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Introduction
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Proton-proton collision at LHC

Precise predictions of hard scattering 
processes require higher order corrections
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[S. Abreu and et al. ‘2020]

[S. Badger and et al.’2023]
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<latexit sha1_base64="o0ALdthPeveN+07VIrxayNIQmEM=">AAACOnicfVDLSsNAFJ34rPVVdelmsAgVpCSi6EKh4sZlC7YKTQiTyU07OJmEmUmxhH6XG7/CnQs3LhRx6wc4fSzUigcGDufcw517gpQzpW37yZqZnZtfWCwsFZdXVtfWSxubLZVkkkKTJjyRNwFRwJmApmaaw00qgcQBh+vg9mLoX/dAKpaIK91PwYtJR7CIUaKN5JcaodsDmke+PaiM2N1g34VUMZ6IvbPw3M//Mv7JYL9Utqv2CHiaOBNSRhPU/dKjGyY0i0FoyolSbcdOtZcTqRnlMCi6mYKU0FvSgbahgsSgvHx0+gDvGiXEUSLNExqP1O+JnMRK9ePATMZEd9Vvbyj+5bUzHZ14ORNppkHQ8aIo41gneNgjDpkEqnnfEEIlM3/FtEskodq0XTQlOL9Pniatg6pzVLUbh+Xa6aSOAtpGO6iCHHSMaugS1VETUXSPntErerMerBfr3foYj85Yk8wW+gHr8wt4M65l</latexit>

d~f0(~x, ✏) = dA0(~x, ✏)~f0(~x, ✏)

<latexit sha1_base64="nSfg18j0i1EhAgFozUSPzAySgdw=">AAACM3icdVDLSgMxFM3UV62vqks3wSK0IGVGFF0oKG7ElYJ9QGcomcydNjSTGZKMWIb+kxt/xIUgLhRx6z+Y1hZ8Hgg5nHMuyT1+wpnStv1o5aamZ2bn8vOFhcWl5ZXi6lpdxamkUKMxj2XTJwo4E1DTTHNoJhJI5HNo+L3Tod+4BqlYLK50PwEvIh3BQkaJNlK7eB5g9xpoFg7Ko/tmsO1CohiPReVownBwMnEr/6Zxu1iyq/YI+DdxxqSExrhoF+/dIKZpBEJTTpRqOXaivYxIzSiHQcFNFSSE9kgHWoYKEoHystHOA7xllACHsTRHaDxSv05kJFKqH/kmGRHdVT+9ofiX10p1eOBlTCSpBkE/HwpTjnWMhwXigEmgmvcNIVQy81dMu0QSqk3NBVOC83Pl36S+U3X2qvblbun4cFxHHm2gTVRGDtpHx+gMXaAaougWPaBn9GLdWU/Wq/X2Gc1Z45l19A3W+we/RKuO</latexit>

d~f(~x, ✏) = ✏dA(~x)~f(~x, ✏)

Introduction

• Differential equations method [ Henn ‘2013 ]

Differential equations for           master integrals

Canonical differential  
     equations(CDEs)

<latexit sha1_base64="7fIYdQJDcFXSdgnCDNjbhq5iyZA="></latexit>

d~f(~x, ✏) = ✏
X

k

Akd log↵k(~x)~f(~x, ✏)     is called a letter<latexit sha1_base64="A990/jML5NNz0536Nhzu3cwlgxI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEnons8mQ2dl1ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSVrGG4EayeKYRQI1gpGt1O/9cSU5rF8MOOE+REOJA85RWOldhdFMsTeqFeuuFV3BrJMvJxUIEe9V/7q9mOaRkwaKlDrjucmxs9QGU4Fm5S6qWYJ0hEOWMdSiRHTfja7d0JOrNInYaxsSUNm6u+JDCOtx1FgOyM0Q73oTcX/vE5qwms/4zJJDZN0vihMBTExmT5P+lwxasTYEqSK21sJHaJCamxEJRuCt/jyMmmeVb3L6sX9eaV2k8dRhCM4hlPw4ApqcAd1aAAFAc/wCm/Oo/PivDsf89aCk88cwh84nz8QCJAA</latexit>↵k

