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[_] relativistic integral equations [4D — 3D]
[] angular momentum projection of amplitudes
[(]LSZ for 3Body — 2Body

[] toy models for 3pi
[[J] Numerical checks
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Two-hadron amplitude

- Sum over all 2 * 2 amputated diagrams

e = XA KOO
N |

All 2-PI s-channel
diagrams

- The goal: Isolate all the singularities of the scattering amplitude!
- Kernel is not singular in the kinematic region of interest

- Singularities are due to intermediate particles going on-shell
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Bubble diagram

- The goal: Isolate singularities from two particle on shell states in bubble diagrams

B / LN — Z
B (27T)4Z ’ k? —m? +1ie (P — k)2 —m? + e
dky d3k . , i i
= B(k, P
/ 2w (2m)3 1B(k, P) ké — w,% + i€ (kg — E)? — wzp + i€



Bubble diagram

- The goal: Isolate singularities from two particle on shell states in bubble diagrams

H K
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Two-hadron amplitude
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Three-hadron systems

- After some more work, one can show that the full amplitude satisfies a 3D integral equation

oo Xt P 1 o sce-e

3D mtegrals with all vertices on-shell..

Scheme -dependent 3body K matrix will generally require a cutoff
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- After some more work, one can show that the full amplitude satisfies a 3D integral equation
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Sum over all ladder diagrams % - W 4.
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- After some more work, one can show that the full amplitude satisfies a 3D integral equation
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The rest [df = “divergence free”]
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- After some more work, one can show that the full amplitude satisfies a 3D integral equation
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- Satisfies integral equation
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Jackura et al (2020)
M. Dawid et al (2023)
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Three-hadron systems

- After some more work, one can show that the full amplitude satisfies a 3D integral equation

IMs = *—%+I&+%+)§r+;&
=i+ My

- Satisfies integral equation

D:—MQGMQ_/MQGD
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Ms qe (P, k // (p,p’) - T(p’, K’ - L(k’, k) L = 3 F Mop — Dp



Three-hadron systems

- Sum over all 3 * 3 amputated diagrams

Need to numerical solve these equations

ng — * = % : Note: D and 7 are 3D integrals equations

Need to project to to definite angular momentum

and parity
=D + Integration kernel generally singular
- Singular behavior mainly driven by the OPE

- Satisfies integral equation propagator,

P G, /MQGD

1
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OPE Partial wave projection

- Assuming s-wave two-body scattering

K
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- After partial wave projecting to total ] = O:
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Non-zero angular momentum

- In general...assuming spinless particles

w0
&"e

1P P
- KJG;L s' s and q S!S (P, K) are know kinematic functions that need
to be generated for each channel

Gle (P )= Kiisis(P K+ Qg s (P, k) Qol’ )

Jackura, Briceno (2023)



Partial wave projections

- In general:
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From 3body =» 2body

- Consider a two-body bound state case,

Jd M %P is effectively described as a 2-body system (pair+spectator)

pair can become bound: ®& + ! k! b+ !,

2
M 2(") = x - H ~ --k?k’f’.kb

- Bound-state spectator amplitude:

‘JP ~ | gp’b
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Toy models for 3! systems
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Toy mOde|S fOr 3! SyStemS By# 1andL # 2
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T(J")=2(1") channel with stable |
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Can couple to the rho




Bound state model

- Can get a two-body bound state for S- and P-waves by parametrizing M , via the phase
shift:

164 ™ d= 1.4 m2
V] — Ok B O

- For a S-wave 2 body amplitude, we can use a LO ERE:

1., = $_
o cot!o, ~

() For a P-wave bound state, LO ERE leads to unphysical poles

- Instead, for P-waves, we use

2
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T(JIP)=2(1"%) channel with stable !
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T(JIP)=2(1"%) channel with stable !

- Setting X2 = O M (2541 LSy
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T(JP)=0(1') channel with stable
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Summary & Perspectives

[ Overview on 2- and 3-body scattering amplitudes

[ Integral equations for PW projected 3-body amplitudes

[A Factorizable K-matrices

[ Toy model calculations for 3pi-systerms satisfying two-body unitarity

To do:
[[] Generalization to particles with spin
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Partial wave projections

- Partial wave projected amplitude

M 3" (p,k) = D" (p, k) + M 35(p, K)

D" (p, k)= D3 (p,K)! M,(!,) & k!GJP(p,k!)éD’P(k!,k)

- Two classes of K matrix are possible

1. Symmetric K matrix =9 M é],Zf(p’ K) = | L7 (p.p)aT (p.K)aRrR" (k',k)

!
n

2. Asymmetric K matrix = M 34(p,K) = k L2 (p,p) &f 7 (p', k) aR7 (K', k)
o K!



Partial wave projections

- Two classes of K matrix are possible

2. Asymmetric K matrix M 3ar(P, K) = #p! #k! L2 (p,p) &1 (p', k)8R (K', k)
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Separable K matrix

- We consider a parametrization for which the kinematic dependence factorizes:

R (0K =IhOIes K3 () | (k)]s
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Separable K matrix

- We consider a parametrization for which the kinematic dependence factorizes:

1 . 70 1 . 70

R (0K =IhOIes K3 () | (k)]s

leads to an also factorizable 187"
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Solving integral equations

[[] Detform contour to miss singularities and discretize momenta
[ ] sometimes useful // sometimes critical

" Omax
[] Discretize momenta: d(p’,s,p) = ! G(p’,s,p)! (chlq)j G(p,s, M »(q, 9 d(q, s, p
0 ' g
max
"t G(p,s,p)! K(p',s,9da,s,p

g=0
|contains pole, logarithmic and square root cuts‘\/
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Solving integral equations

[[] Detform contour to miss singularities and discretize momenta
[ ] sometimes useful // sometimes critical

" (Omax
[] Discretize momenta: d(p!,s, p) = | G(p!,S, D) | (zcllq)j G(p!,s, agM »(q, s d(q, s, p
0 ' g
fnax
I G(p,s,p! K(p’,s,qd(q,s,p
g=0

[[] Use linear algebra:
1+ K J&dsoi(s,p) = ! &(s,p)

[[] Use integral equation to interpolate or extrapolate:

d(p',s,p) " G(p,s,p) " K(p,s)adsu(s,p)



Reducing 4D to 3D

- Reducing from 4D to 3D while preserving singularities
- Remember, physical singularities are due to on-shell intermediate particles

- Let’s consider a useful example:

+ smooth

+ smooth
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_|_




b\;f + oot

+ smooth

B(p°) ! B(m?)

p2 | m2

B(m?) + B'(m")(p*" m9)" B(m?)
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p2 " m2

| B'(m?)
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