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Hansen, RB, Edwards, Thomas, & Wilson (2020) 
Jackura, RB, Dawid, Islam, & McCarty (2020)
Dawid, Islam, & RB (2023)
Jackura, RB (2023)
RB, S. R. Costa, Jackura, (2024)
Dawid, RB, Islam, Jackura,  (2023)

relativistic integral equations [4D  3D]
angular momentum projection of amplitudes
LSZ for 3Body  2Body
toy models for 3pi 
Numerical checks
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❑ Sum over all 2      2 amputated diagrams

Two-hadron amplitude 
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❑ Sum over all 2      2 amputated diagrams
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❑ The goal: Isolate all the singularities of the scattering amplitude!
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❑ Sum over all 2      2 amputated diagrams
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❑ The goal: Isolate all the singularities of the scattering amplitude!
❑ Kernel is not singular in the kinematic region of interest
❑ Singularities are due to intermediate particles going on-shell

Two-hadron amplitude 



Bubble diagram
❑ The goal: Isolate singularities from two particle on shell states in bubble diagrams
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K-matrix

+ + + · · ·<latexit sha1_base64="dfa12l/r87/D93uS51ywGerJGEM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP5BfjMw=</latexit>= =
i

K�1 � i⇢
<latexit sha1_base64="WGxVV+c56VxbvzGOPDwCexE0KWA=">AAACCnicbVDLSsNAFJ34rPUVdekmWgQ3LYkIuhGKbgQ3FewDmlgm00k7dDITZiZCGbJ246+4caGIW7/AnX/jpM1CWw9cOJxzL/feEyaUSOW639bC4tLyympprby+sbm1be/stiRPBcJNxCkXnRBKTAnDTUUUxZ1EYBiHFLfD0VXutx+wkISzOzVOcBDDASMRQVAZqWcfXPiRgEiTTPsxVEMEqb7J7nXVy6rEF0Oe9eyKW3MncOaJV5AKKNDo2V9+n6M0xkwhCqXsem6iAg2FIojirOynEicQjeAAdw1lMMYy0JNXMufIKH0n4sIUU85E/T2hYSzlOA5NZ36unPVy8T+vm6roPNCEJanCDE0XRSl1FHfyXJw+ERgpOjYEIkHMrQ4aQhONMumVTQje7MvzpHVS89yad3taqV8WcZTAPjgEx8ADZ6AOrkEDNAECj+AZvII368l6sd6tj2nrglXM7IE/sD5/AMFTmus=</latexit><latexit sha1_base64="WGxVV+c56VxbvzGOPDwCexE0KWA=">AAACCnicbVDLSsNAFJ34rPUVdekmWgQ3LYkIuhGKbgQ3FewDmlgm00k7dDITZiZCGbJ246+4caGIW7/AnX/jpM1CWw9cOJxzL/feEyaUSOW639bC4tLyympprby+sbm1be/stiRPBcJNxCkXnRBKTAnDTUUUxZ1EYBiHFLfD0VXutx+wkISzOzVOcBDDASMRQVAZqWcfXPiRgEiTTPsxVEMEqb7J7nXVy6rEF0Oe9eyKW3MncOaJV5AKKNDo2V9+n6M0xkwhCqXsem6iAg2FIojirOynEicQjeAAdw1lMMYy0JNXMufIKH0n4sIUU85E/T2hYSzlOA5NZ36unPVy8T+vm6roPNCEJanCDE0XRSl1FHfyXJw+ERgpOjYEIkHMrQ4aQhONMumVTQje7MvzpHVS89yad3taqV8WcZTAPjgEx8ADZ6AOrkEDNAECj+AZvII368l6sd6tj2nrglXM7IE/sD5/AMFTmus=</latexit><latexit sha1_base64="WGxVV+c56VxbvzGOPDwCexE0KWA=">AAACCnicbVDLSsNAFJ34rPUVdekmWgQ3LYkIuhGKbgQ3FewDmlgm00k7dDITZiZCGbJ246+4caGIW7/AnX/jpM1CWw9cOJxzL/feEyaUSOW639bC4tLyympprby+sbm1be/stiRPBcJNxCkXnRBKTAnDTUUUxZ1EYBiHFLfD0VXutx+wkISzOzVOcBDDASMRQVAZqWcfXPiRgEiTTPsxVEMEqb7J7nXVy6rEF0Oe9eyKW3MncOaJV5AKKNDo2V9+n6M0xkwhCqXsem6iAg2FIojirOynEicQjeAAdw1lMMYy0JNXMufIKH0n4sIUU85E/T2hYSzlOA5NZ36unPVy8T+vm6roPNCEJanCDE0XRSl1FHfyXJw+ERgpOjYEIkHMrQ4aQhONMumVTQje7MvzpHVS89yad3taqV8WcZTAPjgEx8ADZ6AOrkEDNAECj+AZvII368l6sd6tj2nrglXM7IE/sD5/AMFTmus=</latexit><latexit sha1_base64="WGxVV+c56VxbvzGOPDwCexE0KWA=">AAACCnicbVDLSsNAFJ34rPUVdekmWgQ3LYkIuhGKbgQ3FewDmlgm00k7dDITZiZCGbJ246+4caGIW7/AnX/jpM1CWw9cOJxzL/feEyaUSOW639bC4tLyympprby+sbm1be/stiRPBcJNxCkXnRBKTAnDTUUUxZ1EYBiHFLfD0VXutx+wkISzOzVOcBDDASMRQVAZqWcfXPiRgEiTTPsxVEMEqb7J7nXVy6rEF0Oe9eyKW3MncOaJV5AKKNDo2V9+n6M0xkwhCqXsem6iAg2FIojirOynEicQjeAAdw1lMMYy0JNXMufIKH0n4sIUU85E/T2hYSzlOA5NZ36unPVy8T+vm6roPNCEJanCDE0XRSl1FHfyXJw+ERgpOjYEIkHMrQ4aQhONMumVTQje7MvzpHVS89yad3taqV8WcZTAPjgEx8ADZ6AOrkEDNAECj+AZvII368l6sd6tj2nrglXM7IE/sD5/AMFTmus=</latexit>

<latexit sha1_base64="pj8rJRW/48BRp7VMMjpjtyc1E7M=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaRIdSMU3bgRKtgHtCFMppN26GQSZiaFEvonblwo4tY/ceffOGmz0NYDA4dz7uWeOUHCmdKO822trW9sbm2Xdsq7e/sHh/bRcVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgu9zsTKhWLxZOeJtSL8FCwkBGsjeTbNutHWI8I5tnDzK+hG9+uOFVnDrRK3IJUoEDTt7/6g5ikERWacKxUz3US7WVYakY4nZX7qaIJJmM8pD1DBY6o8rJ58hk6N8oAhbE0T2g0V39vZDhSahoFZjKPqZa9XPzP66U6vPYyJpJUU0EWh8KUIx2jvAY0YJISzaeGYCKZyYrICEtMtCmrbEpwl7+8Stq1qluv1h8vK43boo4SnMIZXIALV9CAe2hCCwhM4Ble4c3KrBfr3fpYjK5Zxc4J/IH1+QPYmZMo</latexit>

iM2 =

⇢ ⌘ p

8⇡E
⇠

p
s� sth

Two-hadron amplitude 



Three-hadron systems
❑ After some more work, one can show that the full amplitude satisfies a 3D integral equation 

<latexit sha1_base64="V0aQCChfoaeVJXVAmh8WvZIg20I=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq1Y1QdONGqGAf0IYwmU7aoZNJmJkUSuifuHGhiFv/xJ1/46TNQqsHBg7n3Ms9c4KEM6Ud58sqrayurW+UNytb2zu7e/b+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfg29zsTKhWLxaOeJtSL8FCwkBGsjeTbNutHWI8I5tn9zD9H175ddWrOHOgvcQtShQJN3/7sD2KSRlRowrFSPddJtJdhqRnhdFbpp4ommIzxkPYMFTiiysvmyWfoxCgDFMbSPKHRXP25keFIqWkUmMk8plr2cvE/r5fq8MrLmEhSTQVZHApTjnSM8hrQgElKNJ8agolkJisiIywx0aasiinBXf7yX9I+q7n1Wv3hotq4KeoowxEcwym4cAkNuIMmtIDABJ7gBV6tzHq23qz3xWjJKnYO4Resj2/aH5Mp</latexit>

iM3 =

3D integrals with all vertices on-shell…
will generally require a cutoff Scheme-dependent 3body K matrix 



Three-hadron systems
❑ After some more work, one can show that the full amplitude satisfies a 3D integral equation 

<latexit sha1_base64="V0aQCChfoaeVJXVAmh8WvZIg20I=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq1Y1QdONGqGAf0IYwmU7aoZNJmJkUSuifuHGhiFv/xJ1/46TNQqsHBg7n3Ms9c4KEM6Ud58sqrayurW+UNytb2zu7e/b+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfg29zsTKhWLxaOeJtSL8FCwkBGsjeTbNutHWI8I5tn9zD9H175ddWrOHOgvcQtShQJN3/7sD2KSRlRowrFSPddJtJdhqRnhdFbpp4ommIzxkPYMFTiiysvmyWfoxCgDFMbSPKHRXP25keFIqWkUmMk8plr2cvE/r5fq8MrLmEhSTQVZHApTjnSM8hrQgElKNJ8agolkJisiIywx0aasiinBXf7yX9I+q7n1Wv3hotq4KeoowxEcwym4cAkNuIMmtIDABJ7gBV6tzHq23qz3xWjJKnYO4Resj2/aH5Mp</latexit>

iM3 =

<latexit sha1_base64="3E/1y99mJfnNbzLZlxUMdusvWY4=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0UQ1JKoVDdCURduhAr2AW0Ik8mkHTp5MDMRSshXuPFX3LhQxK2482+cpFnU6oGBc8+5l7n3OBGjQhrGt1aam19YXCovV1ZW19Y39M2ttghjjkkLhyzkXQcJwmhAWpJKRroRJ8h3GOk4o6vM7zwQLmgY3MtxRCwfDQLqUYykkmz96ALSvo/kECOWXKfwYKq8Te3k5DAvuZ+4XpraetWoGTngX2IWpAoKNG39q++GOPZJIDFDQvRMI5JWgrikmJG00o8FiRAeoQHpKRognwgryc9K4Z5SXOiFXL1AwlydnkiQL8TYd1RntqOY9TLxP68XS+/cSmgQxZIEePKRFzMoQ5hlBF3KCZZsrAjCnKpdIR4ijrBUSVZUCObsyX9J+7hm1mv1u9Nq47KIowx2wC7YByY4Aw1wA5qgBTB4BM/gFbxpT9qL9q59TFpLWjGzDX5B+/wBC26fXA==</latexit>

= iD + iM3,df

Sum over all ladder diagrams <latexit sha1_base64="r8W2eYnoFQcqPN4bL6QPXfDdmDA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALHpjzo=</latexit>· · ·



Three-hadron systems
❑ After some more work, one can show that the full amplitude satisfies a 3D integral equation 

<latexit sha1_base64="V0aQCChfoaeVJXVAmh8WvZIg20I=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq1Y1QdONGqGAf0IYwmU7aoZNJmJkUSuifuHGhiFv/xJ1/46TNQqsHBg7n3Ms9c4KEM6Ud58sqrayurW+UNytb2zu7e/b+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfg29zsTKhWLxaOeJtSL8FCwkBGsjeTbNutHWI8I5tn9zD9H175ddWrOHOgvcQtShQJN3/7sD2KSRlRowrFSPddJtJdhqRnhdFbpp4ommIzxkPYMFTiiysvmyWfoxCgDFMbSPKHRXP25keFIqWkUmMk8plr2cvE/r5fq8MrLmEhSTQVZHApTjnSM8hrQgElKNJ8agolkJisiIywx0aasiinBXf7yX9I+q7n1Wv3hotq4KeoowxEcwym4cAkNuIMmtIDABJ7gBV6tzHq23qz3xWjJKnYO4Resj2/aH5Mp</latexit>

iM3 =

<latexit sha1_base64="3E/1y99mJfnNbzLZlxUMdusvWY4=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0UQ1JKoVDdCURduhAr2AW0Ik8mkHTp5MDMRSshXuPFX3LhQxK2482+cpFnU6oGBc8+5l7n3OBGjQhrGt1aam19YXCovV1ZW19Y39M2ttghjjkkLhyzkXQcJwmhAWpJKRroRJ8h3GOk4o6vM7zwQLmgY3MtxRCwfDQLqUYykkmz96ALSvo/kECOWXKfwYKq8Te3k5DAvuZ+4XpraetWoGTngX2IWpAoKNG39q++GOPZJIDFDQvRMI5JWgrikmJG00o8FiRAeoQHpKRognwgryc9K4Z5SXOiFXL1AwlydnkiQL8TYd1RntqOY9TLxP68XS+/cSmgQxZIEePKRFzMoQ5hlBF3KCZZsrAjCnKpdIR4ijrBUSVZUCObsyX9J+7hm1mv1u9Nq47KIowx2wC7YByY4Aw1wA5qgBTB4BM/gFbxpT9qL9q59TFpLWjGzDX5B+/wBC26fXA==</latexit>

= iD + iM3,df

The rest [df = “divergence free”]



Three-hadron systems

❑ Satisfies integral equation

<latexit sha1_base64="3E/1y99mJfnNbzLZlxUMdusvWY4=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0UQ1JKoVDdCURduhAr2AW0Ik8mkHTp5MDMRSshXuPFX3LhQxK2482+cpFnU6oGBc8+5l7n3OBGjQhrGt1aam19YXCovV1ZW19Y39M2ttghjjkkLhyzkXQcJwmhAWpJKRroRJ8h3GOk4o6vM7zwQLmgY3MtxRCwfDQLqUYykkmz96ALSvo/kECOWXKfwYKq8Te3k5DAvuZ+4XpraetWoGTngX2IWpAoKNG39q++GOPZJIDFDQvRMI5JWgrikmJG00o8FiRAeoQHpKRognwgryc9K4Z5SXOiFXL1AwlydnkiQL8TYd1RntqOY9TLxP68XS+/cSmgQxZIEePKRFzMoQ5hlBF3KCZZsrAjCnKpdIR4ijrBUSVZUCObsyX9J+7hm1mv1u9Nq47KIowx2wC7YByY4Aw1wA5qgBTB4BM/gFbxpT9qL9q59TFpLWjGzDX5B+/wBC26fXA==</latexit>

= iD + iM3,df

<latexit sha1_base64="4VVpBR6rksF/1gi5uzc1Bfh/4zw=">AAACPHicfVDLSgMxFM3UV62vUZdugkVw0ZaZItWNULSgG6GirYXOUDJp2oZmHiQZoQzzYW78CHeu3LhQxK1rM+0gthUPBE7OvZd77nECRoU0jGcts7C4tLySXc2trW9sbunbO03hhxyTBvaZz1sOEoRRjzQklYy0Ak6Q6zBy5wzPk/rdPeGC+t6tHAXEdlHfoz2KkVRSR7+xXCQHGLGoFsNTWPz5XsWdslW4sApTCixCi3oS/tNWizt63igZY8B5YqYkD1LUO/qT1fVx6BJPYoaEaJtGIO0IcUkxI3HOCgUJEB6iPmkr6iGXCDsaHx/DA6V0Yc/n6ilnY/X3RIRcIUauozoTi2K2loh/1dqh7J3YEfWCUBIPTxb1QgalD5MkYZdygiUbKYIwp8orxAPEEZYq75wKwZw9eZ40yyWzUqpcH+WrZ2kcWbAH9sEhMMExqIJLUAcNgMEDeAFv4F171F61D+1z0prR0pldMAXt6xsuEq2I</latexit>

