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WEIGHTY motivations for t̄tj production

Why is t̄tj important?
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• 50% of tt̄ events
produced at LHC are
associated with a jet

• tt̄j normalised
differential cross-section
highly sensitive to mt

[see also Olaf’s talk]
[Alioli, Fernandez, Fuster, Irles, Moch, Uwer ’13]

What do we know about t̄tj?

• NLO QCD corrections [Dittmaier, Uwer, Weinzierl, ’07]

• Full off-shell decays and interfaces with parton shower
[Alioli, Bevilacqua, Czakon, Hartanto, Kraus, Melnikov, Moch, Schulze, Uwer, Worek ’10-’16]

• Mixed QCD and EW corrections [Gütschow, Lindert, Schönherr ’18]

• NNLO QCD corrections needed
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2 → 3 Scattering Amplitudes: TOPping the Game

Current frontier: 2 → 3 two-loop scattering amplitudes
Massless external particles:

• pp → γγγ
[Abreu, Page, Pascual, Sotnikov (2020)]

[Chawdhry, Czakon, Mitov, Poncelet (2021)]
[Abreu, De Laurentis, Ita, Klinkert,

Page, Sotnikov (2023)]

• pp → γγj
[Agarwal, Buccioni, von Manteuffel, Tancredi
(2021)]
[Chawdhry, Czakon, Mitov, Poncelet (2021)]
[Badger, Brönnum-Hansen, Chicherin,
Gehrmann, Hartanto, Henn, Marcoli, Moodie,

Peraro, Zoia (2021)]

• pp → γjj
[Badger, Czakon, Hartanto, Moodie, Peraro,

Poncelet, Zoia (2023)]

• pp → jjj
[Abreu, Febres Cordero, Ita, Page, Sotnikov
(2021)]
[De Laurentis, Ita, Klinkert, Sotnikov (2023)]
[Agarwal, Buccioni, Devoto, Gambuti, von
Manteuffel, Tancredi (2023)]

[De Laurentis, Ita, Sotnikov (2023)]

One massive external particle:
(full colour missing)

• pp → Wbb
[Badger, Hartanto, Zoia (2021)]

[Hartanto, Poncelet, Popescu, Zoia (2022)]

• pp → Wjj
[Abreu, Febres Cordero, Ita, Klinkert, Page,

Sotnikov (2022)]

• pp → Hbb
[Badger, Hartanto, Krys, Zoia (2021)]

• pp → W γj
[Badger, Hartanto, Krys, Zoia (2022)]

• pp → W /Z + bb
[Buonocore, Devoto, Kallweit, Mazzitelli,
Rottoli, Savoini (2022)]

[Mazzitelli, Sotnikov, Wiesemann (2024)]

• pp → W γγ∗
[Badger, Hartanto, Wu, Zhang, Zoia (2024)]

∗
subleading contribution numerically available
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Amplitude workflow: a MASSIVE effort

A2L(ϵ) =
∑
i

( )
i

↓ colour decomposition

↓ IBP reduction∗

Ahel ,2L
LC (ϵ) =

∑
i

di (ϵ) MIi (ϵ)

↓ ϵ expansion

Ahel ,2L
LC (ϵ) =

∑
i

0∑
k=−4

ϵk rki Fi

A(hel ; nt , nt̄) helicity am-
plitudes encode spin cor-
relations in the narrow
width approximation

−→ Elliptic sector
[Badger, Becchetti, Giraudo, Zoia ’24]

[Badger, Becchetti, Chaubey, Marzucca ’23]

−→ Special functions

∗Optimised IBP relations from NeatIBP [Wu, Boehm, Ma, Xu, Zhang ’23]
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A MASSIVE effort: Algebraic complexity

• Intermediate steps in scattering
amplitude computations can
produce very large expressions

• To manage complexity, use
numerical methods and then
restore analytic dependence

• Replace symbolic operations with
numerical evaluations in a finite
field (integers mod prime P)

[von Manteuffel, Schabinger ’14] [Peraro ’16]

• Numerical framework: FiniteFlow
[Peraro ’19]
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A MASSIVE effort: Analytic complexity

• Expanding MIi (ϵ) around ϵ = 0:

MIi (ϵ) =
0∑

k=−4

ϵk MIki︸︷︷︸
• Polylogarithmic functions, fast+stable numerics
• Elliptic functions, need further investigation

