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Kerr Black Hole
Spin J and mass M

a = J/M

Inner Horizon, ̂r−

Outer Horizon, ̂r+

Temperature TH =
̂r+ − ̂r−

8πM ̂r+

Horizons  ̂r± = M ± M2 − a2

Angular velocity ΩBH =
a2

2M ̂r+



Linear Quasi-Normal modes
Perturbing around the background

( d2

dx2
+ (ω2 − Veff (x))) ψl,m(x) = 0

Angular Equation  = 0

gμν = ḡμν + hμν, |h | ≪ 1

+

Write the perturbation 

in scalar variables

x = r + r+ log(r − r+) Tortoise Coordinate

Equations decouple

if written as Weyl scalars



Ingoing at horizon and outgoing at infinity
Quasi-Normal modes boundary conditions

ψ ∼ e−iωx ψ ∼ eiωx

Black Hole

Horizon

x → − ∞ x → ∞

Free SpaceLight ring



Reconstructing the metric
For specific values of angular momentum

hl,m (t − r) =
1
r ∑

n

Al,m,n e−iωl,m,n(t−r) Ringdown, linear

Known frequencies!( d2

dx2
+ (ω2 − Veff (x))) ψl,m(x) = 0

ωl,m,n ∼ ΩBHm − iT−1
H (n + l)

We target the amplitudes  Al,m,n



Reconstructing the metric
For specific values of angular momentum

hl,m (t − r) =
1
r ∑

n

Al,m,n e−iωl,m,n(t−r) Ringdown, linear

Known frequencies!

Depend on initial conditions

( d2

dx2
+ (ω2 − Veff (x))) ψl,m(x) = 0

ωl,m,n ∼ ΩBHm − iT−1
H (n + l)

We target the amplitudes  Al,m,n



General Relativity is Non-Linear!
Does linear perturbation theory suffice?

( d2

dx2
+ (ω2 − Veff)) ψ(2) = S(ψ(1), ψ(1))

( d2

dx2
+ (ω2 − Veff)) ψ(1) = 0, Linear order

Non-Linear order



K. Mitman et al. (2022),  M. Cheung et al. (2022) 

Second-order amplitudes from linear amplitudes are sizeable!

Correlation between amplitudes



A (2,2,0) × (2,2,0)
(4,4)

A (2,2,0) A (2,2,0)

= 0.1637 ± 0.0018
A (2,2,0) × (3,3,0)

(5,5)

A (2,2,0) A (3,3,0)

= 0.4735 ± 0.0062

hl1,m1

hl2,m2

hl1+l2,m1+m2 ⟨hl1,m1
hl2,m2

hl1+l2,m1+m2
⟩

⟨h2
l1,m1

⟩⟨h2
l2,m2

⟩

How to find the Amplitude of Non-Linearity
Three point normalised with linear amplitude square

Numerical values, a=0.7M
K. Mitman et al. (2022),  M. Cheung et al. (2022) 



QNM Nonlinearities  
are generated near the horizon
Near horizon limit of Kerr metric

J = M2 ̂r+ = ̂r− = M TH = 0

A. Kehagias, D.P., F. RIva, A. Riotto (2023)

We take the extremal limit for simplicity 
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Near Horizon Extreme Kerr Metric
Squashed AdS for each fixed 

t

r

ϕ

r+

θ

Take a fixed θ slice
ε  outside the horizon 

J. M. Bardeen et al. (1999) 



Near Horizon Extreme Kerr Metric
Squashed AdS for each fixed 

t

r

ϕ

r+

θ

Take a fixed θ slice

AdS3  metric
<latexit sha1_base64="Xd3yLQXV0RKV5ADYVpkn/BFB5a4="></latexit>

SL(2,R)⌦ U(1)

ε  outside the horizon 
J. M. Bardeen et al. (1999) 