D = �M2 GM2 �
Z

M2 GD

<latexit sha1_base64="V0aQCChfoaeVJXVAmh8WvZIg20I=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq1Y1QdONGqGAf0IYwmU7aoZNJmJkUSuifuHGhiFv/xJ1/46TNQqsHBg7n3Ms9c4KEM6Ud58sqrayurW+UNytb2zu7e/b+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfg29zsTKhWLxaOeJtSL8FCwkBGsjeTbNutHWI8I5tn9zD9H175ddWrOHOgvcQtShQJN3/7sD2KSRlRowrFSPddJtJdhqRnhdFbpp4ommIzxkPYMFTiiysvmyWfoxCgDFMbSPKHRXP25keFIqWkUmMk8plr2cvE/r5fq8MrLmEhSTQVZHApTjnSM8hrQgElKNJ8agolkJisiIywx0aasiinBXf7yX9I+q7n1Wv3hotq4KeoowxEcwym4cAkNuIMmtIDABJ7gBV6tzHq23qz3xWjJKnYO4Resj2/aH5Mp</latexit>

iM3 =

Jackura et al (2020)
M. Dawid et al (2023)

❑ After some more work, one can show that the full amplitude satisfies a 3D integral equation 



Three-hadron systems

❑ Satisfies integral equation

<latexit sha1_base64="V0aQCChfoaeVJXVAmh8WvZIg20I=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq1Y1QdONGqGAf0IYwmU7aoZNJmJkUSuifuHGhiFv/xJ1/46TNQqsHBg7n3Ms9c4KEM6Ud58sqrayurW+UNytb2zu7e/b+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfg29zsTKhWLxaOeJtSL8FCwkBGsjeTbNutHWI8I5tn9zD9H175ddWrOHOgvcQtShQJN3/7sD2KSRlRowrFSPddJtJdhqRnhdFbpp4ommIzxkPYMFTiiysvmyWfoxCgDFMbSPKHRXP25keFIqWkUmMk8plr2cvE/r5fq8MrLmEhSTQVZHApTjnSM8hrQgElKNJ8agolkJisiIywx0aasiinBXf7yX9I+q7n1Wv3hotq4KeoowxEcwym4cAkNuIMmtIDABJ7gBV6tzHq23qz3xWjJKnYO4Resj2/aH5Mp</latexit>

iM3 =

<latexit sha1_base64="3E/1y99mJfnNbzLZlxUMdusvWY4=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0UQ1JKoVDdCURduhAr2AW0Ik8mkHTp5MDMRSshXuPFX3LhQxK2482+cpFnU6oGBc8+5l7n3OBGjQhrGt1aam19YXCovV1ZW19Y39M2ttghjjkkLhyzkXQcJwmhAWpJKRroRJ8h3GOk4o6vM7zwQLmgY3MtxRCwfDQLqUYykkmz96ALSvo/kECOWXKfwYKq8Te3k5DAvuZ+4XpraetWoGTngX2IWpAoKNG39q++GOPZJIDFDQvRMI5JWgrikmJG00o8FiRAeoQHpKRognwgryc9K4Z5SXOiFXL1AwlydnkiQL8TYd1RntqOY9TLxP68XS+/cSmgQxZIEePKRFzMoQ5hlBF3KCZZsrAjCnKpdIR4ijrBUSVZUCObsyX9J+7hm1mv1u9Nq47KIowx2wC7YByY4Aw1wA5qgBTB4BM/gFbxpT9qL9q59TFpLWjGzDX5B+/wBC26fXA==</latexit>

= iD + iM3,df

<latexit sha1_base64="4VVpBR6rksF/1gi5uzc1Bfh/4zw=">AAACPHicfVDLSgMxFM3UV62vUZdugkVw0ZaZItWNULSgG6GirYXOUDJp2oZmHiQZoQzzYW78CHeu3LhQxK1rM+0gthUPBE7OvZd77nECRoU0jGcts7C4tLySXc2trW9sbunbO03hhxyTBvaZz1sOEoRRjzQklYy0Ak6Q6zBy5wzPk/rdPeGC+t6tHAXEdlHfoz2KkVRSR7+xXCQHGLGoFsNTWPz5XsWdslW4sApTCixCi3oS/tNWizt63igZY8B5YqYkD1LUO/qT1fVx6BJPYoaEaJtGIO0IcUkxI3HOCgUJEB6iPmkr6iGXCDsaHx/DA6V0Yc/n6ilnY/X3RIRcIUauozoTi2K2loh/1dqh7J3YEfWCUBIPTxb1QgalD5MkYZdygiUbKYIwp8orxAPEEZYq75wKwZw9eZ40yyWzUqpcH+WrZ2kcWbAH9sEhMMExqIJLUAcNgMEDeAFv4F171F61D+1z0prR0pldMAXt6xsuEq2I</latexit>

D = �M2 GM2 �
Z

M2 GD

❑ After some more work, one can show that the full amplitude satisfies a 3D integral equation 



❑ Satisfies integral equation

Three-hadron systems

<latexit sha1_base64="V0aQCChfoaeVJXVAmh8WvZIg20I=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq1Y1QdONGqGAf0IYwmU7aoZNJmJkUSuifuHGhiFv/xJ1/46TNQqsHBg7n3Ms9c4KEM6Ud58sqrayurW+UNytb2zu7e/b+QVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfg29zsTKhWLxaOeJtSL8FCwkBGsjeTbNutHWI8I5tn9zD9H175ddWrOHOgvcQtShQJN3/7sD2KSRlRowrFSPddJtJdhqRnhdFbpp4ommIzxkPYMFTiiysvmyWfoxCgDFMbSPKHRXP25keFIqWkUmMk8plr2cvE/r5fq8MrLmEhSTQVZHApTjnSM8hrQgElKNJ8agolkJisiIywx0aasiinBXf7yX9I+q7n1Wv3hotq4KeoowxEcwym4cAkNuIMmtIDABJ7gBV6tzHq23qz3xWjJKnYO4Resj2/aH5Mp</latexit>

iM3 =

<latexit sha1_base64="3E/1y99mJfnNbzLZlxUMdusvWY4=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0UQ1JKoVDdCURduhAr2AW0Ik8mkHTp5MDMRSshXuPFX3LhQxK2482+cpFnU6oGBc8+5l7n3OBGjQhrGt1aam19YXCovV1ZW19Y39M2ttghjjkkLhyzkXQcJwmhAWpJKRroRJ8h3GOk4o6vM7zwQLmgY3MtxRCwfDQLqUYykkmz96ALSvo/kECOWXKfwYKq8Te3k5DAvuZ+4XpraetWoGTngX2IWpAoKNG39q++GOPZJIDFDQvRMI5JWgrikmJG00o8FiRAeoQHpKRognwgryc9K4Z5SXOiFXL1AwlydnkiQL8TYd1RntqOY9TLxP68XS+/cSmgQxZIEePKRFzMoQ5hlBF3KCZZsrAjCnKpdIR4ijrBUSVZUCObsyX9J+7hm1mv1u9Nq47KIowx2wC7YByY4Aw1wA5qgBTB4BM/gFbxpT9qL9q59TFpLWjGzDX5B+/wBC26fXA==</latexit>
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❑ After some more work, one can show that the full amplitude satisfies a 3D integral equation 
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❑ Sum over all 3      3 amputaded diagrams❑ Need to numerical solve these equations
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FIG. 5. The OPE contribution to the on-shell 3 ! 3 amplitude iM with momentum assignments.

The dashed line indicates that we have removed short-distance contributions of the exchange prop-

agator. The 2 ! 2 subprocessesiM 2 are denoted by the grey-Þlled circles on either side of the

exchange propagator.

P " k " p between two-body sub-processes [65]. The imaginary part of the 3 ! 3 amplitude

at this kinematic point, specifically for the k and p spectators, is

Im M (p, b; k, a) # M !
2(! p; öb!

p, ök!
p) " # (upk " m2

e)M 2(! k ; öp!
k , öa!

k) ,

where the angles ök!
p and öp!

k correspond to the orientations of the spectator in the rest frame

of the oppositepair indicated, e.g. ök!
p is the unit vector of the initial spectator defined in

the final pair rest frame defined by its spectator p. 13 We also defined

upk $ (P " k " p)2 ,

as the momentum-squared of the exchanged particle. We focus only on the k and p spectators

here, but note that other spectator combinations will result in similar contributions to the

imaginary part.

The aforementioned pole singularity of the 3 ! 3 amplitude is encoded in the OPE.

Defining the momenta of the initial and final spectators respectively to be k and p, the

OPE, depicted diagrammatically in Figure 5, can in general be written as 14

iM (p, b; k, a) # iM 2(! p; öb!
p, ök!

p)
i

upk " m2
e + i$

iM 2(! k ; öp!
k , öa!

k) $ iM OPE (p, b; k, a) . (25)

13 Since the OPE involves pair-spectator systems in both its external and intermediate states, the thresholds

for the pair invariant masses extend to the cases! (thr .)
k = max( ma + ma! , mp + me) and ! (thr .)

p = max( mb+

mb! , mk + me) for the initial and Þnal pair, respectively.
14 Equation (25) can be argued by constructing on-shell representations through eitherS matrix unitar-

ity [ 65Ð67] or summing Feynman graphs to all-orders within some generalized e! ective Þeld theory and

projecting intermediate states on their mass-shell [45, 46]. As with all on-shell representations, the OPE

is deÞned up to some real part in the physical region which is absorbed into the globalK matrix which

desribes short-distance three-body dynamics. For example, in the resulting integral equations of the afore-

mentioned references, one usually includes a cuto! function to render the momentum integrals UV Þnite.

Since our focus here is on the partial wave projection of the function, we omit the cuto! function for

convenience.
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FIG.5.TheOPEcontributiontotheon-shell3!3amplitudeiMwithmomentumassignments.

Thedashedlineindicatesthatwehaveremovedshort-distancecontributionsoftheexchangeprop-

agator.The2!2subprocessesiM2aredenotedbythegrey-Þlledcirclesoneithersideofthe

exchangepropagator.

P"k"pbetweentwo-bodysub-processes[65].Theimaginarypartofthe3!3amplitude

atthiskinematicpoint,specificallyforthekandpspectators,is
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wheretheanglesök!
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kcorrespondtotheorientationsofthespectatorintherestframe

oftheoppositepairindicated,e.g.ök!
pistheunitvectoroftheinitialspectatordefinedin

thefinalpairrestframedefinedbyitsspectatorp.13Wealsodefined

upk$(P"k"p)
2

,

asthemomentum-squaredoftheexchangedparticle.Wefocusonlyonthekandpspectators

here,butnotethatotherspectatorcombinationswillresultinsimilarcontributionstothe

imaginarypart.

Theaforementionedpolesingularityofthe3!3amplitudeisencodedintheOPE.

Definingthemomentaoftheinitialandfinalspectatorsrespectivelytobekandp,the

OPE,depicteddiagrammaticallyinFigure5,caningeneralbewrittenas14
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13SincetheOPEinvolvespair-spectatorsystemsinbothitsexternalandintermediatestates,thethresholds

forthepairinvariantmassesextendtothecases!
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k=max(ma+ma!,mp+me)and!
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p=max(mb+

mb!,mk+me)fortheinitialandÞnalpair,respectively.
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ity[65Ð67]orsummingFeynmangraphstoall-orderswithinsomegeneralizede!ectiveÞeldtheoryand

projectingintermediatestatesontheirmass-shell[45,46].Aswithallon-shellrepresentations,theOPE

isdeÞneduptosomerealpartinthephysicalregionwhichisabsorbedintotheglobal Kmatrixwhich

desribesshort-distancethree-bodydynamics.Forexample,intheresultingintegralequationsoftheafore-

mentionedreferences,oneusuallyincludesacuto!functiontorenderthemomentumintegralsUVÞnite.

Sinceourfocushereisonthepartialwaveprojectionofthefunction,weomitthecuto!functionfor

convenience.
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FIG. 5. The OPE contribution to the on-shell 3 ! 3 amplitude iM with momentum assignments.

The dashed line indicates that we have removed short-distance contributions of the exchange prop-

agator. The 2 ! 2 subprocessesiM 2 are denoted by the grey-Þlled circles on either side of the

exchange propagator.

P " k " p between two-body sub-processes [65]. The imaginary part of the 3 ! 3 amplitude

at this kinematic point, specifically for the k and p spectators, is

Im M (p, b; k, a) # M !
2(! p; öb!

p, ök!
p) " # (upk " m2

e)M 2(! k ; öp!
k , öa!

k) ,

where the angles ök!
p and öp!

k correspond to the orientations of the spectator in the rest frame

of the oppositepair indicated, e.g. ök!
p is the unit vector of the initial spectator defined in

the final pair rest frame defined by its spectator p. 13 We also defined

upk $ (P " k " p)2 ,

as the momentum-squared of the exchanged particle. We focus only on the k and p spectators

here, but note that other spectator combinations will result in similar contributions to the

imaginary part.

The aforementioned pole singularity of the 3 ! 3 amplitude is encoded in the OPE.

Defining the momenta of the initial and final spectators respectively to be k and p, the

OPE, depicted diagrammatically in Figure 5, can in general be written as 14

iM (p, b; k, a) # iM 2(! p; öb!
p, ök!

p)
i

upk " m2
e + i$

iM 2(! k ; öp!
k , öa!

k) $ iM OPE (p, b; k, a) . (25)

13 Since the OPE involves pair-spectator systems in both its external and intermediate states, the thresholds

for the pair invariant masses extend to the cases! (thr .)
k = max( ma + ma! , mp + me) and ! (thr .)

p = max( mb+

mb! , mk + me) for the initial and Þnal pair, respectively.
14 Equation (25) can be argued by constructing on-shell representations through eitherS matrix unitar-

ity [ 65Ð67] or summing Feynman graphs to all-orders within some generalized e! ective Þeld theory and

projecting intermediate states on their mass-shell [45, 46]. As with all on-shell representations, the OPE

is deÞned up to some real part in the physical region which is absorbed into the globalK matrix which

desribes short-distance three-body dynamics. For example, in the resulting integral equations of the afore-

mentioned references, one usually includes a cuto! function to render the momentum integrals UV Þnite.

Since our focus here is on the partial wave projection of the function, we omit the cuto! function for

convenience.

