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Introduction

[S. Abreu and et al. ‘2020]

Proton-proton collision at LHC [S. Badger and et al.’2023]
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Introduction

e Differential equations method

dfo(Z,€) = dAo(T, €) fo (T, €)

-

df (T, €) = edA(Z) f(Z, €)

— —

17(#,¢) = ¢ 3 Ardlog an(#)f(#.
k

The solutions are expressed as 1terated functions

| Henn ‘2013 ]

Differential equations for
master integrals

Canonical differential
equations(CDEs)

i 1s called a letter

F:/dlogan---/dlogag/dlogal

S(IF)=a1 ®Ras® - ay



Introduction

e Challenges:

1. Symbolic integration-by-parts (IBP) reduction

2. Determine the letters from partial derivatives

e Benetfits of letters:
[C. Dlapa, J.Henn, and K.Yan * 2020]

1. Letters as input to find the canonical basis
2. Bootstrap coefficient matrices for CDEs

3. Bootstrap analytic expressions for Feynman integrals

[L.J.Dixon and et al.’2011 , L.J.Dixon and et.al ,2013
L.M. Drummond and et al. ‘2015, D. Chicherin and et al.” 2018,
S. Caron-Hout and et al. ‘2019]



Introduction

* Recent progress

1. Symbol letters for one-loop integrals are fully understood

[M. Spradlin and A. Volovich ‘2011, N. Arkani-Hamed and E. Y. Yuan’ 2017
S. Abreu and et al. ‘2017, S. Caron-Huot and A. Pokraka ‘2021,
J. Chen and et al. ‘2022 ]

2. Attempts have been made from different perspectives for high-loops

[T.Dennen and et al. > 2016, 1. Prlina and et al. > 2018
H. S. Hannesdottir and et al. 2022,
L. Lippstreu and et al. ‘2022, C. Dlapa and et al. ‘2023]

e Landau singularities

* Intersection theory  [J.Chen and et al. <2024]

[Q.Yang ’ 2022, S. He and et al. * 2022
R. Morales and et al. ’2023,
S. He and et al. <2023 ]

e Schubert problems



Baikov representation

L-loop Feynman integrals with E+1 external legs

d; L(L+1)
for.az, / Hmd/2 D(”D‘“2 . D4N N=—75 —+i

Standard Baikov representation
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G({k},{a}) =det(ki-¢;)  G(k) = G({k}, {k})

Loop-by-loop Baikov representation

/u(X) H if: ;o u(x) = H [Pj (X)]Oéj—l—ﬁje
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Recursive structures of Baikov representation

Integrate out irreducible scalar products (ISPs) [X.Jiang and L. Yang’ 2023]
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Recursive structures of Baikov representation

[terative structures of sunrise integrals
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Baikov representation along the yellow path
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Symbol letters for one-loop integrals

* D-log form integrand and leading singularities [J. Chen and et al. “2021]

| i dx; # $ 12

u(x)! (x)! G(0) ~ G(x)
. |
- Br+1 70 E 1s odd
— -'(J:}l:(_;()()$ | % G(Oi1xi+1,-..,XE+l)
i=1 X| G(Oir 1,Xi,...,XE+1)

e Rational letters as Gram determinant

dlogG(0) = dlogG(x)!

maximal cut

e Getapinched poleat X = O if G(0) =0 .

It’s related to Landau singularities



Symbol letters for one-loop integrals

e Algebraic letters have the form:

G({a.g}.{a.q)+ T G(@)G(d,g,q)"

dlog . "
G({a.g}.{a.q}H)! ! G@@)G(a.q.q) .

dlog SUO-a} {041 + | §(4,9)6(a. 4
G({a.g}.{a.q! G(a.4)G(a.q)" .

Sylvester identity for Gram determinant:

G(9,4)G(9.9) = G({a,g}.{d,g})°+ G(a)G(d,q,q)

e Similar to the construction of d-log form integrand

(B+ " DE)] 2 " DE
I 5 log - !"_! = — ,
(B |DE)IDE AC
S
!Blog(BJr'AC)I :J—Z_

(B" AC)! = AC’
with BA2+DE=AC.



Ansatz for symbol letters

e Rational letters:

dlogG(0) = dlogG(x)!

