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Motivation
• Perturbative QCD is asymptotic series in the expansion of strong coupling  

— QCD exhibits asymptotic freedom: as energy increases the strong coupling becomes small 
— asymptotic series: first finite numbers of terms provides a good approximation to the physical 
results!


• Cross-section for observable is written as    

— not convergent,   shows factorial growth & generates factorial divergences! 
— factorial divergences show up as singularities in Borel plane - renormalon  

      


• Renormalons are commonly associated to the leading non-perturbative corrections to 
perturbative series
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Renormalon
• Two types of renormalon: UV & IR - originates from different regions of loop momenta 

— appear as poles on the Borel plane 
— focus on the IR renormalon


• Renormalon ambiguities appear as, 
                                

—  is determined through the position of singularity 
— useful to identify hadronisation corrections


• Previous studies mostly focused on event shapes sensitive to invariant mass of 
emissions 
—Thrust, C-parameter, Angularities…  
leading hadronisation effects are generated by Soft functions

δ(𝒪) ∼ (ΛQCD/Q)
p

p
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[Dokshitzer & Uraltsev `95 
Gardi & Rathsman `01]

[Mateu, Stewart, Thaler  `13 
Bell, Lee et.al `18]



Di-jets in  colliderse+e−

• Consider typical Dijet factorisation at  collider takes the form 
                  


• Leading hadronisation effects are typically generated by the  
Soft function 
 — typically arises for SCET-I type observables - sensitive to invariant mass of emission 


• Transverse momentum (  ) sensitive observables are less studied 
— Broadening dependent non-perturbative shift to the spectrum! 
 
— EFT analyses observed logarithmic enhanced contribution for Broadening for  
    collinear anomaly exponent


• Goal : analyze generic  -sensitive observables for colliders

e+e−

dσ = H(μ) × J(μ) ⊗ J̄(μ) ⊗ S(μ)+𝒪(1/Qp)

pT

pT
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[Becher & Bell `14]

[Dokshitzer, Marchesini, Salam ` 98]

[Banfi et. al. `23]



SCET-I vs SCET-II
            


• Measurement sensitive to  
invariant mass of emission: SCET-I 
— LCC scaling ;  ;  


• Measurement sensitive to  
transverse momentum of emission: SCET-II 
— LCC scaling  ;  ;   
 
— Collinear & Soft have same virtuality: rapidity divergences 
— Dimensional Regularization is insufficient, need additional regulators  
       

dσ = H(μ) × J(μ) ⊗ J̄(μ) ⊗ S(μ)+𝒪(1/Qp)

kH ∼ (1,1,1) Q kc ∼ (λ2,1,λ) Q kus ∼ (λ2, λ2, λ2) Q

kH ∼ (1,1,1) Q kc ∼ (λ2,1,λ) Q ks ∼ (λ, λ, λ) Q
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Collinear Anomaly
• Transverse momentum sensitive observales suffer from  

rapidity divergences 
— regulate them e.g. analytic regulator    

  

— resum rapidity logarithms using Collinear Anomaly framework              
 
        


• Require computation of Soft and Jet functions in the renormalon framework!

∫
ddki

(2π)d
δ(k2

i )θ(k0
i ) → ∫

ddki

(2π)d
δ(k2

i )θ(k0
i )( ν

k+ + k− )
α

J(τ, μ, ν) J̄(τ, μ, ν) S(τ, μ, ν) = (Qτ)−2F(τ,μ) W(τ, μ)
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[Becher & Bell `12]
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Bubble insertion method
• One way to study renormalon in pQCD is through large-  approximation.


• Bubble insertion diagrams are unique at each perturbative order


• Highest number of flavors at a particular order


• Form a gauge-invariant subset at each order


• Easy to compute 


• Part of gluon vaccum polarisation


• One needs to compute only one-loop!


• Essential to take offshell matrix elements 
— additional assumptions: measurement probes the gluon and not individual quarks.

β0

/208

[see Beneke review `99]



Soft function
• Replace onshell (gluon) condition  

by an offshell gluon propagator


• Parametrisation:    
                    


• Measurement: considered in Laplace space    with m=1


• Borel space Soft function

{k+, k−, ⃗kT} → {p⊥, y, x⊥, ϕ}

ℳS(τ, k) = exp(−τpm
⊥ fS(x⊥, ϕ))

B[S](τ, μ, ν) = −
4CFναμ2ueuC

πβ0Γ(1 − u)Γ(u) ∫
1

0

dx⊥xu+α/2
⊥

(1 − x⊥)1+u∫
∞

−∞

dy
[2 cosh(y)]α ∫

π

−π
dϕ∫

∞

0

dp⊥e−τp⊥ fS(ϕ,x⊥)

p1+α+2u
⊥
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Bubble Insertion

Rapidity 
Divergence

Reproduces SCET-I type soft functions (rapidity dependent) eg. Thrust after setting α = 0
[Mateu, Stewart, Thaler `12]