! G(p, k ) =
1

(E " ! k " ! p) " (p + k)2 " m2 + i "

=
1

(E " ! k " ! p) " k2 " p2 " m2 " 2pk cos# + i "
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❑ After partial wave projecting to total J = 0:

OPE Partial wave projection
❑ Assuming s-wave two-body scattering



17

<latexit sha1_base64="fyXBG5xY61oYHJeEPI2Pu8V+tug="></latexit>

�
<latexit sha1_base64="EelEy1p+JcG0BoUdvNzB9+JNloE="></latexit>a

<latexit sha1_base64="Kr4Rh8mnYG0AIKulzmJG0iaY+w8="></latexit>

a�<latexit sha1_base64="prXCfvWWVO/4If0iA+3dtpRIUpA="></latexit>

b !

<latexit sha1_base64="+k9mgks6m0EqI+Rjc9ciIBLyggo="></latexit>

b

<latexit sha1_base64="Xga5PsRvcX7/W5IZUxJXISuVRxw="></latexit>p <latexit sha1_base64="z8ZI6xV/4WjH2JyX9Jqs5ERPOZc="></latexit>

k

<latexit sha1_base64="gA+d5LDsdd/D1D8DWRsr/6LTfJw="></latexit>e

<latexit sha1_base64="EelEy1p+JcG0BoUdvNzB9+JNloE="></latexit>a

<latexit sha1_base64="prXCfvWWVO/4If0iA+3dtpRIUpA="></latexit>

b ! <latexit sha1_base64="z8ZI6xV/4WjH2JyX9Jqs5ERPOZc="></latexit>

k

<latexit sha1_base64="Xga5PsRvcX7/W5IZUxJXISuVRxw="></latexit>p

<latexit sha1_base64="Kr4Rh8mnYG0AIKulzmJG0iaY+w8="></latexit>

a�<latexit sha1_base64="+k9mgks6m0EqI+Rjc9ciIBLyggo="></latexit>

b
<latexit sha1_base64="7ZbnoR7d2mxiXGu9AOjOHa3Jzd0="></latexit>

iM (p, b; k, a) <latexit sha1_base64="3z4gwByvfCn04lMJS5abLbr6dDY="></latexit>=

<latexit sha1_base64="EelEy1p+JcG0BoUdvNzB9+JNloE="></latexit>a

<latexit sha1_base64="Kr4Rh8mnYG0AIKulzmJG0iaY+w8="></latexit>

a�<latexit sha1_base64="prXCfvWWVO/4If0iA+3dtpRIUpA="></latexit>

b !

<latexit sha1_base64="Xga5PsRvcX7/W5IZUxJXISuVRxw="> </latexit>p <latexit sha1_base64="z8ZI6xV/4WjH2JyX9Jqs5ERPOZc="></latexit>

k

<latexit sha1_base64="+k9mgks6m0EqI+Rjc9ciIBLyggo="></latexit>

b
<latexit sha1_base64="7ZbnoR7d2mxiXGu9AOjOHa3Jzd0="></latexit>

iM (p, b; k, a) <latexit sha1_base64="3z4gwByvfCn04lMJS5abLbr6dDY="></latexit>=

<latexit sha1_base64="fyXBG5xY61oYHJeEPI2Pu8V+tug="></latexit>

�
<latexit sha1_base64="EelEy1p+JcG0BoUdvNzB9+JNloE="></latexit>a

<latexit sha1_base64="Kr4Rh8mnYG0AIKulzmJG0iaY+w8="></latexit>

a�<latexit sha1_base64="prXCfvWWVO/4If0iA+3dtpRIUpA="></latexit>

b !

<latexit sha1_base64="+k9mgks6m0EqI+Rjc9ciIBLyggo="></latexit>

b

<latexit sha1_base64="Xga5PsRvcX7/W5IZUxJXISuVRxw="></latexit>p <latexit sha1_base64="z8ZI6xV/4WjH2JyX9Jqs5ERPOZc="></latexit>

k

<latexit sha1_base64="gA+d5LDsdd/D1D8DWRsr/6LTfJw="></latexit>e

<latexit sha1_base64="EelEy1p+JcG0BoUdvNzB9+JNloE="></latexit>a

<latexit sha1_base64="prXCfvWWVO/4If0iA+3dtpRIUpA="></latexit>

b ! <latexit sha1_base64="z8ZI6xV/4WjH2JyX9Jqs5ERPOZc="></latexit>

k

<latexit sha1_base64="Xga5PsRvcX7/W5IZUxJXISuVRxw="> qm8T9ZlyVSL9xG238kOmx/uTCH3jyera49X1zeKDhllOPFJrZysP14djyareo5LZdmfK936o9XxZAKfcZewzmmplFUwgc9ILkdqn8tjDMudzKSWznAGe6IyWL8NoOBNRtoMvy9axWnTOCiaOoFwrRecMtzZ6FztzE0UOHjqBhCqS14HNuQQu0sucwLa/rv7g7H+56H5cDoZjh8O11+tD76d1n8sftb7oveH3pe9ce9R79ves95B76Tn9LzeX3t/6/196R9L/1r699J/Kumnn9Q2v++1rqX//g8ah9Hg</latexit>p

<latexit sha1_base64="Kr4Rh8mnYG0AIKulzmJG0iaY+w8="></latexit>

a�<latexit sha1_base64="+k9mgks6m0EqI+Rjc9ciIBLyggo="></latexit>

b

FIG. 5. The OPE contribution to the on-shell 3 ! 3 amplitude iM with momentum assignments.

The dashed line indicates that we have removed short-distance contributions of the exchange prop-

agator. The 2 ! 2 subprocessesiM 2 are denoted by the grey-Þlled circles on either side of the

exchange propagator.

P " k " p between two-body sub-processes [65]. The imaginary part of the 3 ! 3 amplitude

at this kinematic point, specifically for the k and p spectators, is

Im M (p, b; k, a) # M !
2(! p; öb!

p, ök!
p) " # (upk " m2

e)M 2(! k ; öp!
k , öa!

k) ,

where the angles ök!
p and öp!

k correspond to the orientations of the spectator in the rest frame

of the oppositepair indicated, e.g. ök!
p is the unit vector of the initial spectator defined in

the final pair rest frame defined by its spectator p. 13 We also defined

upk $ (P " k " p)2 ,

as the momentum-squared of the exchanged particle. We focus only on the k and p spectators

here, but note that other spectator combinations will result in similar contributions to the

imaginary part.

The aforementioned pole singularity of the 3 ! 3 amplitude is encoded in the OPE.

Defining the momenta of the initial and final spectators respectively to be k and p, the

OPE, depicted diagrammatically in Figure 5, can in general be written as 14

iM (p, b; k, a) # iM 2(! p; öb!
p, ök!

p)
i

upk " m2
e + i$

iM 2(! k ; öp!
k , öa!

k) $ iM OPE (p, b; k, a) . (25)

13 Since the OPE involves pair-spectator systems in both its external and intermediate states, the thresholds

for the pair invariant masses extend to the cases! (thr .)
k = max( ma + ma! , mp + me) and ! (thr .)

p = max( mb+

mb! , mk + me) for the initial and Þnal pair, respectively.
14 Equation (25) can be argued by constructing on-shell representations through eitherS matrix unitar-

ity [ 65Ð67] or summing Feynman graphs to all-orders within some generalized e! ective Þeld theory and

projecting intermediate states on their mass-shell [45, 46]. As with all on-shell representations, the OPE

is deÞned up to some real part in the physical region which is absorbed into the globalK matrix which

desribes short-distance three-body dynamics. For example, in the resulting integral equations of the afore-

mentioned references, one usually includes a cuto! function to render the momentum integrals UV Þnite.

Since our focus here is on the partial wave projection of the function, we omit the cuto! function for

convenience.
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FIG.5.TheOPEcontributiontotheon-shell3!3amplitudeiMwithmomentumassignments.

Thedashedlineindicatesthatwehaveremovedshort-distancecontributionsoftheexchangeprop-

agator.The2!2subprocessesiM2aredenotedbythegrey-Þlledcirclesoneithersideofthe

exchangepropagator.

P"k"pbetweentwo-bodysub-processes[65].Theimaginarypartofthe3!3amplitude

atthiskinematicpoint,specificallyforthekandpspectators,is

ImM(p,b;k,a)#M
!
2(!p;öb!

p,ök!
p)"#(upk"m

2
e)M2(!k;öp

!
k,öa

!
k),

wheretheanglesök!
pandöp!

kcorrespondtotheorientationsofthespectatorintherestframe

oftheoppositepairindicated,e.g.ök!
pistheunitvectoroftheinitialspectatordefinedin

thefinalpairrestframedefinedbyitsspectatorp.13Wealsodefined

upk$(P"k"p)
2

,

asthemomentum-squaredoftheexchangedparticle.Wefocusonlyonthekandpspectators

here,butnotethatotherspectatorcombinationswillresultinsimilarcontributionstothe

imaginarypart.

Theaforementionedpolesingularityofthe3!3amplitudeisencodedintheOPE.

Definingthemomentaoftheinitialandfinalspectatorsrespectivelytobekandp,the

OPE,depicteddiagrammaticallyinFigure5,caningeneralbewrittenas14

iM(p,b;k,a)#iM2(!p;öb!
p,ök!

p)
i

upk"m2
e+i$

iM2(!k;öp
!
k,öa

!
k)$iMOPE(p,b;k,a).(25)

13SincetheOPEinvolvespair-spectatorsystemsinbothitsexternalandintermediatestates,thethresholds

forthepairinvariantmassesextendtothecases!
(thr.)
k=max(ma+ma!,mp+me)and!

(thr.)
p=max(mb+

mb!,mk+me)fortheinitialandÞnalpair,respectively.
14Equation(25)canbearguedbyconstructingon-shellrepresentationsthrougheitherSmatrixunitar-

ity[65Ð67]orsummingFeynmangraphstoall-orderswithinsomegeneralizede!ectiveÞeldtheoryand

projectingintermediatestatesontheirmass-shell[45,46].Aswithallon-shellrepresentations,theOPE

isdeÞneduptosomerealpartinthephysicalregionwhichisabsorbedintotheglobal Kmatrixwhich

desribesshort-distancethree-bodydynamics.Forexample,intheresultingintegralequationsoftheafore-

mentionedreferences,oneusuallyincludesacuto!functiontorenderthemomentumintegralsUVÞnite.

Sinceourfocushereisonthepartialwaveprojectionofthefunction,weomitthecuto!functionfor

convenience.
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FIG. 5. The OPE contribution to the on-shell 3 ! 3 amplitude iM with momentum assignments.

The dashed line indicates that we have removed short-distance contributions of the exchange prop-

agator. The 2 ! 2 subprocessesiM 2 are denoted by the grey-Þlled circles on either side of the

exchange propagator.

P " k " p between two-body sub-processes [65]. The imaginary part of the 3 ! 3 amplitude

at this kinematic point, specifically for the k and p spectators, is

Im M (p, b; k, a) # M !
2(! p; öb!

p, ök!
p) " # (upk " m2

e)M 2(! k ; öp!
k , öa!

k) ,

where the angles ök!
p and öp!

k correspond to the orientations of the spectator in the rest frame

of the oppositepair indicated, e.g. ök!
p is the unit vector of the initial spectator defined in

the final pair rest frame defined by its spectator p. 13 We also defined

upk $ (P " k " p)2 ,

as the momentum-squared of the exchanged particle. We focus only on the k and p spectators

here, but note that other spectator combinations will result in similar contributions to the

imaginary part.

The aforementioned pole singularity of the 3 ! 3 amplitude is encoded in the OPE.

Defining the momenta of the initial and final spectators respectively to be k and p, the

OPE, depicted diagrammatically in Figure 5, can in general be written as 14

iM (p, b; k, a) # iM 2(! p; öb!
p, ök!

p)
i

upk " m2
e + i$

iM 2(! k ; öp!
k , öa!

k) $ iM OPE (p, b; k, a) . (25)

13 Since the OPE involves pair-spectator systems in both its external and intermediate states, the thresholds

for the pair invariant masses extend to the cases! (thr .)
k = max( ma + ma! , mp + me) and ! (thr .)

p = max( mb+

mb! , mk + me) for the initial and Þnal pair, respectively.
14 Equation (25) can be argued by constructing on-shell representations through eitherS matrix unitar-

ity [ 65Ð67] or summing Feynman graphs to all-orders within some generalized e! ective Þeld theory and

projecting intermediate states on their mass-shell [45, 46]. As with all on-shell representations, the OPE

is deÞned up to some real part in the physical region which is absorbed into the globalK matrix which

desribes short-distance three-body dynamics. For example, in the resulting integral equations of the afore-

mentioned references, one usually includes a cuto! function to render the momentum integrals UV Þnite.

Since our focus here is on the partial wave projection of the function, we omit the cuto! function for

convenience.
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❑                           and                               are know kinematic functions that need 
to be generated for each channel
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the ladder amplitude, which functionally looks identical to what was presented in Ref. [17], 4

D! ! " ! ,!" (p, k) = ! M 2,! ! (! p) G! ! " ! ,!" (p, k) M 2,! (! k)

! M 2,! ! (! p)
!

! !! ," !!

"
d3k!

(2" )3 2#k!
G! ! " ! ,! !! " !! (p, k !) D! !! " !! ,!" (k !, k) . (3)

Herek and p are the initial and Þnal spectator momenta, while$ and $! denote the helicity

of the initial and Þnal state pair, respectively. The scattering amplitude for the pair,M 2,! ,

is a diagonal matrix in the %-space and depends on the squared invariant mass of the pair,

! k . In the total three particle CM frame, ! k is related to the spectator momentum via

! k = (
"

s ! #k)2 ! k2, where#k =
#

k2 + m2
k and k = |k|.

The remaining quantity to deÞne is the one-particle exchange (OPE) propagator,G. The

partial wave projection of this object was the main focus of Ref. [19], and we will only review

the points necessary from that work. In the helicity basis, theG propagator for a spinless

particle with massme can be written as

G! ! " ! ,!" (p, k) =
$

k#
p

q#
p

%! !
4" H (p, k) Y "

! ! " ! (ök#
p) Y!" (öp#

k)

(
"

s ! #p ! #k)2 ! (p + k)2 ! m2
e + i&

$
p#

k

q#
k

%!

, (4)

where H is a generic cut-o! function, that must be equal to unity in the physical region.

The coordinate system is described in detail in Ref. [19]. Three key points relevant for our

discussion are the following: (i ) The vector p#
k is equal to the value ofp after boosting it to

the CM frame of the pair labeled byk. (ii ) q#
k is the magnitude ofp#

k when the exchange

particle is placed on shell. Similar deÞnitions hold fork#
p and q#

p. (iii ) Finally, the spherical

harmonics are deÞned to have thez-axis aligned along the direction of the momentum of

the two-particle pair labeled by the subscript of the argument.

The main result of Ref. [19] shows that the partial wave projection of the OPE to deÞnite

J P takes the form

GJ P

L ! S! ,LS (p, k) = H (p, k)
&
KJ P

G;L ! S! ,LS (p, k) + CJ P

L ! S! ,LS (p, k) Q0(' pk)
'

, (5)

where Q0(z) is the zeroth-degree Legendre function of the second kind, and' pk, KJ P

G and

CJ P 5 are known kinematic functions given in Ref. [19]. The ' pk is the same for all partial

4 Reference [17] quantizes the pair angular momentum along some Þxedz axis, while Ref. [19] discussed

the advantage of using helicity quantization for constructing the partial wave projection.
5 In Ref. [19] the function CJ P

was calledT J P
. We change the notation to avoid confusion with Eq. (11).
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known kinematic functions

non-analyticity entirely encoded in 

❑ In general…assuming spinless particles
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❑ Consider a two-body bound state case,

❑              is effectively described as a 2-body system (pair+spectator)

❑  pair can become bound: 

❑ Bound-state spectator amplitude:

From 3body           2body

∼= ∼

∼
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basis. Isospin and multi-channel processes can be incorporated using the steps presented in

Sec.II D .

