ≫5σ

W-(Lb) ≫5σ

b-(LW) ≫5σ

Tripartite entanglement



Expected uncertainty in t-channel single top

Pseudo-experiments performed assuming 50K events
[number obtained from Run 2 ATLAS measurement]
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Run 2

L-W ≫5σ

L-b ≫5σ

Bipartite entanglement



Expected uncertainty in t-channel single top

Systematics in entanglement measurements can be estimated using actual 
uncertainties in Run 1 / Run 2 measurements of the input observables
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educated 
guess for this 
observable



Expected uncertainty in t-channel single top
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Remarks

Possible to measure right now 

entanglement between OAM and 

spin

Possible to measure right now 

tripartite entanglement

Doing the same as previously done, 

using available data 

Run 2

L-(Wb) 15σ

W-(Lb) 18σ

b-(LW) 12σ

L-W 8.7σ

L-b 3.2σ

Entanglement significance 
including systematics



End



Quantum 
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basics



Quantum entanglement: basics

The state of a system composed by two sub-systems A and B is separable if 
it can be written as

Otherwise, it is entangled, e.g. something like

A typical example of entanglement is the combination of two spin-1/2 
systems in the spin-0 configuration

General systems are not described by pure states      but by density 
operators ρ.
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| i = |"iA ⌦ |#iB � |#iA ⌦ |"iB
<latexit sha1_base64="0sHMNslUxy4z8apoWrqIO0G1+PQ=">AAAB7XicbZDLSgMxFIYzXmu9VV26CRbBVZkRbyspuHFZwV6gM5RMeqYNzSQhyQhl7GPoStSdL+ML+DamdRba+q++nP8PnP/EijNjff/LW1peWV1bL22UN7e2d3Yre/stIzNNoUkll7oTEwOcCWhaZjl0lAaSxhza8ehm6rcfQBsmxb0dK4hSMhAsYZRYNwofQ2VYqIkYcOhVqn7NnwkvQlBAFRVq9CqfYV/SLAVhKSfGdANf2Sgn2jLKYVIOMwOK0BEZQNehICmYKJ/tPMHHidTYDgHP3r+zOUmNGaexy6TEDs28Nx3+53Uzm1xFORMqsyCoizgvyTi2Ek+r4z7TQC0fOyBUM7clpkOiCbXuQGVXP5gvuwit01pwUTu/O6vWr4tDlNAhOkInKECXqI5uUQM1EUUKPaM39O5J78l78V5/okte8ecA/ZH38Q1H/4+G</latexit>

| i



Quantum entanglement: basics

Any operator cannot be a density operator. A valid density operator has 
several characteristics:

Unit trace

Hermitian

Positive semidefinite: eigenvalues ≥ 0

A density operator describing a composite system is separable if it can be 
written as

Note: in general, one has something like
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<latexit sha1_base64="CzxMRZ5d9Gs5LGT/bdwD2yefDrE=">AAACGnicbVDLSgMxFM34rPVVdekmWARXZUbEulGqblwqWBU6dcikt20wkwzJHbEM/RP9GV2JdefGvzGtFXwdCJycc8LNPXEqhUXff/cmJqemZ2YLc8X5hcWl5dLK6oXVmeFQ51pqcxUzC1IoqKNACVepAZbEEi7jm+Ohf3kLxgqtzrGXQjNhHSXagjN0UlSqhqaroxDhDnMLaZ/u09BmSaRo6s7IVNeHNNQoErBfwlExKpX9ij8C/UuCMSmTMU6j0iBsaZ4loJBLZm0j8FNs5syg4BL6xTBz4xm/YR1oOKqYG9fMRwv26WZbG4pdoKP792zOEmt7SewyCcOu/e0Nxf+8RobtvWYuVJohKO4izmtnkqKmw55oSxjgKHuOMG6E+yXlXWYYR9fmcP3g97J/ycV2JditBGc75drBuIgCWScbZIsEpEpq5ISckjrh5IE8kQF59e69R+/Ze/mMTnjjN2vkB7y3D9f6oJ8=</latexit>

⇢sep =
X

n

pn⇢
A
n ⌦ ⇢Bn

<latexit sha1_base64="APSyOVYAQgqBuR6ChRVhEf401j4="></latexit>

⇢ =
X

ijkl

pklij | iih j |⌦ | kih l|



Quantum entanglement: basics

Necessary criterion for separability:

taking the partial transpose in subspace of B [for example] the resulting 
density operator is valid. 