Kerr/CFT correspondence
Evaluating the Asymptotic Symmetry Group

AdS3  metric
<latexit sha1_base64="Xd3yLQXV0RKV5ADYVpkn/BFB5a4="></latexit>

SL(2,R)⌦ U(1) Boundary CFT

M. Guica et al. (2008) 
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Kerr/CFT correspondence
Evaluating the Asymptotic Symmetry Group

AdS3  metric
<latexit sha1_base64="Xd3yLQXV0RKV5ADYVpkn/BFB5a4="></latexit>

SL(2,R)⌦ U(1)

Half Virasoro Algebra,  c = 12 JNot extended

Infinite Gap 

in extremal limitE

Left movers excited

with  TL =
1

2π

Boundary CFT

M. Guica et al. (2008) 



2D CFT correlators
Exploiting the duality

Gravitational strain in bulk
= 

Stress-Energy tensor on boundary

A. Kehagias, D.P., F. RIva, A. Riotto (2023)

ZAdS,eff[h] = eiS[h] = ⟨ e ∫∂AdS Tμνhμν⟩CFT

⟨T(w1)T(w2)⟩, ⟨T(w1)T(w2)T(w3)⟩ Known correlators in 2D CFT

wi = ϕi → mi Fourier transform of correlators



Prescription
• Calculate correlators of the 2D energy-momentum tensor at finite 

temperature


• Find the gravitational strain correlators


• Integrate the spin-weighted spherical harmonics over the polar angle θ

Maldacena (2002)

⟨Tm1
Tm2

⟩, ⟨Tm1
Tm2

Tm3
⟩

⟨hm, h−m⟩′ = −
1

Re⟨TmT−m⟩′ 

, ⟨hm1
hm2

hm3
⟩′ =

2Re⟨Tm1
Tm2

Tm3
⟩′ 

∏3
i (−2Re⟨Tmi

T−mi
⟩′ )

A. Kehagias, D.P., F. RIva, A. Riotto (2023), 



Kerr Black Hole Non-Linearity
And its estimate in Extremal limit

<latexit sha1_base64="aW8v2oShmlmGf92si+l6KCi0Ucs="></latexit>
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Non-Linearities for non-extremal
Kerr/CFT works only in the extremal case

 aa = 0 a = M

Kerr/CFTDifferent

technique?



Summary and outlook
Non-Linearities are large but their magnitude can be understood

• Crucial for the future of Gravitational Wave analysis


• A lot of techniques are being developed to evaluate them


• Could be captured by symmetry, but still unclear outside 
extremal case





A. Kehagias, D.P., A.Riotto and F. Riva, gr-qc/2301.09345 
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Full Teukolsky equations
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Second-order amplitudes from linear amplitudes are sizeable

A (2,2,0) × (2,2,0)
(4,4)

A (2,2,0)
2 = 0.1637 ± 0.0018

M. Cheung et al. (2022) 



Second-order amplitudes from linear amplitudes are sizeable

A (2,2,0) × (3,3,0)
(5,5)

A (2,2,0) A (3,3,0)

= 0.4735 ± 0.0062

M. Cheung et al. (2022) 



Near Horizon Extremal Kerr geometry 
Zooming close to the Horizon

ds2 = 2M2Γ(θ)[−r2dt2 +
dr2

r2
+ dθ2 + Λ2(θ)(dϕ + rdt)2]

Γ(θ) =
1 + cos2 θ

2
, Λ(θ) =

2 sin θ
1 + cos2 θ

                   NHEK is a warped           geometry

                         Isometry group
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AdS3
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SL(2,R)⌦ U(1)

J. M. Bardeen et al. (1999) 



Asymptotic symmetry group
Non-trivial symmetries at the boundary of AdS

Diffeomorphism which preserve the 
boundary conditions, w/o the trivial ones
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AdS3

ξm = ϵm(ϕ)∂ϕ − rϵ′ m(ϕ)∂r

ϵm(ϕ) = − e−imϕ

M. Guica et al. (2008) 



M. Guica et al. (2008)

Kerr NHEK transformation
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Typical values for Black Hole QNMs

 E. Berti, V. Cardoso and C.M. Will (2006) 
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