We deÞne the resulting two-body scattering amplitude asM J P

! b , whereb denotes a bound

two-body system and! is the remaining third scalar particle. Since we work with generic

scalar particles, each pair combination in principle has a distinct bound state. Thus, the

reaction becomesbk + ! k ! bp + ! p. The amplitude can be written as the sum of two terms,

M J P

! b = M J P

! b,D + M J P

! b,df , (55)

where the Þrst comes from following the LSZ prescription toDJ P
and the second comes from

M J P

3,df . We begin by deÞning the Þrst of these. We make use of Eq. (10), which we rewrite

here for convenience

DJ P
(p, k) = M 2(" p) ádJ P

(p, k) á M2(" k). (56)

In the presence of two-body bound states,M 2 has poles of the form

M 2(" k) = "
g2

k,b

" k " " k,b
+ O

!
(" k " " k,b)0

"
(57)

wheregk,b denotes the residue of the scattering amplitude at the bound state pole and" k,b is

the pole location. The labelk emphasizes that the bound state is one of the pair associated

with spectator k. The bound state mass is then
#

" k,b, and gk,b can be understood as the

coupling between the composite and two-particle scattering states. From Eq. (56), we see

that DJ P
has these same poles. Assuming there is only one such bound state in each pair,

we see that

DJ P
(p, k) =

#
"

gp,b

" p " " p,b

$
gp,bgk,b dJ P

(qp,b, qk,b)
#

"
gk,b

" k " " k,b

$
+ á á á, (58)

where the ellipses denote terms which are not simultaneous poles in both" p and " k. We

have introducedqk,b as the relative momentum of the bound state and the spectator, given

by

qk,b =
1

2
#

s
#1/ 2(s, m2

k, " k,b) . (59)

Having identiÞed the pole structure ofDJ P
, we can use the LSZ reduction formula to

obtain the deÞnition forM J P

! b,D ,

M J P

! b,D = lim
" p ! " p,b
" k ! " k,b

(" p " " p,b)(" k " " k,b)
gp,bgk,b

DJ P
(p, k), (60)
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+ O
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(" k " " k,b)0
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(57)

wheregk,b denotes the residue of the scattering amplitude at the bound state pole and" k,b is

the pole location. The labelk emphasizes that the bound state is one of the pair associated

with spectator k. The bound state mass is then
#

" k,b, and gk,b can be understood as the

coupling between the composite and two-particle scattering states. From Eq. (56), we see

that DJ P
has these same poles. Assuming there is only one such bound state in each pair,

we see that
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where the ellipses denote terms which are not simultaneous poles in both" p and " k. We

have introducedqk,b as the relative momentum of the bound state and the spectator, given

by

qk,b =
1

2
#

s
#1/ 2(s, m2

k, " k,b) . (59)

Having identiÞed the pole structure ofDJ P
, we can use the LSZ reduction formula to

obtain the deÞnition forM J P

! b,D ,

M J P

! b,D = lim
" p ! " p,b
" k ! " k,b

(" p " " p,b)(" k " " k,b)
gp,bgk,b

DJ P
(p, k), (60)
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where we will varyc! , c" and s0.

For simplicity, we only considers kinematics above the!" threshold, s#$ = ( m# + m$)2

where m# =
!

##, but below the 3" threshold, s3$ = (3 m$)2. In this region, S matrix

unitarity ensures that
! "

M T (J P )
%b

#! 1
$

!"

= " $!"
q"

8"
!

s
. (88)

Although this is not shown explicitly, we observe all numerical results satisfy this at sub-

percent levels with our solution parameters.

1. T(J P ) = 2(1 + ) channel with stable !

As our Þrst example, we compute theT = 2 channel with J P = 1+ . This system can

include with I = 1 or 2 "" processes. If we consider partial waves restricted byS # 1 and

L # 2, the possible values thatLSI can take includeS11, D11, and P02, where we have

used spectroscopic notation forL. If we instead use the more standard2S+1 LJ notation

for these states, the possible channels are3S1, 3D1, and 1P1, respectively. In this notation,

although the isospin of the two-body system is not speciÞed explicitly, it can be readily

worked out. The matrix elements ofd2(1+ ) are then denotedd(2S! +1 L "
J |2S+1 LJ ) $ d2(1+ )

L ! S! I ! ,LSI .

First, we consider the dependence of the results on the values ofa0,2. If a0,2 %= 0 and we

Þx L # 2, we have three open channels. To be more explicit, let us label theI = 2 channel

as t" , wheret refers to the isotensor"" state. This will not be assumed to be stable. If we

then Þx the external momenta, we can write the symmetricd2(1+ ) matrix as,

d2(1+ ) =

%

&
&
&
'

d#$,#$(3S1|3S1) d#$,#$(3S1|3D1) d#$,t$ (3S1|1P1)

d#$,#$(3D1|3D1) d#$,t$ (3D1|1P1)

dt$,t$ (1P1|1P1)

(

)
)
)
*

, (89)

where we are only showing the upper triangle of the symmetric matrix. Each element of this

matrix is labeled by the particle content of the in/out state as well as the2S+1 LJ quantum

numbers.

We obtain d#$,#$(3S1|3S1), d#$,#$(3S1|3D1), d#$,#$(3D1|3D1) elements in two di! erent ways.

The Þrst is by solving the coupled set of integral equations that the three-channel system
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V. NUMERICAL INVESTIGATION FOR THREE-PION SYSTEMS

In this section, we explore the consequence of this formalism for studying arbitrary [!! ]I! +

! ! [!! ]I
!

! ! + ! reactions. In particular, we consider a scenario at unphysical pion masses

such that the " and # resonances are bound states [66, 74, 91, 92]. We focus on energies
"

s < 3m" , and use the framework discussed in Sec.IV to construct e! ective "! and #!

scattering amplitudes for some deÞnite isospin and spin-parityT(J P ). While both the

asymmetric and symmetric representations yield the same physical amplitude, we focus the

presentation on the asymmetric K matrix formalism primarily due to the relative ease at

which one can parameterize!K3 compared with the symmetric case. Indeed, adopting this

approach follows that in two-body analyses, where one is agnostic to the parameterization

of the two-body matrix, only requiring it to respect the S matrix principles and choosing

forms that are ßexible for analyses.

After providing a prescription for solving the key set of integral equations appearing in

Secs.II and III , we present results for the asymmetric formalism for models including the

lowest-lying partial waves forT = 2, 1, 0 three pion systems. It is worth remarking that we

have considered many models for both the symmetric and asymmetric formalisms, and for

all examples considered we observed that unitary is well satisÞed for kinematics below the

three-body threshold.

A. Review of numerical technique for coupled-channel systems

We set to computeM T (J P )
#" and M T (J P )

$" using the results of Sec.IV . Our starting point

is the extension of Eq. (68), which describes the desired amplitudes assuming factorizable

parameterizations, to relations involving isospin,

"
M T (J P )

%b

#

&'
= lim

#p ! #!
#k ! #"

(" p # " &)(" k # " ' )
g&g'

"
M T (J P )

3 (p, k)
#

&'
,

= g&g'

"
dT (J P ) (q&, q' )

#

&'
+

"
$L T (J P )

%b (q&, s) á$T (s) á $R T (J P )
%b (s, q' )

#

&'
, (74)

where$, %= LSI and $L T (J P )
%b , and $R T (J P )

%b are simple extensions of$L J P

%b and $R J P

%b , deÞned

in Eqs. (63) and (64), in the LSI -basis. Since all particles are identical, we need not to
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V. NUMERICAL INVESTIGATION FOR THREE-PION SYSTEMS

In this section, we explore the consequence of this formalism for studying arbitrary [!! ]I! +

! ! [!! ]I
!

! ! + ! reactions. In particular, we consider a scenario at unphysical pion masses

such that the " and # resonances are bound states [66, 74, 91, 92]. We focus on energies
"

s < 3m" , and use the framework discussed in Sec.IV to construct e! ective "! and #!

scattering amplitudes for some deÞnite isospin and spin-parityT(J P ). While both the

asymmetric and symmetric representations yield the same physical amplitude, we focus the

presentation on the asymmetric K matrix formalism primarily due to the relative ease at

which one can parameterize!K3 compared with the symmetric case. Indeed, adopting this

approach follows that in two-body analyses, where one is agnostic to the parameterization

of the two-body matrix, only requiring it to respect the S matrix principles and choosing

forms that are ßexible for analyses.

After providing a prescription for solving the key set of integral equations appearing in

Secs.II and III , we present results for the asymmetric formalism for models including the

lowest-lying partial waves forT = 2, 1, 0 three pion systems. It is worth remarking that we

have considered many models for both the symmetric and asymmetric formalisms, and for

all examples considered we observed that unitary is well satisÞed for kinematics below the

three-body threshold.

A. Review of numerical technique for coupled-channel systems

We set to computeM T (J P )
#" and M T (J P )

$" using the results of Sec.IV . Our starting point

is the extension of Eq. (68), which describes the desired amplitudes assuming factorizable

parameterizations, to relations involving isospin,

"
M T (J P )

%b

#

&'
= lim

#p ! #!
#k ! #"

(" p # " &)(" k # " ' )
g&g'

"
M T (J P )

3 (p, k)
#

&'
,

= g&g'

"
dT (J P ) (q&, q' )

#

&'
+

"
$L T (J P )

%b (q&, s) á$T (s) á $R T (J P )
%b (s, q' )

#

&'
, (74)

where$, %= LSI and $L T (J P )
%b , and $R T (J P )

%b are simple extensions of$L J P

%b and $R J P

%b , deÞned

in Eqs. (63) and (64), in the LSI -basis. Since all particles are identical, we need not to
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Although this is not shown explicitly, we observe all numerical results satisfy this at sub-

percent levels with our solution parameters.

1. T(J P ) = 2(1 + ) channel with stable !

As our Þrst example, we compute theT = 2 channel with J P = 1+ . This system can

include with I = 1 or 2 "" processes. If we consider partial waves restricted byS # 1 and

L # 2, the possible values thatLSI can take includeS11, D11, and P02, where we have

used spectroscopic notation forL. If we instead use the more standard2S+1 LJ notation

for these states, the possible channels are3S1, 3D1, and 1P1, respectively. In this notation,

although the isospin of the two-body system is not speciÞed explicitly, it can be readily

worked out. The matrix elements ofd2(1+ ) are then denotedd(2S! +1 L "
J |2S+1 LJ ) $ d2(1+ )

L ! S! I ! ,LSI .

First, we consider the dependence of the results on the values ofa0,2. If a0,2 %= 0 and we

Þx L # 2, we have three open channels. To be more explicit, let us label theI = 2 channel

as t" , wheret refers to the isotensor"" state. This will not be assumed to be stable. If we

then Þx the external momenta, we can write the symmetricd2(1+ ) matrix as,

d2(1+ ) =

%

&
&
&
'
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where we are only showing the upper triangle of the symmetric matrix. Each element of this

matrix is labeled by the particle content of the in/out state as well as the2S+1 LJ quantum

numbers.

We obtain d#$,#$(3S1|3S1), d#$,#$(3S1|3D1), d#$,#$(3D1|3D1) elements in two di! erent ways.
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In this section, we explore the consequence of this formalism for studying arbitrary [!! ]I! +

! ! [!! ]I
!

! ! + ! reactions. In particular, we consider a scenario at unphysical pion masses

such that the " and # resonances are bound states [66, 74, 91, 92]. We focus on energies
"

s < 3m" , and use the framework discussed in Sec.IV to construct e! ective "! and #!

scattering amplitudes for some deÞnite isospin and spin-parityT(J P ). While both the

asymmetric and symmetric representations yield the same physical amplitude, we focus the

presentation on the asymmetric K matrix formalism primarily due to the relative ease at

which one can parameterize!K3 compared with the symmetric case. Indeed, adopting this

approach follows that in two-body analyses, where one is agnostic to the parameterization

of the two-body matrix, only requiring it to respect the S matrix principles and choosing

forms that are ßexible for analyses.

After providing a prescription for solving the key set of integral equations appearing in

Secs.II and III , we present results for the asymmetric formalism for models including the

lowest-lying partial waves forT = 2, 1, 0 three pion systems. It is worth remarking that we

have considered many models for both the symmetric and asymmetric formalisms, and for

all examples considered we observed that unitary is well satisÞed for kinematics below the

three-body threshold.
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include with I = 1 or 2 "" processes. If we consider partial waves restricted byS # 1 and

L # 2, the possible values thatLSI can take includeS11, D11, and P02, where we have

used spectroscopic notation forL. If we instead use the more standard2S+1 LJ notation

for these states, the possible channels are3S1, 3D1, and 1P1, respectively. In this notation,

although the isospin of the two-body system is not speciÞed explicitly, it can be readily

worked out. The matrix elements ofd2(1+ ) are then denotedd(2S! +1 L "
J |2S+1 LJ ) $ d2(1+ )

L ! S! I ! ,LSI .

First, we consider the dependence of the results on the values ofa0,2. If a0,2 %= 0 and we

Þx L # 2, we have three open channels. To be more explicit, let us label theI = 2 channel

as t" , wheret refers to the isotensor"" state. This will not be assumed to be stable. If we

then Þx the external momenta, we can write the symmetricd2(1+ ) matrix as,

d2(1+ ) =

%

&
&
&
'

d#$,#$(3S1|3S1) d#$,#$(3S1|3D1) d#$,t$ (3S1|1P1)

d#$,#$(3D1|3D1) d#$,t$ (3D1|1P1)
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where we are only showing the upper triangle of the symmetric matrix. Each element of this

matrix is labeled by the particle content of the in/out state as well as the2S+1 LJ quantum

numbers.

We obtain d#$,#$(3S1|3S1), d#$,#$(3S1|3D1), d#$,#$(3D1|3D1) elements in two di! erent ways.

The Þrst is by solving the coupled set of integral equations that the three-channel system
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TABLE I. Contributions of ([ !! ]I! ! )L partial waves to !!! in total isospin I 3" and for total angular

momentum J ! 1. Lowest angular momenta are considered, where the two pion pairs are in" ! P

wave, and the orbital angular momentum between the pair and the spectators isL ! D wave.

I G
3" J P C ([!! ]I! ! )L

3!

0! + ([!! ]2S! )S

1! + none

1++ ([!! ]2S! )P

2!

0!! ([!! ]2S! )S, ([!! ]1P ! )P

1!! ([!! ]1P ! )P

1+ ! ([!! ]2S! )P , ([!! ]1P ! )S, ([!! ]1P ! )D

1!

0! + ([!! ]0,2
S ! )S, ([!! ]1P ! )P

1! + ([!! ]1P ! )P

1++ ([!! ]0,2
S ! )P , ([!! ]1P ! )S, ([!! ]1P ! )D

0!