Jet function
• Two-body splitting with  

one (gluon) being offshell


• Offshell gluon momentum:  


• Measurement: considered in Laplace space   


•  Borel space Jet function (m=1) 

{k+, k−, ⃗kT} → {p⊥, z, x⊥, ϕ}

ℳJ(τ, k) = exp(−τpm
⊥ fJ(z, x⊥, ϕ))

B[J](τ, μ, ν) =
2CFμ2ueuC

πβ0Γ(1 + u)Γ(−u) ( ν
Q )α ∫

1

0
dz dx⊥z−1−α xu

⊥

(1 − x⊥)1+u

2 − z(2 − z)(2 − x⊥)
[1 − (1 − x⊥)z]2 ∫

π

−π
dϕ∫

∞

0

dp⊥e−τp⊥ fJ(ϕ,x⊥,z)

p1+2u
⊥
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Bubble Insertion

 poleα

Reproduces hemisphere mass jet function (m=2)
[Garcia, Mateu `13]



Anomaly and Remainder
• Combine Soft and Jets according to collinear anomaly framework


• Borel space formulation



• Aftermath:  
—  pole and rapidity scale  drops out! 
— Anomaly exponent  resums large rapidity logarithms 
— Sufficient to know Soft function to obtain Collinear anomaly 
           
           

B[J](τ, μ, ν) B[J̄](τ, μ, ν) B[S](τ, μ, ν) = (Qτ)−2B[F](τ,μ) B[W](τ, μ)

α ν
B[F]

B[F](τ, μ) =
4CF(μτ)2ueuCΓ(−2u)

πβ0Γ(1 − u)Γ(u) ∫
1

0

dx⊥xu
⊥

(1 − x⊥)1+u∫
π

−π
dϕ [ fS(ϕ, x⊥)]2u
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Example: WTA Broadening
• Broadening is the scalar sum of transverse momenta of emissions with respect 

to Winner-Take-All axis 
— WTA ensures a recoil free jet axis (less sensitive to UE)


• Offshellness (and scalar measurement) introduces additional ambiguity for 
measurement definition:  
                    vs    — both respects assumption 


• Measurement :   

                                 

kT k+k− F(pq, pq̄) = F(pq + pq̄)

fWTA
S (ϕ, x⊥) =

1
2

, fWTA
J (ϕ, x⊥, z) =

1
2

min[ 1
z

,
1

1 − z ]
fWTA-2
S (ϕ, x⊥) =

1
2 x⊥

, fWTA-2
J (ϕ, x⊥, z) =

1
2 x⊥

min[ 1
z

,
1

1 − z ]
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Example: WTA Broadening
• Closed form solution can be obtained.  

Leading renormalon is found at  
 

 

 

u = 1/2

B[ F̃ ]WTA= −
2CFeC/2

β0(u − 1
2 )

+ 𝒪(u −
1
2 )0

B[W̃]WTA= −
2CFeC/2

β0(u − 1
2 )[ 1

u − 1
2

+C− 5 2 +10 ln(1 + 2) −2 ln(2)]+ 𝒪(u −
1
2 )0

B[ F̃ ]WTA-2 = −
4CFeC/2

πβ0(u − 1
2 )

+ 𝒪(u −
1
2 )0

B[W̃]WTA-2 = −
4CFeC/2

πβ0(u − 1
2 ) [ 1

u − 1
2

+ C − 4 − 8 ln(2) + ln2(1 + 2) + 7 2 ln(1 + 2)] + 𝒪(u −
1
2 )0
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Anomaly exponent : Single pole 
Remainder : Double pole



Example: Angular Decorrelation
• AD is the vector sum of emission measured with respect to WTA axis


• Measurement: 



• Leading renormalon found at  :  
—  integration removes the  renormalon  
— consistent with  resummation in hadron collider 

 

fAD
S (ϕ, x⊥) = − 2i cos(ϕ) , fAD

J (ϕ, x⊥, z) = − 2i cos(ϕ)min[ 1
z

,
1

1 − z ]
u = 1

ϕ u = 1/2
pT

B[ F̃ ]AD = −
4CFeC

β0(u − 1)
+ 𝒪(u − 1)0

B[W̃]AD = −
4CFeC

β0(u − 1) [ 1
u − 1

+ C + 2 − 4 ln(2)] + 𝒪(u − 1)0
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Anomaly exponent : Single pole 
Remainder : Double pole



Example: Energy-Energy Correlator
• EEC measures angular distribution of energy 

— Factorisation is available in the back-to-back region


• The measurement function is same as the  resummation 
         


• EEC Soft function originates from the recoil against the Collinear sectors 
 — Soft function is the same as  resummation 
 — expected  renormalon


• EEC Jet function is defined through the IR matching coefficient (Fragmenting Jet function): 
 