Omaximal cutO

e Algebraic letters:

G({a,6}.{a,.q 1+, T G@)G(a.,G,q)"

G({g,g}.{a.q})! G@GA.qG.G)"y .
di0g SO0} {a.G1 + | §(4,4)6(q,4):
G({a.g}.{9.})! G(9,9)G(q,q)

dlog

Omaximal cutO
“Maximal cut” means cut of the propagator and ISPs at some poles.

e Some letters like that

G({!1, P1, P2, P3},{l2, P1, P2, P3}) ! , G(I1, p1, P2, P3)G(I2, P1, P2, P3)
G({!1,p1, P2, Ps}.{l2,P1, P2, Ps}) +  G(l1, p1, P2, P3)G(l2, P1, P2, P3)

dlog

Omaximal cutO
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Selection rules for symbol letters

G({a.9}.{a.a)+, T G(@)G(,4,9)
G({q1ql}’{q’qj})l | G(q)G(q’qI’qJ)"

dlog Gla:a}.{a.q3) + . 6(4,6)6(d,9);
G({a.g}.{a.g})! G(a,4)G(q,q)"

1. The power of Gram determinants 1n Baikov representation

dlog

Omaximal cutO

Omaximal cut®

should be half integer, for those appearing in square root

2. The Gram determinants 1n square root are linked by

one-direction arrow 1n the graph of the recursive structure

3. The expression 1n square root 1s not a perfect square
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Symbol letters for sunrise integrals

* Sunrise integrals

v =15 —mi, 2= (lh —l2)?, 3= (I2 —p)* —m3,

X
S X2
__ 72 _ . 2
334_127565_([1 p) w
3

e Baikov representation for top sector withd =21 2!
11/ 20 !

()= G()G(2) Gl 12)G (1, p)
G(p)=s, G(lo,p) ="!"!(Xs,s m5)4, /A\
G(l2) = x4, G(l1,12) = ! (xa! m3)?/4, /4\\ %\
where | (X,y,z) ! X%+ y*+ z°" 2xy" 2yz" 2zX 0
e Simple poles of x4 C&\ %
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Symbol letters for sunrise integrals

e Gram determinant appearing in square roots
{G() , G('ii p)1 G(Il ! P, p)’ G(|2’ p)1 G(IZ ! P, p)! G(|1’ |2)1 G(Il ! P, |2 ! p)} .

e Algebraic letters

GHp.{I:}))+  TGOG(p"

dlog : "
GUPH AN TGOGU2 Py - gm0 xse

dlog G2t PH.{I2)+ | TGOG(2 21 )
G({lz! pH{12D! TGOG(zl2! P yico xrm:

e Two independent algebraic letters

mZ! ms+ s+ ! (mg,my,s)
mz! ms+s! ! (mg, my,s)

mZ+ ms! s+ ! (mg, my,S)
mZ+ ms! s! ! (mg, my,s)

log ! log !
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P4 Ts
L4
Ty T
x3
x
D5 7
P4 T8
Ly
X5 L6
x3
X
Ps 7

[S. Badger and et al.”’2023]

Examples

P3 P3
P4 Ts
X
2 T4 To
Xy L6
D2 D2
x1 T3 x1
x
D5 7
P1 P1

[S. Abreu and et al. ‘2020]

P3 P3
P4 Ts
9 T4 Io
x X
P2 5 6
L1 X3 T
x
P1 D5 7
P1

127 master integrals

Checked with CDEs

D2

P3
P4 Tg
Tq L2
I L6
P2
I3 T
x
Ps 7
P1
P3
g
Iq L2
L6
I3 T
L7
P1

P2
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Rational letters

e 43 rational letters

2 2 2 2
{m4, Mg, Si2, Si15, S23, S34, S45, S12 + S23y Mg — S15, My — S34, S15 — S34, S12 — S45, S23 — S45, S12 + S15 — S34,

2 2 2 2
S12 + S23 — S45, S15 — S23 — S34, Mg S23 — S15 S45, My S12 — S34 Sg5, Mg — S35 + S23 — S45, My + S12 — S34 — Sy5,