0!! ([!! ]1P ! )P

1!! ([!! ]1P ! )P

1+ ! ([!! ]1P ! )S, ([!! ]1P ! )D

allowed partial wave contributions for the three-pion system. Two pions are in eitherI = 0,

1, or 2 states with positiveG parity. Bose symmetry restricts even partial waves, e.g.S and

D waves, to be in either anI = 0 or 2 state, whereas odd waves, e.g.P waves, can only be

in the I = 1 state. For three pions systems, which have negativeG parity, the allowed total

isospin representations areI 3" = 0, 1, 2, 3. There are multiple contributing three-pion partial

waves per targetJ P , we summarize the lowest allowed three-pion waves in Tab.I for each

total isospin I 3" , total angular momentum J ! 1, and up through two-pions in relativeP

wave. We label a three-pion partial wave with ([!! ]I! ! )L , where the two-pion system is in a

relative " wave and isospinI , and the pair-spectator pion is in an orbital angular momentum

L, e.g. ([!! ]1P ! )S describes a three pion system where two of the pions are in an isovector

P wave and the recoiling pion is in a relativeS wave with the pair.

Our results in Sec.V can be applied immediately to these partial waves, with the exception

of the inclusion of appropriate isospin recoupling coe! cients. These can be included in a

Toy models for 3  systems<latexit sha1_base64="PL4vN2uVc0n2AYBfurG3YPbvIoQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBTT43Y</latexit>!
= 1, 2

𝐿 = 0,1,  2
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V. NUMERICAL INVESTIGATION FOR THREE-PION SYSTEMS

In this section, we explore the consequence of this formalism for studying arbitrary [!! ]I! +

! ! [!! ]I
!

! ! + ! reactions. In particular, we consider a scenario at unphysical pion masses

such that the " and # resonances are bound states [66, 74, 91, 92]. We focus on energies
"

s < 3m" , and use the framework discussed in Sec.IV to construct e! ective "! and #!

scattering amplitudes for some deÞnite isospin and spin-parityT(J P ). While both the

asymmetric and symmetric representations yield the same physical amplitude, we focus the

presentation on the asymmetric K matrix formalism primarily due to the relative ease at

which one can parameterize!K3 compared with the symmetric case. Indeed, adopting this

approach follows that in two-body analyses, where one is agnostic to the parameterization

of the two-body matrix, only requiring it to respect the S matrix principles and choosing

forms that are ßexible for analyses.

After providing a prescription for solving the key set of integral equations appearing in

Secs.II and III , we present results for the asymmetric formalism for models including the

lowest-lying partial waves forT = 2, 1, 0 three pion systems. It is worth remarking that we

have considered many models for both the symmetric and asymmetric formalisms, and for

all examples considered we observed that unitary is well satisÞed for kinematics below the

three-body threshold.

A. Review of numerical technique for coupled-channel systems

We set to computeM T (J P )
#" and M T (J P )

$" using the results of Sec.IV . Our starting point

is the extension of Eq. (68), which describes the desired amplitudes assuming factorizable

parameterizations, to relations involving isospin,

"
M T (J P )

%b

#

&'
= lim

#p ! #!
#k ! #"

(" p # " &)(" k # " ' )
g&g'

"
M T (J P )

3 (p, k)
#

&'
,

= g&g'

"
dT (J P ) (q&, q' )

#

&'
+

"
$L T (J P )

%b (q&, s) á$T (s) á $R T (J P )
%b (s, q' )

#

&'
, (74)

where$, %= LSI and $L T (J P )
%b , and $R T (J P )

%b are simple extensions of$L J P

%b and $R J P

%b , deÞned

in Eqs. (63) and (64), in the LSI -basis. Since all particles are identical, we need not to

𝑆! = 0,1

𝐿′￼
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where we will varyc! , c" and s0.

For simplicity, we only considers kinematics above the!" threshold, s#$ = ( m# + m$)2

where m# =
!

##, but below the 3" threshold, s3$ = (3 m$)2. In this region, S matrix

unitarity ensures that
! "

M T (J P )
%b

#! 1
$

!"

= " $!"
q"

8"
!

s
. (88)

Although this is not shown explicitly, we observe all numerical results satisfy this at sub-

percent levels with our solution parameters.

1. T(J P ) = 2(1 + ) channel with stable !

As our Þrst example, we compute theT = 2 channel with J P = 1+ . This system can

include with I = 1 or 2 "" processes. If we consider partial waves restricted byS # 1 and

L # 2, the possible values thatLSI can take includeS11, D11, and P02, where we have

used spectroscopic notation forL. If we instead use the more standard2S+1 LJ notation

for these states, the possible channels are3S1, 3D1, and 1P1, respectively. In this notation,

although the isospin of the two-body system is not speciÞed explicitly, it can be readily

worked out. The matrix elements ofd2(1+ ) are then denotedd(2S! +1 L "
J |2S+1 LJ ) $ d2(1+ )

L ! S! I ! ,LSI .

First, we consider the dependence of the results on the values ofa0,2. If a0,2 %= 0 and we

Þx L # 2, we have three open channels. To be more explicit, let us label theI = 2 channel

as t" , wheret refers to the isotensor"" state. This will not be assumed to be stable. If we

then Þx the external momenta, we can write the symmetricd2(1+ ) matrix as,

d2(1+ ) =

%

&
&
&
'

d#$,#$(3S1|3S1) d#$,#$(3S1|3D1) d#$,t$ (3S1|1P1)

d#$,#$(3D1|3D1) d#$,t$ (3D1|1P1)

dt$,t$ (1P1|1P1)

(

)
)
)
*

, (89)

where we are only showing the upper triangle of the symmetric matrix. Each element of this

matrix is labeled by the particle content of the in/out state as well as the2S+1 LJ quantum

numbers.

We obtain d#$,#$(3S1|3S1), d#$,#$(3S1|3D1), d#$,#$(3D1|3D1) elements in two di! erent ways.

The Þrst is by solving the coupled set of integral equations that the three-channel system
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where we are only showing the upper triangle of the symmetric matrix. Each element of this

matrix is labeled by the particle content of the in/out state as well as the2S+1 LJ quantum

numbers.

We obtain d#$,#$(3S1|3S1), d#$,#$(3S1|3D1), d#$,#$(3D1|3D1) elements in two di! erent ways.

The Þrst is by solving the coupled set of integral equations that the three-channel system
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In this section, we explore the consequence of this formalism for studying arbitrary [!! ]I! +

! ! [!! ]I
!

! ! + ! reactions. In particular, we consider a scenario at unphysical pion masses

such that the " and # resonances are bound states [66, 74, 91, 92]. We focus on energies
"

s < 3m" , and use the framework discussed in Sec.IV to construct e! ective "! and #!

scattering amplitudes for some deÞnite isospin and spin-parityT(J P ). While both the

asymmetric and symmetric representations yield the same physical amplitude, we focus the

presentation on the asymmetric K matrix formalism primarily due to the relative ease at

which one can parameterize!K3 compared with the symmetric case. Indeed, adopting this

approach follows that in two-body analyses, where one is agnostic to the parameterization

of the two-body matrix, only requiring it to respect the S matrix principles and choosing

forms that are ßexible for analyses.

After providing a prescription for solving the key set of integral equations appearing in

Secs.II and III , we present results for the asymmetric formalism for models including the

lowest-lying partial waves forT = 2, 1, 0 three pion systems. It is worth remarking that we

have considered many models for both the symmetric and asymmetric formalisms, and for

all examples considered we observed that unitary is well satisÞed for kinematics below the

three-body threshold.

A. Review of numerical technique for coupled-channel systems

We set to computeM T (J P )
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where$, %= LSI and $L T (J P )
%b , and $R T (J P )

%b are simple extensions of$L J P

%b and $R J P

%b , deÞned

in Eqs. (63) and (64), in the LSI -basis. Since all particles are identical, we need not to
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include with I = 1 or 2 "" processes. If we consider partial waves restricted byS # 1 and

L # 2, the possible values thatLSI can take includeS11, D11, and P02, where we have

used spectroscopic notation forL. If we instead use the more standard2S+1 LJ notation

for these states, the possible channels are3S1, 3D1, and 1P1, respectively. In this notation,
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worked out. The matrix elements ofd2(1+ ) are then denotedd(2S! +1 L "
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First, we consider the dependence of the results on the values ofa0,2. If a0,2 %= 0 and we

Þx L # 2, we have three open channels. To be more explicit, let us label theI = 2 channel

as t" , wheret refers to the isotensor"" state. This will not be assumed to be stable. If we
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d2(1+ ) =

%

&
&
&
'

d#$,#$(3S1|3S1) d#$,#$(3S1|3D1) d#$,t$ (3S1|1P1)

d#$,#$(3D1|3D1) d#$,t$ (3D1|1P1)

dt$,t$ (1P1|1P1)

(

)
)
)
*

, (89)

where we are only showing the upper triangle of the symmetric matrix. Each element of this

matrix is labeled by the particle content of the in/out state as well as the2S+1 LJ quantum

numbers.

We obtain d#$,#$(3S1|3S1), d#$,#$(3S1|3D1), d#$,#$(3D1|3D1) elements in two di! erent ways.

The Þrst is by solving the coupled set of integral equations that the three-channel system

40

TABLE I. Contributions of ([ !! ]I! ! )L partial waves to !!! in total isospin I 3" and for total angular

momentum J ! 1. Lowest angular momenta are considered, where the two pion pairs are in" ! P

wave, and the orbital angular momentum between the pair and the spectators isL ! D wave.

I G
3" J P C ([!! ]I! ! )L

3!

0! + ([!! ]2S! )S

1! + none

1++ ([!! ]2S! )P

2!

0!! ([!! ]2S! )S, ([!! ]1P ! )P

1!! ([!! ]1P ! )P

1+ ! ([!! ]2S! )P , ([!! ]1P ! )S, ([!! ]1P ! )D

1!

0! + ([!! ]0,2
S ! )S, ([!! ]1P ! )P

1! + ([!! ]1P ! )P

1++ ([!! ]0,2
S ! )P , ([!! ]1P ! )S, ([!! ]1P ! )D
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0!! ([!! ]1P ! )P

1!! ([!! ]1P ! )P

1+ ! ([!! ]1P ! )S, ([!! ]1P ! )D

allowed partial wave contributions for the three-pion system. Two pions are in eitherI = 0,

1, or 2 states with positiveG parity. Bose symmetry restricts even partial waves, e.g.S and

D waves, to be in either anI = 0 or 2 state, whereas odd waves, e.g.P waves, can only be

in the I = 1 state. For three pions systems, which have negativeG parity, the allowed total

isospin representations areI 3" = 0, 1, 2, 3. There are multiple contributing three-pion partial

waves per targetJ P , we summarize the lowest allowed three-pion waves in Tab.I for each

total isospin I 3" , total angular momentum J ! 1, and up through two-pions in relativeP

wave. We label a three-pion partial wave with ([!! ]I! ! )L , where the two-pion system is in a

relative " wave and isospinI , and the pair-spectator pion is in an orbital angular momentum

L, e.g. ([!! ]1P ! )S describes a three pion system where two of the pions are in an isovector

P wave and the recoiling pion is in a relativeS wave with the pair.

Our results in Sec.V can be applied immediately to these partial waves, with the exception

of the inclusion of appropriate isospin recoupling coe! cients. These can be included in a

Can couple to the rho
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𝐿 = 0,1,  2𝐿′￼
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where$, %= LSI and $L T (J P )
%b , and $R T (J P )

%b are simple extensions of$L J P

%b and $R J P

%b , deÞned

in Eqs. (63) and (64), in the LSI -basis. Since all particles are identical, we need not to

𝑆! = 0,1



Bound state model
❑ Can get a two-body bound state for S- and P-waves by parametrizing           via the phase 

shift:

❑ For a S-wave 2 body amplitude, we can use a LO ERE:

 For a P-wave bound state, LO ERE leads to unphysical poles

25

Similarly, [G]mn = GT (J P )
!" (ki , kj ), and [øQ]mn = Q

T (J P )
!" (ki , kj ) for the samem, n mapping.

Given a well-deÞned contour and quadrature rule, one can compute the solutiond from

Eq. (79) for moderate values ofNk. We have checked a range ofNk between 30Ð500 and found

convergence to our desired precision for most systems atNk ! 150. To obtain dT (J P )
!" (p, k)

for values ofp and k not in the momentum partition, as is needed whenp " q! and k " q"

in Eqs. (65), (66), and (74), we use Eq. (77) as an interpolation formula.

Once a solution fordT (J P ) is obtained, we can compute all the contributions feed into the

expression forM T (J P )
#b . In the next section, we summarize the parameterizations we use for

the two-body sub-processes.

B. Parameterizations considered

Here we consider a simple class of parameterizations that can generate a two-body bound

state for S = 0 and 1. We parameterize the amplitude via the phase shift! S,I ,

M 2,IS (" k) =
16#

#
" k

q$
k cot ! S,I $ iq$

k

, (81)

where the symmetry factor of Eq. (15) is 1/ 2 since the pions are treated as identical isovector

states. As exploited extensively in previous work [18, 88, 94], an S-wave leading order

e! ective range expansion (ERE) can be used to generate two-body bound states. As a

result, we only consider parameterizations for theS = 0 two-body amplitude deÞned by

q$
k cot ! 0,I = $

1
a0,I

, (82)

where a0,I is the scattering length in theI = 0 or 2 channel. For a0,I > 0, the resulting

two-body amplitudes would have a two-body bound state with real value residues.

For a P-wave bound state, the use of a leading order ERE leads to unphysical residue for

bound states in the amplitude. Partial wave projected amplitudes near threshold must be

kinematically suppressed by barrier factors,

M 2,IS (" k) % q$ 2S
k . (83)

Near the pole, the amplitude is proportional tog2
" , g" being the bound state coupling of the

S = 1, I = 1 channel, cf. Eq. (57). In order for these two conditions to be simultaneously
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satisÞed, the couplings must be imaginary,

g2
! ! q" 2S

! = ( i ! ! )2S, (84)

where ! ! is the binding momentum, i.e., Eq. (16) evaluated at " k = " ! . A simple exercise

shows that this condition would not be respected by a P-wave bound state generated from

a leading order ERE parametrization.

Instead, for the isovector P-wave systems, we consider a Breit-Wigner (BW) parameter-

ization

q"
k cot#1,1 =

(m2
BW " " k)

#
" k ! BW

1 (" k)
, ! BW

1 (" k) =
g2

BW

6$" k
q" 2

k . (85)

For carefully chosen values ofmBW and gBW , one can ensure that Eq. (84) is satisÞed for

a P-wave bound state. It is worth noting that a BW near threshold is equivalent to a

next-to-leading order ERE, that is the latter would also have been a reasonable choice.

C. Numerical results

Building on the previous two sections, we consider a class of toy models for 3$ systems

where the%and " are both stable. That is, we computeM T (J P )
#b from Eq. (74) for both

%$and "$ systems. As previously mentioned, this is a reasonable jumping-o" point for

analyses of lattice QCD results at unphysically heavy quark masses, where the%and " are

bound. Moreover, the techonology for computingdT (J P ) is identical for investigating systems

at physical pion masses.