— little sensitivity to IR physics 
— unlikely to introduce linear power corrections

pT
ℳ𝒥 = exp (2iτp⊥ cos ϕ)

pT
u = 1

Jq
EEC(τ, μ) = ∑

i
∫

1

0
dz (1 − z)𝒥q→i ( τ

1 − z
, z, μ) with  q ∈ {q, g, q′￼}
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Picture Courtesy: Moult & Zhu

[Moult & Zhu `18]



Example: Energy-Energy Correlator

• 


• Leading renormalon:  
 

B[𝒥q→q(τ, z, μ, ν)] =
4CFeuCναμ2uQ

πβ0Γ(1 + u)Γ(−u) ∫d4p θ(p2)θ(p0)δ ( p−

Q
− z) p−1−α

− [p2
⊥(2Q − p−) + 2p+(Q − p−)2]

(p2)1+u[p2
⊥ + p+(Q − p−)]2

ℳ𝒥(τ; p)

B[ F̃ ]EEC = −
4CFeC

β0(u − 1)
+ 𝒪(u − 1)0

B[W̃]diag
EEC = −

4CFeC

β0(u − 1) [ 1
u − 1

+ C] + 𝒪(u − 1)0
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Bubble Insertion

Cut through quark bubble 
(requires two-loop computation)

Anomaly exponent : Single pole 
Remainder : Double pole

For  , observed  scaling for the  
leading renormalon as confirmed by  
[Scimemi & Vladimirov `16]

𝒥q→q 1/z



Renormalon Ambiguity
• Identify the ambiguity 

 

 
 

Resu=k/2[ e−u/as(μ)

(u − k
2 )n ] =

(−1)n−1

(n − 1)! an−1
s (μ) ( ΛQCD

μ )k
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• WTA Broadening:    δF(τ)WTA = −
2CFeC/2

β0
τΛQCD

δW(τ)WTA = −
2CFeC/2τΛQCD

β0 [C− 5 2 + 10 ln(1 + 2) − 2 ln(2)−
1

as(1/τ) ]

• AD:  δF(τ)AD = −
4CFeC

β0
(τΛQCD)2

δW(τ)AD = −
4CFeC(τΛQCD)2

β0 [C+ 2 − 4 ln(2)−
1

as(1/τ) ]
• EEC:  δF(τ)EEC = −

4CFeC

β0
(τΛQCD)2

δW(τ)diag
EEC = −

4CFeC(τΛQCD)2

β0 [C−
1

as(1/τ) ]
Ambiguity is free from the scale !μ



Effect on Cross-section
• Extend Collinear Anomaly framework to include NP corrections 

                      


• Example: WTA-Broadening 

              


• Upon expansion in leading NP correction 

      

 is the same ME that causes NP shift to Thrust!

J . J̄ . S = Ppert(τ) (Qτ)−2ℱ(τ)[1 + 𝒲(τ)]

ℱ(τ)WTA = τ𝒜; 𝒲(τ)WTA = τℬ −
τ𝒜

as(1/τ)

(Qτ)−2ℱ(τ)[1 + 𝒲(τ)] = 1 − 2τ𝒜 ln(Qτ) + τℬ −
τ𝒜

as(1/τ)
𝒜
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Hadronic ME

[Becher & Bell `14]



Effect on Cross-section
• Inverse Laplace transformation         Cross-section in Momentum space  

 

— Collinear Anomaly  produces a shift proportional to  
— Remainder function  also produces a shift & introduces a complicated structure! 
—  scale as 


• For quadratic power correction : AD or  EEC in the back-to-back region  

 

—  scale as 

dσWTA(b) = dσpert (b − 2𝒜 ln(Q/μ) + ℬ) − ℒ−1 [Ppert(τ)( τ𝒜
as(1/τ)

+ 2τ𝒜 ln(τμ))](b)

ℱ ln(Q/μ)
𝒲

𝒜, ℬ 𝒪(ΛQCD/Q)

dσAD(b) = dσpert(b) + (ℬ̃ − 2𝒜̃ ln(Q/μ)) d3σpert(b) − ℒ−1 [Ppert(τ)( τ2𝒜̃
as(1/τ)

+ 2τ2𝒜̃ ln(τμ))](b)

𝒜̃, ℬ̃ 𝒪(Λ2
QCD/Q2)
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Conclusion
• Renormalons imply that perturbation theory alone can not fully define QCD observables 

— important to predict the size and scaling of hadronisation effects


• Analyzed leading renormalon structure for  - sensitive observales in the large-  limit 
— In EFT framework, rapidity logarithms are resummed using Collinear Anomaly Framework  
— Identified leading renormalon singularities of the underlying perturbative structures: 
    Collinear Anomaly exponent & remainder function


• Leading NP corrections are determined for WTA Broadening, Angular Decorrelation and 
Energy-Energy-Correlator (diagonal) 
— Leading NP corrections are not just simple shifts!


• Methodology can be applied to arbitrary observables  
— Straightforward to translate to hadron colliders

pT β0
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