•
dMIi (ϵ) = ϵ dAijMIj(ϵ) elliptic sector

−→ DEs arranged so that elliptic sectors only appear at O(ϵ0)

• A basis of special functions has been identified such that:
UV/IR poles can be identified analytically and the finite
remainder computed directly
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TOP findings

• First working code to evaluate the finite reminder of tt̄j
two-loop helicity amplitudes ✓

• Ward identity check (gauge invariant results) ✓

• Pole check (analytically checked) ✓

• Special functions evaluated via their DEs using GSE ✓
[DiffExp, Hidding ’20][Moriello ’18]

• Evaluation of two-loop helicity amplitudes (gg channel) at
leading colour for benchmark physical phase-space points:

Phase-Space A2L
LC(+ + +++; ntnt̄) [GeV−2]

point #1 19.028262− 3.1078961 i

point #2 0.07061470− 0.00649655 i

point #3 −29.219122− 27.542150 i

point #4 −0.97280521 + 0.86357506 i

point #5 −0.40407926− 0.53165671 i
Preliminary
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TOPline summary

What?

• Two-loop scattering
amplitude for pp → t̄tj
−→ towards two-loop QCD
corrections

Why?

• Bottleneck computation for
tt̄j precise theoretical
predictions −→ high-priority
process at the LHC

4 key questions

How?

• Finite fields framework

• Special function basis
−→ direct determination of
the finite reminder!

What’s next?

• Deliver phenomenological
viable results

• Explore analytical
reconstruction viability
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TOPline summary

What?

• Two-loop scattering
amplitude for pp → t̄tj
−→ towards two-loop QCD
corrections

Why?

• Bottleneck computation for
tt̄j precise theoretical
predictions −→ high-priority
process at the LHC

Thank you!!!

How?

• Finite fields framework

• Special function basis
−→ direct determination of
the finite reminder!

What’s next?

• Deliver phenomenological
viable results

• Explore analytical
reconstruction viability
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Backup



Integral basis for leading colour t̄tj

PBA

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>
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• 88 MIs

• dlog-form

PBB
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k2

<latexit sha1_base64="+9bxJXpFNGptAorlmq/UZF493bw=">AAAB/3icbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcuK9gFtKJPJTTt0MgkzE6GELvwAt/oJ7sStn+IX+BtO2yxs64ELh3Pu5d57/IQzpR3n2ypsbG5t7xR3S3v7B4dH5eOTtopTSbFFYx7Lrk8UciawpZnm2E0kksjn2PHHtzO/84RSsVg86kmCXkSGgoWMEm2kh/GgNihXnKozh71O3JxUIEdzUP7pBzFNIxSacqJUz3US7WVEakY5Tkv9VGFC6JgMsWeoIBEqL5ufOrUvjBLYYSxNCW3P1b8TGYmUmkS+6YyIHqlVbyb+5/VSHV57GRNJqlHQxaIw5baO7dnfdsAkUs0nhhAqmbnVpiMiCdUmnaUtyjw1wmBaMsm4qzmsk3at6tar9ft6pXGTZ1SEMziHS3DhChpwB01oAYUhvMArvFnP1rv1YX0uWgtWPnMKS7C+fgHZNpZ0</latexit>

• 121 MIs

• Elliptic sector +
Nested square
roots

PBC

1

<latexit sha1_base64="/lOowamVyaVW/AFT6ke3+46HpxE=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWMC5gHJEmZnO8mQ2dllZlYIS/ADvOoneBOvfotf4G84SfZgEgsaiqpuuruCRHBtXPfb2djc2t7ZLewV9w8Oj45LJ6ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsXw0kwT9iA4lH3BGjZUaXr9UdivuHGSdeDkpQ456v/TTC2OWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dEourRKSQaxsSUPm6t+JjEZaT6LAdkbUjPSqNxP/87qpGdz6GZdJalCyxaJBKoiJyexrEnKFzIiJJZQpbm8lbEQVZcZms7RF26dGGE6LNhlvNYd10rqueNVKtVEt1+7yjApwDhdwBR7cQA0eoA5NYIDwAq/w5jw7786H87lo3XDymTNYgvP1C0mrlZU=</latexit>