We use the BW parametrization for theI = 1 $$ amplitude, Eq. (85), and Þxing the

parameters tomBW = 1.8m$ and gBW = 5.8. This results in a bound state pole of" % $

3.13m2
$ with a binding momentum ! % $ 0.46m$, and a residue ofg% $ 4.88i m $, cf.,

Eq. (57). This pole can be seen in Fig.1, which also shows a deeply bound unphysical pole.

To avoid this unphysical state, we Þx the hard cut o" such that " k % 0.5m2
$.

For the I = 0 $$ amplitude, we use the leading order ERE in Eq. (82). For simplicity,

we Þx the" pole to lie at the same pole location as the%, that is " & = " %$ 3.13m2
$. This

is an arbitrary choice, but it reduces the number of kinematic thresholds to consider when
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Similarly, [G]mn = GT (J P )
!" (ki , kj ), and [øQ]mn = Q

T (J P )
!" (ki , kj ) for the samem, n mapping.

Given a well-deÞned contour and quadrature rule, one can compute the solutiond from

Eq. (79) for moderate values ofNk. We have checked a range ofNk between 30Ð500 and found

convergence to our desired precision for most systems atNk ! 150. To obtain dT (J P )
!" (p, k)

for values ofp and k not in the momentum partition, as is needed whenp " q! and k " q"

in Eqs. (65), (66), and (74), we use Eq. (77) as an interpolation formula.

Once a solution fordT (J P ) is obtained, we can compute all the contributions feed into the

expression forM T (J P )
#b . In the next section, we summarize the parameterizations we use for

the two-body sub-processes.

B. Parameterizations considered

Here we consider a simple class of parameterizations that can generate a two-body bound

state for S = 0 and 1. We parameterize the amplitude via the phase shift! S,I ,

M 2,IS (" k) =
16#

#
" k

q$
k cot ! S,I $ iq$

k

, (81)

where the symmetry factor of Eq. (15) is 1/ 2 since the pions are treated as identical isovector

states. As exploited extensively in previous work [18, 88, 94], an S-wave leading order

e! ective range expansion (ERE) can be used to generate two-body bound states. As a

result, we only consider parameterizations for theS = 0 two-body amplitude deÞned by

q$
k cot ! 0,I = $

1
a0,I

, (82)

where a0,I is the scattering length in theI = 0 or 2 channel. For a0,I > 0, the resulting

two-body amplitudes would have a two-body bound state with real value residues.

For a P-wave bound state, the use of a leading order ERE leads to unphysical residue for

bound states in the amplitude. Partial wave projected amplitudes near threshold must be

kinematically suppressed by barrier factors,

M 2,IS (" k) % q$ 2S
k . (83)

Near the pole, the amplitude is proportional tog2
" , g" being the bound state coupling of the

S = 1, I = 1 channel, cf. Eq. (57). In order for these two conditions to be simultaneously

❑ Instead, for P-waves, we use
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where we will varyc! , c" and s0.

For simplicity, we only considers kinematics above the!" threshold, s#$ = ( m# + m$)2

where m# =
!

##, but below the 3" threshold, s3$ = (3 m$)2. In this region, S matrix

unitarity ensures that
! "

M T (J P )
%b

#! 1
$

!"

= " $!"
q"

8"
!

s
. (88)

Although this is not shown explicitly, we observe all numerical results satisfy this at sub-

percent levels with our solution parameters.

1. T(J P ) = 2(1 + ) channel with stable !

As our Þrst example, we compute theT = 2 channel with J P = 1+ . This system can

include with I = 1 or 2 "" processes. If we consider partial waves restricted byS # 1 and

L # 2, the possible values thatLSI can take includeS11, D11, and P02, where we have

used spectroscopic notation forL. If we instead use the more standard2S+1 LJ notation

for these states, the possible channels are3S1, 3D1, and 1P1, respectively. In this notation,

although the isospin of the two-body system is not speciÞed explicitly, it can be readily

worked out. The matrix elements ofd2(1+ ) are then denotedd(2S! +1 L "
J |2S+1 LJ ) $ d2(1+ )

L ! S! I ! ,LSI .

First, we consider the dependence of the results on the values ofa0,2. If a0,2 %= 0 and we

Þx L # 2, we have three open channels. To be more explicit, let us label theI = 2 channel

as t" , wheret refers to the isotensor"" state. This will not be assumed to be stable. If we

then Þx the external momenta, we can write the symmetricd2(1+ ) matrix as,

d2(1+ ) =

%

&
&
&
'

d#$,#$(3S1|3S1) d#$,#$(3S1|3D1) d#$,t$ (3S1|1P1)

d#$,#$(3D1|3D1) d#$,t$ (3D1|1P1)

dt$,t$ (1P1|1P1)

(

)
)
)
*

, (89)

where we are only showing the upper triangle of the symmetric matrix. Each element of this

matrix is labeled by the particle content of the in/out state as well as the2S+1 LJ quantum

numbers.

We obtain d#$,#$(3S1|3S1), d#$,#$(3S1|3D1), d#$,#$(3D1|3D1) elements in two di! erent ways.

The Þrst is by solving the coupled set of integral equations that the three-channel system
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FIG. 2. Shown is the |M !" ,!" (3S1|3S1)| in the T(J P ) = 2(1 + ) channel as a function ofs. The

I = 1 parameters are Þxed to those described in the text, and we Þx!K3 = 0. As labeled in

the Þgure, the di! erent colors represent di! erent values for the scattering length in the isotensor

channel, a0,2 = ! |a0,2|.

satisÞes for a non-zero value ofa0,2. The second approach, which holds for thea0,2 = 0 limit,

we solve the coupled-integral equations for a system with only!" channels. In other words,

the integral equations the block

d2(1+ ) =

"

# d!" ,!" (3S1|3S1) d!" ,!" (3S1|3D1)

d!" ,!" (3D1|3D1)

$

% . (90)

In Fig. 2, we show theM !" ,!" (3S1|3S1) amplitude in the !K3 = 0 limit, i.e. g2
! d!" ,!" (3S1|3S1)

where we have Þxed the spectator momenta toq!" = #1/ 2(s, m2
" , $! )/ 2

"
s. In the Þgure, we

show results for a range of values ofa0,2. As can be seen, the results for smalla0,2 mono-

tonically approach thea0,2 = 0 results. This result is expected because thet" contribution

to !" # !" will be suppressed by at least one power ofa0,2.

Given this observation, we Þxa0,2 = 0 and consider a smaller channel space, Eq. (90),

throughout this and other cases. By then proceeding to Þx!K3 = 0, we can predict the full
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Although this is not shown explicitly, we observe all numerical results satisfy this at sub-

percent levels with our solution parameters.

1. T(J P ) = 2(1 + ) channel with stable !

As our Þrst example, we compute theT = 2 channel with J P = 1+ . This system can

include with I = 1 or 2 "" processes. If we consider partial waves restricted byS # 1 and

L # 2, the possible values thatLSI can take includeS11, D11, and P02, where we have

used spectroscopic notation forL. If we instead use the more standard2S+1 LJ notation

for these states, the possible channels are3S1, 3D1, and 1P1, respectively. In this notation,

although the isospin of the two-body system is not speciÞed explicitly, it can be readily

worked out. The matrix elements ofd2(1+ ) are then denotedd(2S! +1 L "
J |2S+1 LJ ) $ d2(1+ )

L ! S! I ! ,LSI .

First, we consider the dependence of the results on the values ofa0,2. If a0,2 %= 0 and we

Þx L # 2, we have three open channels. To be more explicit, let us label theI = 2 channel

as t" , wheret refers to the isotensor"" state. This will not be assumed to be stable. If we

then Þx the external momenta, we can write the symmetricd2(1+ ) matrix as,

d2(1+ ) =

%

&
&
&
'

d#$,#$(3S1|3S1) d#$,#$(3S1|3D1) d#$,t$ (3S1|1P1)

d#$,#$(3D1|3D1) d#$,t$ (3D1|1P1)
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)
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, (89)

where we are only showing the upper triangle of the symmetric matrix. Each element of this

matrix is labeled by the particle content of the in/out state as well as the2S+1 LJ quantum

numbers.

We obtain d#$,#$(3S1|3S1), d#$,#$(3S1|3D1), d#$,#$(3D1|3D1) elements in two di! erent ways.

The Þrst is by solving the coupled set of integral equations that the three-channel system
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worked out. The matrix elements ofd2(1+ ) are then denotedd(2S! +1 L "
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First, we consider the dependence of the results on the values ofa0,2. If a0,2 %= 0 and we

Þx L # 2, we have three open channels. To be more explicit, let us label theI = 2 channel

as t" , wheret refers to the isotensor"" state. This will not be assumed to be stable. If we
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where we are only showing the upper triangle of the symmetric matrix. Each element of this

matrix is labeled by the particle content of the in/out state as well as the2S+1 LJ quantum

numbers.

We obtain d#$,#$(3S1|3S1), d#$,#$(3S1|3D1), d#$,#$(3D1|3D1) elements in two di! erent ways.

The Þrst is by solving the coupled set of integral equations that the three-channel system

❑ Setting 
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FIG. 2. Shown is the |M !" ,!" (3S1|3S1)| in the T(J P ) = 2(1 + ) channel as a function ofs. The

I = 1 parameters are Þxed to those described in the text, and we Þx!K3 = 0. As labeled in

the Þgure, the di! erent colors represent di! erent values for the scattering length in the isotensor

channel, a0,2 = ! |a0,2|.

satisÞes for a non-zero value ofa0,2. The second approach, which holds for thea0,2 = 0 limit,

we solve the coupled-integral equations for a system with only!" channels. In other words,

the integral equations the block

d2(1+ ) =

"

# d!" ,!" (3S1|3S1) d!" ,!" (3S1|3D1)

d!" ,!" (3D1|3D1)

$

% . (90)

In Fig. 2, we show theM !" ,!" (3S1|3S1) amplitude in the !K3 = 0 limit, i.e. g2
! d!" ,!" (3S1|3S1)

where we have Þxed the spectator momenta toq!" = #1/ 2(s, m2
" , $! )/ 2

"
s. In the Þgure, we

show results for a range of values ofa0,2. As can be seen, the results for smalla0,2 mono-

tonically approach thea0,2 = 0 results. This result is expected because thet" contribution

to !" # !" will be suppressed by at least one power ofa0,2.

Given this observation, we Þxa0,2 = 0 and consider a smaller channel space, Eq. (90),

throughout this and other cases. By then proceeding to Þx!K3 = 0, we can predict the full
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FIG. 3. Shown are the di! erent matrix elements of the T = 2 M !" ,!" amplitude for !K3 = 0 and

ignoring contributions from the I = 2 channel. The parameters are as described in the text. In

red is the real part of the amplitude, while in dark cyan is the imaginary part of the amplitude.
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$
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The results are shown in Fig.3 as a function ofs. As previously mentioned, these results

satisfy two-body unitary, Eq. (88), in this kinematic region. Furthermore, one can see from

the Þgure that the amplitudes satisfy the expected threshold behavior

M !" ,!" (3L !
1|3L1) ! qL ! + L

!" , (92)

which serves as an additional cross-check for the partial wave projection.
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The results are shown in Fig.3 as a function ofs. As previously mentioned, these results

satisfy two-body unitary, Eq. (88), in this kinematic region. Furthermore, one can see from

the Þgure that the amplitudes satisfy the expected threshold behavior

M !" ,!" (3L !
1|3L1) ! qL ! + L

!" , (92)

which serves as an additional cross-check for the partial wave projection.

❑ Satisfy 2-body unitarity condition
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The results are shown in Fig.3 as a function ofs. As previously mentioned, these results

satisfy two-body unitary, Eq. (88), in this kinematic region. Furthermore, one can see from

the Þgure that the amplitudes satisfy the expected threshold behavior

M !" ,!" (3L !
1|3L1) ! qL ! + L

!" , (92)

which serves as an additional cross-check for the partial wave projection.

❑ Satisfy threshold behavior:
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2. T(J P ) = 1(1 + ) channel with stable ! and "

We examine theT(J P ) = 1(1 + ) system, where thea1 resonance resides. Ignoring thet!

contribution and restricting to L ! 2, the a1 can couple to three channels, two"! and one

#! partial waves. As a result, the matrix forM 1(1+ )
! b can be written as

M 1(1+ )
! b =

!

"
"
"
#

M "# ,"# (3S1|3S1) M "# ,"# (3S1|3D1) M "# ,$# (3S1|1P1)

M "# ,"# (3D1|3D1) M "# ,$# (3D1|1P1)

M $# ,$# (1P1|1P1)

$

%
%
%
&

. (93)

In order to mimic the a1 resonance, we parameterize'K3 with a simple pole according to

Eq. (87), with a pole position s"# < s 0 < s 3#. Figure 4 shows results where we Þxs0 = 8 m2
#,

c"# ,3S1 = 20 m2
#, c"# ,3D 1 = c$# ,1P1 = 5 m2

#. For comparison, we show the amplitudes for

'K3 = 0 as faint dashed lines. In addition to checking that the amplitudes have the right

analytic structure and that they satisfy unitarity, we see the canonical behavior of a narrow

resonance. In particular, one sees a narrow peak. Naively, one would expect such a peak at

s = 8 m2
#, since this is the location of the'K3 pole. However, poles in the K matrices do not

coincide with poles in amplitude.11

3. T(J P ) = 0(1 ! ) channel with stable "

Finally, we consider theT(J P ) = 0(1 ! ) channel where the narrow$ resonance lies. For

unphysically heavy quark masses, the$ is observed to be bound. To mimic this scenario, we

use a 'K3 parameterization with a bound state below the"! threshold. We use same simple

pole parametrization Eq. (87) as above but with s0 < s "# .

Assuming the same restrictions in the partial waves as previously discussed, the scattering

amplitude in this system is composed of a single channel, the3P1. As a result, we have

M 0(1! )
! b = M "# ,"# (3P1|3P1). (94)

In Fig. 5, we show the result for this amplitude for both'K3 = 0 (dashed lines) and 'K3 "= 0

(solid lines). For the latter case, we set the pole and coupling of the K matrix tos0 = 7.6m2
#

11 Although we do not do the exercise here, using the tools presented in Ref. [86], we could analytically

continue to the nearest unphysical sheet to Þnd the resonance pole.
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TABLE I. Contributions of ([ !! ]I! ! )L partial waves to !!! in total isospin I 3" and for total angular

momentum J ! 1. Lowest angular momenta are considered, where the two pion pairs are in" ! P

wave, and the orbital angular momentum between the pair and the spectators isL ! D wave.

I G
3" J P C ([!! ]I! ! )L

3!

0! + ([!! ]2S! )S

1! + none

1++ ([!! ]2S! )P

2!

0!! ([!! ]2S! )S, ([!! ]1P ! )P

1!! ([!! ]1P ! )P

1+ ! ([!! ]2S! )P , ([!! ]1P ! )S, ([!! ]1P ! )D

1!