2 2 2 2 2 2 2 2
My S12 S15 + Mg S23 S34 — S15 S34 S45, My S23 — Mg S23 — My Sg5 + S15 Sg5, My S12 — Mg S12 + Mg S45 — S34 Sys5,
2 2 2 2 2 2 4 2 2 2 2
My S15 — My S34 — S15 S34 + S23 S34 + S34, M5 S15 — S12 S15 — S5 — M5 S34 + S15 S34, My — 2 M, S15 + Sjs — 2 M, S23 — 2 S15 S23 + S33,
4 2 2 2 2 4 2.2 4 2 2 2
Mg — 2 M5 S12 + S1p — 2 M5 S34 — 2 S12 S34 +S34, My —2M; M5 + Mg — 2 My Sg5 — 2 Mg S45 + Sys,
4 2 2 2 2 2 4 2 2 2 2 2
My —2My S15 + S35 —4 M5 S23 —2My Sa5 + 2 S15 Sa5 + Sy, Mg — 4 My S12 — 2 M5 S34 + S34 — 2 M5 Sas5 + 2 S34 Sas5 + Sys
2 2 2 2 2 2
My S12 — M5 S15 + Si5 + M5 S23 — 2 S15 S23 + S3 + M5 S34 — S15 S34 + S23 S34 + S15 S45 — S23 S45 — S34 Sss,
2 2 2 2 2 2
My S12 + S1p + My S15 + S12 S15 + M5 S23 — My S34 — 2 S12 S34 — S15 S34 + S34 — S12 Sa5 — S15 S45 + S34 Sss,
4 2 2 2 2 2 4 2 2
My S23 — My Mg S23 + My S12 S23 — My S23 S34 + Mg S23 S34 — My S45 + My S15 S45 + My S34 S45 — S15 S34 S45,
2.2 4 2 2 2 4 2 2
My Mg S12 — Mg S12 — My S12 S15 + Mg S12 S15 — Mg S12 S23 + Mg S45 — Mg S15 S45 — Mg S34 Sa5 + S15 S34 S45,
4 2 2 2 2 2.2 2 .2 2 2 2
My S33 — 4 My M5 S23 Sa5 + 2 My S15 S23 S45 — 2 My S53 S45 + S5 Syas — 2 S15 S23 Sy + So3 Sas
4 2 2.2 2.2 2 2 .2 2 2 2
Mg S1, —4 My M5 S12 S45 — 2 M5 ST, S45 + 2 M5 S12 S34 S45 + S7p S5 — 2 S12 S34 Sy + S34 Szs
2 2 4 2 2 2 2 2.2 2 2 2 2 2
My Mg S23 — Mg S23 — My S15 S23 + Mg S15 S23 — Mg Sy3 — My Mg Sg5 + My S15 S45 + Mg S15 S45 — S5 S45 + Mg S23 S45 + S15 S23 S45 — S15 Sy,
4 2.2 2 2 2 2 2 -3 2 2 2 2 2
My S12 — My Mg S12 + My S5, — My S12 S34 + Mg S12 S34 + My Mg Sg5 — My S12 S45 — My S34 Sa5 — Mg S34 S45 — S12 S34 S45 + S34 S45 + S34 Sy,

my Siz + mﬁ S12 Si15 - mg Si12 Si15 + mﬁ Si12 S23 + mg Si12 S23 + mﬁ Si5 S23 — mﬁ Si5 S23 + mﬁ 533 - mi S12 S34 + mf; Si12 S34 -

mi S23 S34 + m§ S23 S34 + S12 S15 S45 + 5%5 S45 — S12 S23 S45 — S15 S23 S45 — S12 S34 S45 — 2 S15 S34 S45 + S23 S34 Sas5 + S§4 S45,
mi siz -2 mi siz Si15 + siz sfs + 2 mﬁ mﬁ S12 S23 - 2 mﬁ siz S23 -4 mi S12 S15 S23 + 2 mé S12 S15 S23 — 2 siz S15 S23 +

m‘s" 533 -2 mﬁ Si12 533 + Siz 533 + 2 mﬁ S12 S23 S33 - 4 mg S12 S23 S34 + 2 S12 S15 S23 S34 - 2 mﬁ 533 S34 — 2 S12 S§3 S34 +

533 S§4 +2 mi S12 S15 S45 — 2 S12 Sis S45 - 2 mﬁ S15 S23 S45 + 2 S12 S15 S23 Sa5 - 2 mi S12 S34 S45 + 2 S12 S15 S34 Sas5 +

2 2 2 2 2 2 2
2 Mg S23 S34 S45 + 2 S12 S23 S34 Sa5 + 2 S15 S23 S34 S45 — 2 So3 S34 S45 + S15 Syg — 2 S15 S314 Sy5 + S34 S45}

4 2 2 -9 2 2 2 2 2 2 2 2

Mg S12 S23 + Mg S3 + My M5 S12 S45 — M5 S12 S15 S45 — M5 S12 S23 S45 — 2 My S15 S23 S45 + M5 S23 S34 S45 + S12 S15 Sy + S15 Sz5 — S15 S34 Sys,
2 4 2 2 2 2 2 2 2 2 2 2

My S + My S12 S23 + My S12 S15 Sas + My M5 S23 Sa5 — My S12 S23 S5 — 2 My S12 S34 Sa5 — My S23 S34 Sas5 — S15 S34 Sy5 + S23 S34 Sys + S34 Sus

2 2 2 4 _2 2 2 2 2 2 2 2 2 2
My S1o + 2 My M5 S12 S23 + Mg So3 + 2 My S12 S15 Sa5 — 2 Mg S15 S23 Sa5 — 2 My S12 S34 Sa5 + 2 Mg S23 S34 Sa5 + Si5 Sy5 — 2 S15 S34 Sy5 + S34 Sys

10



Algebraic letters

e 62 algebraic letters

e Example
2.2 4 2 2 2 2 2 2 2
dlog[— ( (2 Mz M5 S12 — Mg S12 + Mg S35 — Mg S12 S34 + M5 S12 S45 — ST, S45 + M5 S34 S45 + 2 S12 S34 S45 — S34 Sas +
4 _2 2 2 2 2 2 2 2 2 2 2
5S12 —4 My M5 S12 Sa5 — 2 M5 S75 Sas + 2 M5 S12 S34 Sas5 + S7p Sa5 — 2 S12 S34 Sy + S34 S45> )/