2

<latexit sha1_base64="2NH0yhHYyIqVps39OsFIb86Y24o=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcsW7APaUCaTm3boZBJmJkIJxQ9wq5/gTtz6LX6Bv+G0zcK2HrhwOOde7r3HTzhT2nG+rcLW9s7uXnG/dHB4dHxSPj3rqDiVFNs05rHs+UQhZwLbmmmOvUQiiXyOXX9yP/e7TygVi8WjniboRWQkWMgo0UZq1YblilN1FrA3iZuTCuRoDss/gyCmaYRCU06U6rtOor2MSM0ox1lpkCpMCJ2QEfYNFSRC5WWLQ2f2lVECO4ylKaHthfp3IiORUtPIN50R0WO17s3F/7x+qsNbL2MiSTUKulwUptzWsT3/2g6YRKr51BBCJTO32nRMJKHaZLOyRZmnxhjMSiYZdz2HTdKpVd16td6qVxp3eUZFuIBLuAYXbqABD9CENlBAeIFXeLOerXfrw/pcthasfOYcVmB9/QJLRJWW</latexit>

3

<latexit sha1_base64="Yzk9Qaz505JAyRcjwyoJHnE6Djs=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX0zdlZc=</latexit>

4

<latexit sha1_base64="ljAAxT6S0BU6wixnvK1j7py4aNg=">AAAB+XicbVDLSgNBEOyNr7i+olcvg0HwFHYloMegF48RzAOSJczOdpIhs7PLzKwQluAHeNVP8ObVj/EL/A0nyR5MYkFDUdVNd1eYCq6N5307pa3tnd298r57cHh0fFJxT9s6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnnNzP/c4zKs0T+WSmKQYxHUk+5IwaKz3WB5WqV/MWIJvEL0gVCjQHlZ9+lLAsRmmYoFr3fC81QU6V4UzgzO1nGlPKJnSEPUsljVEH+eLQGbm0SkSGibIlDVmofydyGms9jUPbGVMz1uveXPzP62VmeBvkXKaZQcmWi4aZICYh869JxBUyI6aWUKa4vZWwMVWUGZvNyhZtnxpjNHNtMv56DpukfV3z67V6tXFXJFSGc7iAK/DhBhrwAE1oAQOEV3iDd+fF+XA+l40lp5g4gxU4X7++WpRZ</latexit>

5

<latexit sha1_base64="6Pce2q+D/EGuvprffHlhWHZUaW0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4TMA9IljA725sMmX0wMyuEJfgBXvUTvIlXv8Uv8DecJHswiQUNRVU33V1eIrjStv1tFTY2t7Z3irulvf2Dw6Py8Ulbxalk2GKxiGXXowoFj7CluRbYTSTS0BPY8cb3M7/zhFLxOHrUkwTdkA4jHnBGtZGa14Nyxa7ac5B14uSkAjkag/JP349ZGmKkmaBK9Rw70W5GpeZM4LTUTxUmlI3pEHuGRjRE5WbzQ6fkwig+CWJpKtJkrv6dyGio1CT0TGdI9UitejPxP6+X6uDWzXiUpBojtlgUpILomMy+Jj6XyLSYGEKZ5OZWwkZUUqZNNktblHlqhP60ZJJxVnNYJ+2rqlOr1pq1Sv0uz6gIZ3AOl+DADdThARrQAgYIL/AKb9az9W59WJ+L1oKVz5zCEqyvX1APlZk=</latexit>

k1

<latexit sha1_base64="qdqr9s2tPqvTI28uBun+hUzXXDc=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPJrGgoajqprsrSATXxnW/nbX1jc2t7cJOcXdv/+CwdHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8j5n1FjpYdTzeqWyW3FnIKvEy0kZctR7pZ9uGLM0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JulZD0Y2VLGjJT/05kNNJ6HAW2M6JmqJe9qfif10lN/9rPuExSg5LNF/VTQUxMpn+TkCtkRowtoUxxeythQ6ooMzadhS3aPjXEcFK0yXjLOayS5mXFq1aq99Vy7SbPqACncAYX4MEV1OAO6tAABgN4gVd4c56dd+fD+Zy3rjn5zAkswPn6BdedlnM=</latexit>