0! + ([!! ]0,2
S ! )S, ([!! ]1P ! )P

1! + ([!! ]1P ! )P

1++ ([!! ]0,2
S ! )P , ([!! ]1P ! )S, ([!! ]1P ! )D

0!

0!! ([!! ]1P ! )P

1!! ([!! ]1P ! )P

1+ ! ([!! ]1P ! )S, ([!! ]1P ! )D

allowed partial wave contributions for the three-pion system. Two pions are in eitherI = 0,

1, or 2 states with positiveG parity. Bose symmetry restricts even partial waves, e.g.S and

D waves, to be in either anI = 0 or 2 state, whereas odd waves, e.g.P waves, can only be

in the I = 1 state. For three pions systems, which have negativeG parity, the allowed total

isospin representations areI 3" = 0, 1, 2, 3. There are multiple contributing three-pion partial

waves per targetJ P , we summarize the lowest allowed three-pion waves in Tab.I for each

total isospin I 3" , total angular momentum J ! 1, and up through two-pions in relativeP

wave. We label a three-pion partial wave with ([!! ]I! ! )L , where the two-pion system is in a

relative " wave and isospinI , and the pair-spectator pion is in an orbital angular momentum

L, e.g. ([!! ]1P ! )S describes a three pion system where two of the pions are in an isovector

P wave and the recoiling pion is in a relativeS wave with the pair.

Our results in Sec.V can be applied immediately to these partial waves, with the exception

of the inclusion of appropriate isospin recoupling coe! cients. These can be included in a
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FIG. 4. Shown are results for the various components of theT(J P ) = 1(1 + ) amplitude. This

amplitude has the quantum numbers of thea1, and the ßavor content of the di! erent channels can

be found in Eq. (93). The dashed lines denote the amplitude in the limit that !K3 = 0, while the

solid lines include a pole parametrization for !K3 described in the body of the text.
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FIG. 4. Shown are results for the various components of theT(J P ) = 1(1 + ) amplitude. This

amplitude has the quantum numbers of thea1, and the ßavor content of the di! erent channels can

be found in Eq. (93). The dashed lines denote the amplitude in the limit that !K3 = 0, while the

solid lines include a pole parametrization for !K3 described in the body of the text.
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FIG. 4. Shown are results for the various components of theT(J P ) = 1(1 + ) amplitude. This

amplitude has the quantum numbers of thea1, and the ßavor content of the di! erent channels can

be found in Eq. (93). The dashed lines denote the amplitude in the limit that !K3 = 0, while the

solid lines include a pole parametrization for !K3 described in the body of the text.
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FIG. 4. Shown are results for the various components of theT(J P ) = 1(1 + ) amplitude. This

amplitude has the quantum numbers of thea1, and the ßavor content of the di! erent channels can

be found in Eq. (93). The dashed lines denote the amplitude in the limit that !K3 = 0, while the

solid lines include a pole parametrization for !K3 described in the body of the text.
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2. T(J P ) = 1(1 + ) channel with stable ! and "

We examine theT(J P ) = 1(1 + ) system, where thea1 resonance resides. Ignoring thet!

contribution and restricting to L ! 2, the a1 can couple to three channels, two"! and one

#! partial waves. As a result, the matrix forM 1(1+ )
! b can be written as

M 1(1+ )
! b =

!

"
"
"
#

M "# ,"# (3S1|3S1) M "# ,"# (3S1|3D1) M "# ,$# (3S1|1P1)

M "# ,"# (3D1|3D1) M "# ,$# (3D1|1P1)

M $# ,$# (1P1|1P1)

$

%
%
%
&

. (93)

In order to mimic the a1 resonance, we parameterize'K3 with a simple pole according to

Eq. (87), with a pole position s"# < s 0 < s 3#. Figure 4 shows results where we Þxs0 = 8 m2
#,

c"# ,3S1 = 20 m2
#, c"# ,3D 1 = c$# ,1P1 = 5 m2

#. For comparison, we show the amplitudes for

'K3 = 0 as faint dashed lines. In addition to checking that the amplitudes have the right

analytic structure and that they satisfy unitarity, we see the canonical behavior of a narrow

resonance. In particular, one sees a narrow peak. Naively, one would expect such a peak at

s = 8 m2
#, since this is the location of the'K3 pole. However, poles in the K matrices do not

coincide with poles in amplitude.11

3. T(J P ) = 0(1 ! ) channel with stable "

Finally, we consider theT(J P ) = 0(1 ! ) channel where the narrow$ resonance lies. For

unphysically heavy quark masses, the$ is observed to be bound. To mimic this scenario, we

use a 'K3 parameterization with a bound state below the"! threshold. We use same simple

pole parametrization Eq. (87) as above but with s0 < s "# .

Assuming the same restrictions in the partial waves as previously discussed, the scattering

amplitude in this system is composed of a single channel, the3P1. As a result, we have

M 0(1! )
! b = M "# ,"# (3P1|3P1). (94)

In Fig. 5, we show the result for this amplitude for both'K3 = 0 (dashed lines) and 'K3 "= 0

(solid lines). For the latter case, we set the pole and coupling of the K matrix tos0 = 7.6m2
#

11 Although we do not do the exercise here, using the tools presented in Ref. [86], we could analytically

continue to the nearest unphysical sheet to Þnd the resonance pole.
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FIG. 5. Shown are the real (red) and imaginary (cyan) components of the amplitude in the

T(J P ) = 0(1 ! ) channel. As in Fig. 4, dashed and solid lines depict amplitudes with !K3 = 0 and

!K3 != 0, respectively. The parameters for !K3 != 0 are described in the text.

and c!" ,1P1 = 90 m2
" , respectively. Again, we see the expected threshold behavior for a

P-wave amplitude, and unitarity is well satisÞed for both examples shown.

VI. SUMMARY AND OUTLOOK

Using the results derived in Ref. [19] for the OPE, we have constructed integral equa-

tions for partial-wave projected three-body relativistic scattering amplitudes. The integral

equations are presented in Sec.II , with details presented in AppendixA, for two equivalent

formalisms where the three-body K matrix is symmetric or asymmetric under particle inter-

change. While a pracitioner can choose either framework for analyses, we advocate for the

asymmetric formalism due to the relative ease for parameterizing the three-body K matrix,

which is illustrated in our numerical applications in Sec.V. In particular, a class of ßexible

parameterizations useful for data analysis are presented in Sec.III , whereK3 is factorizable

in the kinematics of the initial and Þnal state allowing one to parameterizeK3 in a man-
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❑ Partial wave projected amplitude

4

II. PARTIAL-WAVE PROJECTED AMPLITUDES

We consider the elastic scattering of three spinless particles, which we denote as! , with no

internal quantum numbers. We make a partial generalization to coupled spinless systems,

e.g., including ßavor isospin, in Sec.II D . We kinematically describe the reaction as one

involving pairs, where two of the particles form a dimer of relative angular momentum

", recoiling againstspectators with some momentum. With this description, the relative

momentum between the pair constituents is removed, and the system is described by the

magnitudes2 of the initial and Þnal spectator momentak and p, respectively, as well as the

three-body total center-of-momentum (CM) frame energy,
!

s. Note that k and p are also

deÞned in the three-body total CM frame. The e! ective reaction is denoted

! k + [ ! k1 ! k2 ]! " ! p + [ ! p1 ! p2 ]! ! . (1)

The momentumk serves to label the initial spectator while the pair [! k1 ! k2 ]! has additional

labelsk1 and k2 to indicate the Þrst and second particle of the pair, respectively. A similar

notation holds for the Þnal state. We take the mass of the initial and Þnal state particles to

be mk, mk1 , mk2 , and mp, mp1 , mp2 , respectively.

Our goal is to construct and study the amplitude for this reaction projected to deÞnite

J P , whereJ is the total angular momentum of the system andP is its parity. We work in

the spin-orbit basis of coupled angular momenta, thus for a given energy
!

s and spin-parity

J P the amplitude is a matrix in the orbital angular momentumL between the spectator

and dimer pair and the intrinsic spinS of the pair. Since we restrict our attention to only

spinless particles, we have the trivial identity thatS = " and S! = "!. We denote matrix

elements of this partial wave projected amplitude asM J P

3;L ! S! ,LS (p, k), leaving the dependence

on s implicit throughout this work.

The partial wave projection of this amplitude and its integral equations [17, 20] have

been discussed in the simplest caseJ = S = S! = 0 [18, 29]. Here we show that in general,

the partial wave projectedM J P

3 can be decomposed into two terms [17, 20, 39],

M J P

3 (p, k) = DJ P
(p, k) + M J P

3,df (p, k) , (2)

2 The system also depends on the orientations of the initial and Þnal spectator momenta. Since our discus-

sion is concentrated on partial wave amplitudes, we ignore this dependence as it is eventually removed.

7

waves, while the other two must be generated for each speciÞc channel. TheKG and C

functions have been tabulated for low-lying spins in Ref. [19].

Following the steps in Ref. [19], which are outlined in App. A, one can show that the

partial-wave projectedDJ P
must satisfy the integral equation,

DJ P
(p, k) = DJ P

0 (p, k) ! M 2(! p) á
!

k!
GJ P

(p, k!) á DJ P
(k!, k) , (6)

where we introduce the notation that the productAJ P
áB J P

has theLS space matrix element

[AJ P
áB J P

]L ! S! ,LS "
"

L !! ,S!!

AJ P

L ! S! ,L !! S!! B J P

L !! S!! ,LS . (7)

In LS space, the matrix elment for the2 # 2 amplitude is [M 2]L ! S! ,LS = "L ! L "S! S M 2,S.

The driving term DJ P

0 for the ladder equation is given by the OPE amplitude
#
DJ P

0 (p, k)
$

L ! S! ,LS
= ! M 2,S! (! p) GJ P

L ! S! ,LS (p, k) M 2,S(! k) . (8)

Also, we have introduced the compact notation
!

k
"

! "

0
dk

k2

(2#)2 $k
, (9)

for the integral and measure, which will be used throughout this work.

Although the integral over k! runs to inÞnity, the H cut-o! function ensures that the

argument has only Þnite support. Given a targetJ P and two-body scattering amplitudes,

Eq. (6) represents a set of coupled integral equations in the partial waves. In Sec.V we

show how these can be numerically solved along with examples from 3# scattering. For

numerical applications, it is convenient to introduce an amputated ladder amplitude,dJ P
,

which removes the singularities associated with2 # 2 sub-processes in the initial and Þnal

states. This is deÞned by

DJ P
(p, k) " M 2(! p) ádJ P

(p, k) á M2(! k) . (10)

Using this deÞnition and Eq. (6), it is straightforward to write an integral equation that dJ P

must satisfy, which we explicitly give in Sec.V.

B. Partial-wave projected for M df with asymmetric K3

Once DJ P
is known, we reconstructM J P

3,df via a second set of equations [17, 20]. One

aspect we have neglected thus far is the choice of spectators in the amplitudes of Eq. (2). In

❑ Two classes of K matrix are possible

1. Symmetric K matrix 

2. Asymmetric K matrix

8

principle, the full scattering amplitude must include the sum over all spectator-pair combina-

tions. In the literature, e.g. Refs. [17, 20, 32, 39], one distinguishes a speciÞc spectator-pair

amplitude as M (u,u )
3 , where the superscript (u, u) references the Òun-symmetrizedÓ nature

of the initial and Þnal states since a particle has been chosen to be the ÒspectatorsÓ in both

states. Equation (2) is technically that of the (u, u) amplitude projected to deÞniteJ P . In

this work, we will not consider the symmeterization of partial wave projected amplitudes.

As a result, to improve readability, we will drop the superscript on the amplitudes.

For the intermediate amplitudeM (u,u )
3,df , one has a choice to construct it from a symmetric

K matrix K3, as originally presented in Ref. [17, 32], or that of an asymmetric K matrix

as presented in Refs. [20, 39]. In order to distinguish the intermediate amplitudes between

these two constructions, we will label the amplitude associated with thesymmetric K matrix

asM (u,u )
3,df , while the one coming from anasymmetric K matrix as !M (u,u )

3,df . It is important to

emphasize that these two intermediate amplitudes,M (u,u )
3,df and !M (u,u )

3,df , are closely related.

Which is chosen in the analysis is a matter of choice, and after symmeterization they are

identical [20, 39]. In this section we consider the integral equations for the amplitudes with

asymmetric K matrix [20, 39], that is !M (u,u )
3,df .

As mentioned, we drop the (u, u) superscript since we only consider the partial wave

projection for a given spectator-pair amplitude. Therefore, we make the following replace-

ments: M (u,u )
3,df ! M 3,df and !M (u,u )

3,df ! !M 3,df . Similarly, to distinguish the symmetric K3

from its asymmetric counterpart, we will label the latter as"K3. This notation will be used to

distinguish the various intermediate functions that will appear in deÞning!M 3,df and closely

related observables.

Having discussed the notation that will be used, we can proceed to deÞne!M 3,df . Again,

we leave the deÞnition of this in the helicity basis to App.A 2. Following the steps shown

in the appendix one arrives at

!M J P

3,df (p, k) =
#

p!

#

k!

"L J P
(p, p!) á"T J P

(p!, k!) á "R J P
(k!, k) , (11)

which is a matrix in LS space where"R J P
and "L J P

are initial and Þnal state rescattering

10

the particles, the second and third lines with two particles scattering through any number

of possible exchanges, see the discussion in Ref. [20].

Finally, the amplitude !T J P
contains all information on short-distance three-body inter-

actions. It is the solution of the integral equation

!T J P
(p, k) = !KJ P

3 (p, k) !
"

p!

"

k!

!KJ P

3 (p, p!) á !F J P
(p!, k!) á!T J P

(k!, k) , (17)

where !KJ P

3 is the previously discussed3 " 3 K matrix, 7 deÞned to be free of unitarity sin-

gularities in a region near the three-body threshold, andF J P
characterizes all intermediate

state pair-wise rescatterings,

!F J P
(p, k) # #! (" p) !L J P

(p, k) +
"

k!
G(p, k!) á !L J P

(k!, k) . (18)

C. Partial wave projection for M df with symmetric K3

The general structure ofM J P

3,df with a symmetric K3 is similar to Eq. (11),

M J P

3,df (p, k) =
"

p!

"

k!
L J P

(p, p!) á TJ P
(p!, k!) á RJ P

(k!, k), (19)

with the only di ! erence being in the deÞnitions of the di! erent building blocks. TheL J P

and R J P
rescattering functions are given by,

[L J P
(p, k)]L ! S! ,LS =

$
1
3

! M 2,S! (" p) #! (" p)
%

#L ! L #S! S
(2$)2%k

k2
#(p ! k) ! DJ P

L ! S! ,LS (p, k) #! (" k) ,

(20)

[R J P
(p, k)]L ! S! ,LS =

$
1
3

! #! (" k) M 2,S! (" k)
%

#L ! L #S! S
(2$)2%p

p2
#(p ! k) ! #! (" p) DJ P

L ! S! ,LS (p, k) ,

(21)

and T J P
satisÞes the integral equation,

T J P
(p, k) = KJ P

3 (p, k) !
"

p!