4 2 2 2 2
\/(ms—zmsslz+slz—2mss34—2$1zs34+s34) (m

2 2 4 2 2 2 2 2 2 2
(—2 My Mg S12 + Mg S12 — Mg S5 + Mg S12 S34 — Mg S12 S45 + S15 S45 — Mg S34 Sg5 — 2 S12 S34 Sa5 + S34 S45 +

4 2 2 2 2 4 _2 2 2 2 2 2 2 2 2 2 2

Constructed from

G ({P1+ P2, Ps + Parl2} ,{P1+ P2, Ps+ ParPa})+ o | G(Py+ P2rPs+ Pa) G (12, P1+ Pz, PaP3 + Pa)
L G(pr+ P2, Pp3+ Pa) G(l2,p1 + P2, Pa, P3 + Pa)

dlog
G ({pL+ P2, Ps + Pa,l2} ,{pP1+ P2, P3 + Pa, Pa}) !
O, X! O,x7! 0O,xg! 0O,Xg! 0O,X10! 0,Xq71! 512}

O,Xz! O,X3! O,X4! O,X5!

with {X1'!

17



Three-loop trip-box with masses

P2 X3 Is X7 P3 P2 X3 Is X7 P3
L2 g L9 10 ) s X9 10
P1 X1 Ly L6 4 P1 X1 T4 L6 4
Checked with CDEs
D2 T3 Ts T D3 D2 I3 L5 L7 P3
To Ts T9 T10 Lo I8 L9 L10
D1 i T4 Z6 D4 p1 L1 L4 L6 4

The letters for first case:

"m?,s,t,m?! t,4m?! s,m?! s! t,2m?! s! t,m*! m%t+ st,m*! 2m?t + t(s+ t)

| 4m2)! 2m2+ s | 4m2)! 2m2+ s+2t
. S(s ) S dlog ! * s(s ) S |

{dlog !
s(s! 4m?)+2m2! s s(s! 4m?2)+2m2! s! 2t




Feynman integrals in embedding space

e Embed a vector in d dimension to d+2 [ P.A.M.Dirac’ 1936,
S.Weinberg’ 2010,
X (xH, X X ), D. Simmons-Duffin’ 2014]

with (XY )=2xay+ X' YY"+ X*Y' .

e Consider a propagator (Il p)?! mi2

Yol (IM1%,1), X ={p,! p?+ m? 1

e Integration measure

"Y P Y #

dr (Y X;)d

(Y ?)

with 1Y d™* 1 Y" = 1| s, Y'1dY'248dY'*2 and X, ! (O, 1,0)

19



Schubert problems

[S. He, X. Jiang, J. Liu, and Q. Yang’ 2023 ]

e Introduce 4 embedding vectors { X o, X1, X2, X3}

k+p;

e Schubert problems for box integrals

YXo= YX1=YX,=2YX3=Y?%=0 «f | woperns
e Schubert problems for triangle integrals «
YXo=YX1=YX,=YX, =Y?=0

e [ ctters as cross ratio

(Y7 Y2 (Y1 Ys )
(Y1 Y2 )(Y;1 Y7)

20



Schubert problems

e Dual vectors Mo
0

=M o
Xl

~M o
X5

with following relations

!M0M1M2M3M4M5x(|)\/|1xé\/|2 ...XI5VI5,

— ||V|0|V|1|\/|2|V|3|V|4|V|5X|1V|1 Xé\ﬂs
. ,

Xal X

!M0M1M2M3M4Msx(|)\/|1xi/|2 ---X4|1\/|5,

X% = (1 1)) Xo" X1" Xo" X3" Xa" Xslij |

X:-iX:-j — G({Xo,..

e Solutions and letters

I G({XO,X]_,XZ,X?)} 1{X01X21X31X4}) +

-;Xi! 1’Xi+11X5}1{X0!'--1Xj! 1,Xj+1,x5}) .

X4 + Coox X5
X'-S + Gy X'-S

G(XO,X]_,XZ,XS) G(X01X21X31X4)ﬁ2

| G ({Xo0,X1,X2,X3},{X0,X2,X3,X4})!

G (X0, X1,X2,X3) G (X, X2,X3,X24) 2
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Summary and outlook

Summary

1. Recursive structure of Baikov representation
2. Present an algorithmic approach for constructing symbol letters

3. Bootstrap two loop five-points and three loop four points integrals

Outlook

1. Extend our method to non-planar integrals
2. Explore the relationship between our method and Schubert problems

3. Investigate Landau singularities in Baikov representation

4. Bootstrap Feynman integrals with letters
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