k1 + k2

<latexit sha1_base64="wa8dIr5nSIIf4O00qGV+t8PrVlQ=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgCCUpBV0W3bisYB/QhjCZTNohk0mYmQgldOkHuNVPcCdu/RC/wN9w2mZhWw9cOJxzL/fe46ecKW3b31ZpY3Nre6e8W9nbPzg8qh6fdFWSSUI7JOGJ7PtYUc4E7WimOe2nkuLY57TnR3czv/dEpWKJeNSTlLoxHgkWMoK1kXqR51xFXsOr1uy6PQdaJ05BalCg7VV/hkFCspgKTThWauDYqXZzLDUjnE4rw0zRFJMIj+jAUIFjqtx8fu4UXRglQGEiTQmN5urfiRzHSk1i33TGWI/VqjcT//MGmQ5v3JyJNNNUkMWiMONIJ2j2OwqYpETziSGYSGZuRWSMJSbaJLS0RZmnxjSYVkwyzmoO66TbqDvNevOhWWvdFhmV4QzO4RIcuIYW3EMbOkAgghd4hTfr2Xq3PqzPRWvJKmZOYQnW1y9Iu5fC</latexit>

k2

<latexit sha1_base64="+9bxJXpFNGptAorlmq/UZF493bw=">AAAB/3icbVDLSsNAFL2pr1pfVZdugkVwVZJS0GXRjcuK9gFtKJPJTTt0MgkzE6GELvwAt/oJ7sStn+IX+BtO2yxs64ELh3Pu5d57/IQzpR3n2ypsbG5t7xR3S3v7B4dH5eOTtopTSbFFYx7Lrk8UciawpZnm2E0kksjn2PHHtzO/84RSsVg86kmCXkSGgoWMEm2kh/GgNihXnKozh71O3JxUIEdzUP7pBzFNIxSacqJUz3US7WVEakY5Tkv9VGFC6JgMsWeoIBEqL5ufOrUvjBLYYSxNCW3P1b8TGYmUmkS+6YyIHqlVbyb+5/VSHV57GRNJqlHQxaIw5baO7dnfdsAkUs0nhhAqmbnVpiMiCdUmnaUtyjw1wmBaMsm4qzmsk3at6tar9ft6pXGTZ1SEMziHS3DhChpwB01oAYUhvMArvFnP1rv1YX0uWgtWPnMKS7C+fgHZNpZ0</latexit>

• 109 MIs

• dlog-form

[Badger, Becchetti, Giraudo, Zoia ’24][Badger, Becchetti, Chaubey, Marzucca ’23]



Numerical evaluation of the helicity amplitudes

• Two-loop helicity amplitudes for the process 4g5g → 1t2t̄3g

• Amplitude computed at leading colour

• Decay direction fixed in a non-physical direction (nt = nt̄ = p3)

• Amplitude computed in ’t Hooft-Veltman scheme

• Finite reminder directly computed

Phase-Space points A2L
LC(+ + +++; ntnt̄)[GeV−2]

d12 → 0.1074, d23 → 0.2719, d34 → −0.1563,
d45 → 0.5001, d15 → −0.03196,mt2 → 0.02502

19.028262− 3.1078961 i

d12 → 0.3915, d23 → 0.06997, d34 → −0.06034,
d45 → 0.5002, d15 → −0.1293,mt2 → 0.02499

0.07061470− 0.00649655 i

d12 → 0.2167, d23 → 0.02186, d34 → −0.01149,
d45 → 0.5007, d15 → −0.04709,mt2 → 0.02502

−29.219122− 27.542150 i

d12 → 0.2986, d23 → 0.1599, d34 → −0.05978,
d45 → 0.4998, d15 → −0.2899,mt2 → 0.02500

−0.97280521 + 0.86357506 i

d12 → 0.2882, d23 → 0.04770, d34 → −0.1080,
d45 → 0.5000, d15 → −0.1583,mt2 → 0.02502

−0.40407926− 0.53165671 i

with dij = pi · pj , normalised here w.r.t 2 p4 · p5

Preliminary



Helicity amplitudes for massive fermions

We make use of the following basis for spin structures:

A2L(1+t , 2
+
t̄ , 3

h3 , 4h4 , 5h5 ; nt , nt̄) = mtΦ(3
h3 , 4h4 , 5h5)

4∑
i=1

Θi (1, 2; nt , nt̄)A
2L,[i ](1+t , 2

+
t̄ , 3

h3 , 4h4 , 5h5)

• The phase factor Φ account for the massless parton helicities

• Four basis functions Θi for the spin dependence of the
top-quark pair and the associated subamplitudes A2L,[i ]

For more details see [arXiv:2201.12188, arXiv:2102.13450]
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