"

k!
KJ P

3 (p, p!) á#! (" !
p) L J P

(p!, k!) á TJ P
(k!, k) . (22)

7 This has been denoted asK(u,u )
3,df in works such as Refs. [39] and [20], where ÔdfÕ stands for Ôdivergence

freeÕ. Here we drop this notation as the K matrix must be deÞned to be free of on-shell singularities in a

region near the three-body threshold.
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principle, the full scattering amplitude must include the sum over all spectator-pair combina-

tions. In the literature, e.g. Refs. [17, 20, 32, 39], one distinguishes a speciÞc spectator-pair

amplitude as M (u,u )
3 , where the superscript (u, u) references the Òun-symmetrizedÓ nature

of the initial and Þnal states since a particle has been chosen to be the ÒspectatorsÓ in both

states. Equation (2) is technically that of the (u, u) amplitude projected to deÞniteJ P . In

this work, we will not consider the symmeterization of partial wave projected amplitudes.

As a result, to improve readability, we will drop the superscript on the amplitudes.
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3,df , one has a choice to construct it from a symmetric

K matrix K3, as originally presented in Ref. [17, 32], or that of an asymmetric K matrix

as presented in Refs. [20, 39]. In order to distinguish the intermediate amplitudes between

these two constructions, we will label the amplitude associated with thesymmetric K matrix
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3,df , while the one coming from anasymmetric K matrix as !M (u,u )

3,df . It is important to

emphasize that these two intermediate amplitudes,M (u,u )
3,df and !M (u,u )

3,df , are closely related.

Which is chosen in the analysis is a matter of choice, and after symmeterization they are

identical [20, 39]. In this section we consider the integral equations for the amplitudes with

asymmetric K matrix [20, 39], that is !M (u,u )
3,df .

As mentioned, we drop the (u, u) superscript since we only consider the partial wave

projection for a given spectator-pair amplitude. Therefore, we make the following replace-

ments: M (u,u )
3,df ! M 3,df and !M (u,u )

3,df ! !M 3,df . Similarly, to distinguish the symmetric K3

from its asymmetric counterpart, we will label the latter as"K3. This notation will be used to

distinguish the various intermediate functions that will appear in deÞning!M 3,df and closely

related observables.

Having discussed the notation that will be used, we can proceed to deÞne!M 3,df . Again,

we leave the deÞnition of this in the helicity basis to App.A 2. Following the steps shown

in the appendix one arrives at

!M J P

3,df (p, k) =
#

p!

#

k!

"L J P
(p, p!) á"T J P

(p!, k!) á "R J P
(k!, k) , (11)

which is a matrix in LS space where"R J P
and "L J P

are initial and Þnal state rescattering

<latexit sha1_base64="iLkI3JDbpGq1ti/wBAQGX1ByL18="></latexit>!
"L J P

(p, k)
#

L ! S! ,LS
= [ 1 ! M 2,S ! (! p) $" (! p) ] #L ! L #S! S

(2$)2%k

k2 #(p ! k) ! M 2,S ! (! p)GJ P

L ! S! ,LS (p, k)
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functions,

!
"L J P

(p, k)
#

L ! S! ,LS
= [ 1 ! M 2,S! (! p) $" (! p) ] #L ! L #S! S

(2$)2%k

k2
#(p ! k)

! M 2,S! (! p)GJ P

L ! S! ,LS (p, k) ! DJ P

L ! S! ,LS (p, k) $" (! k)

!
%

L !! ,S!!

&

k!
DJ P

L ! S! ,L !! S!! (p, k!) GJ P

L !! S!! ,LS (k!, k) , (12)

!
"R J P

(p, k)
#

L ! S! ,LS
= [1 ! $" (! k) M 2,S! (! k)] #L ! L #S! S

(2$)2%p

p2
#(p ! k)

! GJ P

L ! S! ,LS (p, k)M 2,S(! k) ! $" (! p) DJ P

L ! S! ,LS (p, k)

!
%

L !! ,S!!

&

p!
GJ P

L ! S! ,L !! S!! (p, p!) DJ P

L !! S!! ,LS (p!, k) . (13)

Here we have introduced$" as 6

$" (! k) = ! iH (! k) " (! k) , (14)

whereH again regulates the improper integral with the condition that it is unity for physical

! k , and " (! k) is the two-body phase space factor deÞned as

" (! k) =
&q!

k

8$
"

! k
, (15)

where& is a symmetry factor of the particles in the pair, for which&= 1/ 2 if the particles

are identical and& = 1 otherwise, andq!
k is the relative momentum of the particles in the

pair in its CM frame. The relative momentum can be expressed in terms of the K¬all«en

triangle function, ' (a, b, c) = a2 + b2 + c2 ! 2(ab+ ac+ bc), as

q!
k =

1
2
"

! k
' 1/ 2(! k , m2

k1
, m2

k2
) . (16)

As a matrix in LS space,$" is proportional to the identity, [ $" (! k)]L ! S! ,LS = #L ! L #S! S $" (! k).

Physically, the rescattering functions characterize all possible initial and Þnal state in-

teractions of the three particles which do not involve three-body short-distance dynamics.

We identify the Þrst line of Eq. (12) with either no rescatterings or the scattering of two of

6 This is the minimal deÞnition of $! . In Appendix B, we discuss a more general deÞnition of$! , introduced

in Ref. [88].
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where& is a symmetry factor of the particles in the pair, for which&= 1/ 2 if the particles

are identical and& = 1 otherwise, andq!
k is the relative momentum of the particles in the

pair in its CM frame. The relative momentum can be expressed in terms of the K¬all«en

triangle function, ' (a, b, c) = a2 + b2 + c2 ! 2(ab+ ac+ bc), as

q!
k =

1
2
"

! k
' 1/ 2(! k , m2

k1
, m2

k2
) . (16)

As a matrix in LS space,$" is proportional to the identity, [ $" (! k)]L ! S! ,LS = #L ! L #S! S $" (! k).

Physically, the rescattering functions characterize all possible initial and Þnal state in-

teractions of the three particles which do not involve three-body short-distance dynamics.

We identify the Þrst line of Eq. (12) with either no rescatterings or the scattering of two of

6 This is the minimal deÞnition of $! . In Appendix B, we discuss a more general deÞnition of$! , introduced

in Ref. [88].
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the particles, the second and third lines with two particles scattering through any number

of possible exchanges, see the discussion in Ref. [20].

Finally, the amplitude !T J P
contains all information on short-distance three-body inter-

actions. It is the solution of the integral equation

!T J P
(p, k) = !KJ P

3 (p, k) !
"

p!

"

k!

!KJ P

3 (p, p!) á !F J P
(p!, k!) á!T J P

(k!, k) , (17)

where !KJ P

3 is the previously discussed3 " 3 K matrix, 7 deÞned to be free of unitarity sin-

gularities in a region near the three-body threshold, andF J P
characterizes all intermediate

state pair-wise rescatterings,

!F J P
(p, k) # #! (" p) !L J P

(p, k) +
"

k!
G(p, k!) á !L J P

(k!, k) . (18)

C. Partial wave projection for M df with symmetric K3

The general structure ofM J P

3,df with a symmetric K3 is similar to Eq. (11),

M J P

3,df (p, k) =
"

p!

"

k!
L J P

(p, p!) á TJ P
(p!, k!) á RJ P

(k!, k), (19)

with the only di ! erence being in the deÞnitions of the di! erent building blocks. TheL J P

and R J P
rescattering functions are given by,

[L J P
(p, k)]L ! S! ,LS =

$
1
3

! M 2,S! (" p) #! (" p)
%

#L ! L #S! S
(2$)2%k

k2
#(p ! k) ! DJ P

L ! S! ,LS (p, k) #! (" k) ,

(20)

[R J P
(p, k)]L ! S! ,LS =

$
1
3

! #! (" k) M 2,S! (" k)
%

#L ! L #S! S
(2$)2%p

p2
#(p ! k) ! #! (" p) DJ P

L ! S! ,LS (p, k) ,

(21)

and T J P
satisÞes the integral equation,

T J P
(p, k) = KJ P

3 (p, k) !
"

p!

"

k!
KJ P

3 (p, p!) á#! (" !
p) L J P

(p!, k!) á TJ P
(k!, k) . (22)

7 This has been denoted asK(u,u )
3,df in works such as Refs. [39] and [20], where ÔdfÕ stands for Ôdivergence

freeÕ. Here we drop this notation as the K matrix must be deÞned to be free of on-shell singularities in a

region near the three-body threshold.
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Separable K matrix
❑ We consider a parametrization for which the kinematic dependence factorizes: 

15

for somen and real parameters! LS . Finally, the reduced K matrix !K3 is a function of s

only, thus we can write it as, e.g.,

!KJ P

3;L ! S! ,LS (s) =
n!"

j =0

" J P (j )
L ! S! ,LS

s(j )
0 ! s

+
n!!"

j =0

#J P (j )
L ! S! ,LS sj , (36)

for real parameters" J P

L ! S! ,LS and #J P

L ! S! ,LS for somen! and n!!. For convenience, we write the

matrix elements of Eq. (34) as

#
$KJ P

3 (p, k)
%

L ! S! ,LS
= [ h(p)]L ! S!

#
!KJ P

3 (s)
%

L ! S! ,LS
[h(k)]LS , (37)

where theh functions contain both the barrier factors and any residual spectator momentum

dependence.

This class of separable parameterizations can be generalized to include a sum over any

number of terms of the form of Eq. (37), called degeneratefrom Fredholm theory,

#
$KJ P

3 (p, k)
%

L ! S! ,LS
=

"

j

[h(p)]L ! S! ;j

#
!KJ P

3 (s)
%

L ! S! ,LS ;j
[h(k)]LS ;j . (38)

This additional index can be absorbed by enlarging the space in whichh and !K3 can be

considered matrices.

B. Algebraic solution for separable $T for asymmetric representation

The separable K matrix allows us to solve the integral equation for$T J P
analytically, as

it factorizes the momentum dependence such that$T J P
becomes separable,

#
$T J P

(p, k)
%

L ! S! ,LS
= [ h(p)]L ! S!

#
!T J P

(s)
%

L ! S! ,LS
[h(k)]LS , (39)

which leads to a system of algebraic equations. The solution of Eq. (17) is then

!T J P
(s) =

1

1 + !KJ P

3 (s) á !F J P (s)
á!KJ P

3 (s) , (40)
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where each object is a matrix inLS space. Here we have deÞned

!F J P
(s) !

"

p

"

k
h(p) á #F J P

(p, k) áh(k) ,

=
"

p

"

k
h(p) á! J P

(p, k) áh(k)

"
"

p

"

k

"

k!
h(p) á! J P

(p, k!) á M2(! k! ) á! J P
(k!, k) áh(k)

"
"

p

"

k

"

p!

"

k!
h(p) á! J P

(p, p!) á DJ P
(p!, k!) á! J P

(k!, k) áh(k) , (41)

which can be found by direct substitution of Eq. (12) into ( 18) and deÞning the matrix

! J P
(p, k) =

(2" )2 #k

k2
$(p " k) !%(! p) + GJ P

(p, k) . (42)

Therefore, for a separable#KJ P

3 , the 3 # 3 amplitude is given by Eq. (2) with DJ P
the

solution of the ladder equation (6), and M J P

3,df given by

$M J P

3,df (p, k) = !L J P
(p, s) á!T J P

(s) á !R J P
(s, k) , (43)

with

!L J P
(p, s) !

"

k

#L J P
(p, k) áh(k) ,

= h(p) "
"

k
M 2(! p) á! J P

(p, k) áh(k) "
"

k

"

k!
DJ P

(p, k!) á! J P
(k!, k) áh(k) , (44)

!R J P
(s, k) !

"

p
h(p) á #R J P

(p, k) ,

= h(k) "
"

p
h(p) á! J P

(p, k) á M2(! k) "
"

p

"

p!
h(p) á! J P

(p, p!) á DJ P
(p!, k) . (45)

In practice, to reduce the number of computations, it is useful to note that!F can be obtained

from either !L or !R ,

!F J P
(s) =

"

p

"

k

!R J P
(s, p) á! J P

(p, k) áh(k) =
"

p

"

k
h(p) á! J P

(p, k) á !L J P
(k, s) . (46)

We can further reduce these!L and !R functions to remove the$ function contributions from
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the

solution of the ladder equation (6), and M J P

3,df given by

$M J P

3,df (p, k) = !L J P
(p, s) á!T J P

(s) á !R J P
(s, k) , (43)

with

!L J P
(p, s) !

"

k

#L J P
(p, k) áh(k) ,

= h(p) "
"

k
M 2(! p) á! J P

(p, k) áh(k) "
"

k

"

k!
DJ P

(p, k!) á! J P
(k!, k) áh(k) , (44)

!R J P
(s, k) !

"

p
h(p) á #R J P

(p, k) ,

= h(k) "
"

p
h(p) á! J P

(p, k) á M2(! k) "
"

p

"

p!
h(p) á! J P

(p, p!) á DJ P
(p!, k) . (45)

In practice, to reduce the number of computations, it is useful to note that!F can be obtained

from either !L or !R ,

!F J P
(s) =

"

p

"

k

!R J P
(s, p) á! J P

(p, k) áh(k) =
"

p

"

k
h(p) á! J P

(p, k) á !L J P
(k, s) . (46)

We can further reduce these!L and !R functions to remove the$ function contributions from



Solving integral equations

Jackura, RB, Dawid, Islam, & McCarty (2020)
Dawid, Islam, & RB (2023)

Deform contour to miss singularities and discretize momenta
sometimes useful // sometimes critical

Discretize momenta: d(p!, s, p) = ! G(p!, s, p) !
! qmax

0

dq q2

(2! )2" q
G(p!, s, q)M 2(q, s) d(q, s, p)

" ! G(p!, s, p) !
qmax"

q=0

K (p!, s, q) d(q, s, p)
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[contains pole, logarithmic and square root cuts]



Solving integral equations

Jackura, RB, Dawid, Islam, & McCarty (2020)
Dawid, Islam, & RB (2023)

Deform contour to miss singularities and discretize momenta
sometimes useful // sometimes critical

Discretize momenta:

Use linear algebra:  

d(p!, s, p) = ! G(p!, s, p) !
! qmax

0

dq q2

(2! )2" q
G(p!, s, q)M 2(q, s) d(q, s, p)

" ! G(p!, s, p) !
qmax"

q=0

K (p!, s, q) d(q, s, p)
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Solving integral equations

Jackura, RB, Dawid, Islam, & McCarty (2020)
Dawid, Islam, & RB (2023)

Deform contour to miss singularities and discretize momenta
sometimes useful // sometimes critical

Discretize momenta:

Use linear algebra:  

Use integral equation to interpolate or extrapolate:

d(p!, s, p) = ! G(p!, s, p) !
! qmax

0

dq q2

(2! )2" q
G(p!, s, q)M 2(q, s) d(q, s, p)

" ! G(p!, s, p) !
qmax"

q=0

K (p!, s, q) d(q, s, p)
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Reducing 4D to 3D
❑ Reducing from 4D to 3D while preserving singularities
❑ Remember, physical singularities are due to on-shell intermediate particles 
❑ Let’s consider a useful example:

+ smooth

smooth

=

= + -

+ smooth
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+ smooth

smooth

=

= + -
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