Example: composite system A ⊗ B with dim HA = n, dim HB = m
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Peres, quant-ph/9604005
Horodecki, quant-ph/9703004

      are m x m matrices,
<latexit sha1_base64="qW1d0aISDfqSPasMEZdyYxFeAzo=">AAAB53icbZDLTgJBEEVr8IX4Ql266UhMXJEZY9SVIXHjEhNBEpiQnqaAhp5HumtMyIRv0JVRd/6PP+Df2OAsFLyr03VvJ3UrSJQ05LpfTmFldW19o7hZ2tre2d0r7x80TZxqgQ0Rq1i3Am5QyQgbJElhK9HIw0DhQzC+mfkPj6iNjKN7miToh3wQyb4UnOyoWe9mcjTtlitu1Z2LLYOXQwVy1bvlz04vFmmIEQnFjWl7bkJ+xjVJoXBa6qQGEy7GfIBtixEP0fjZfNspO+nHmtEQ2fz9O5vx0JhJGNhMyGloFr3Z8D+vnVL/ys9klKSEkbAR6/VTxShms9KsJzUKUhMLXGhpt2RiyDUXZE9TsvW9xbLL0DyrehdV7+68UrvOD1GEIziGU/DgEmpwC3VogIARPMMbvDvSeXJenNefaMHJ/xzCHzkf35lYjMc=</latexit>

Pij

<latexit sha1_base64="PPHJ4V0TrPGNT7v/p7Pt41GH62Y=">AAAB/nicbVBLS8NAGPzis9ZX1GMvi0Wol5KIqBel4MVjBfuANobNdtOu3TzY3QglBPTP6EnUmz/CP+C/cRtz0NY5zXwzCzvjxZxJZVlfxsLi0vLKammtvL6xubVt7uy2ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX079zj0VkkXhjZrE1AnwMGQ+I1jpk2tWak03ZXfZ4W065hk6R3Euc+WaVatu5UDzxC5IFQo0XfOzP4hIEtBQEY6l7NlWrJwUC8UIp1m5n0gaYzLGQ9rTNMQBlU6al8jQgR8JpEYU5fp3NsWBlJPA05kAq5Gc9abH/7xeovwzJ2VhnCgaEh3Rnp9wpCI03QINmKBE8YkmmAimf4nICAtMlF6srOvbs2XnSfuobp/U7evjauOiGKIEFdiHGthwCg24gia0gMAjPMMbvBsPxpPxYrz+RBeM4s0e/IHx8Q0nhZWM</latexit>

(Pij)
kl = pklij

<latexit sha1_base64="0Bci6PlmEsSBYSY19Lf1U3sKE9g="></latexit>

⇢T2 =

0

BBB@

PT
11 PT

12 · · · PT
1n

PT
21 PT

22
...

. . .
PT
n1 PT

nn

1

CCCA

<latexit sha1_base64="I/pfRBSkasyDRtUTsYAU/wdT4pI="></latexit>

⇢ =

0

BBB@

P11 P12 · · · P1n

P21 P22
...

. . .
Pn1 Pnn

1

CCCA

(n∗m) × (n∗m) matrix 

it has non-negative eigenvalues [unit trace and hermicity automatic]



Quantum entanglement: basics

To take away:

It is quite complicated to prove [analytically] that a composite system is in 
a separable state.

However, we are interested in showing that the system is entangled.

To prove that, in some systems there are simple sufficient conditions 
that do the work

Otherwise, use directly the counter-reciprocal of Peres-Horodecki 
necessary condition 
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ρΤ2 non-positive ⇒ ρΤ2 not valid ⇒ system entangled

two spin-1/2 particles

H → VV [bipartite]