The solutions are expressed as iterated functions
<latexit sha1_base64="qFL8zznJoQJ4vmTRQhQPjRy9+P8=">AAACMHicbVDLSsNAFJ3UV62vqEs3g0VwVZLiayMUBXVZwT6gCWEymbRDJzNhZiKU0k9y46foRkERt36F0zaL2nrgwuGce7n3njBlVGnHebcKS8srq2vF9dLG5tb2jr2711Qik5g0sGBCtkOkCKOcNDTVjLRTSVASMtIK+9djv/VIpKKCP+hBSvwEdTmNKUbaSIF9C+ENvIQe5RpG0GOi6yGW9lDAoYcjoVVuzTjVRcmFgV12Ks4EcJG4OSmDHPXAfvEigbOEcI0ZUqrjOqn2h0hqihkZlbxMkRThPuqSjqEcJUT5w8nDI3hklAjGQpoyp0zU2YkhSpQaJKHpTJDuqXlvLP7ndTIdX/hDytNME46ni+KMQS3gOD0YUUmwZgNDEJbU3ApxD0mEtcm4ZEJw519eJM1qxT2rnN6flGtXeRxFcAAOwTFwwTmogTtQBw2AwRN4BR/g03q23qwv63vaWrDymX3wB9bPL03CqAY=</latexit>

F =

Z
d log↵n · · ·

Z
d log↵2

Z
d log↵1

<latexit sha1_base64="rTeUYt8gOaXzMsZKDVbpe3JeVw4=">AAACM3icbVDLSgMxFM34tr6qLt0Ei1A3Zab42giiIOKqolWhU8qdNG1DM5MhuSOUof/kxh9xIYgLRdz6D6YPUVsPBA7n3EfuCWIpDLruszMxOTU9Mzs3n1lYXFpeya6uXRuVaMbLTEmlbwMwXIqIl1Gg5Lex5hAGkt8E7ZOef3PHtREqusJOzKshNCPREAzQSrXsuR8CthjI9LKbP92mh9QHGbeg5lFfoQi5+RaKPwKrKzSjvh2WcwtuH3SceEOSI0OUatlHv65YEvIImQRjKp4bYzUFjYJJ3s34ieExsDY0ecXSCOy2atq/uUu3rFKnDaXti5D21d8dKYTGdMLAVvYuNKNeT/zPqyTYOKimIooT5BEbLGokkqKivQBpXWjOUHYsAaaF/StlLdDA0MacsSF4oyePk+tiwdsr7F7s5I6Oh3HMkQ2ySfLEI/vkiJyREikTRu7JE3klb86D8+K8Ox+D0gln2LNO/sD5/AJwH6pC</latexit>

S(F ) = ↵1 ⌦ ↵2 ⌦ · · ·⌦ ↵n
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Introduction

• Challenges:

1. Symbolic integration-by-parts (IBP) reduction 

2. Determine the letters from partial derivatives 

• Benefits of letters:

1. Letters as input to find the canonical basis 

2. Bootstrap coefficient matrices for CDEs  

3. Bootstrap analytic expressions for Feynman integrals

[C. Dlapa, J.Henn, and K.Yan ’ 2020]

[L.J.Dixon and et al.’2011 , L.J.Dixon and et.al ,2013 
 L.M. Drummond and et al. ‘2015 , D. Chicherin and et al.’ 2018, 
 S. Caron-Hout and et al. ‘2019]
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Introduction

• Recent progress

1. Symbol letters for one-loop integrals are fully understood

2.  Attempts have been made from different perspectives for high-loops

• Landau singularities

• Intersection theory

• Schubert problems

[T.Dennen and et al. ’ 2016,    I. Prlina and et al. ’ 2018 
  H. S. Hannesdottir and et al. ’2022, 
  L. Lippstreu and et al. ‘2022, C. Dlapa and et al. ‘2023]

[J.Chen and et al. ‘2024]

[Q.Yang ’ 2022,       S. He and et al. ’ 2022 
  R. Morales and et al. ’2023, 
  S. He and et al. ‘2023 ]

[M. Spradlin and A. Volovich ‘2011,  N. Arkani-Hamed and E. Y. Yuan’ 2017 
 S. Abreu and et al. ‘2017,   S. Caron-Huot and A. Pokraka ‘2021, 
 J. Chen and et al. ‘2022 ]  
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L-loop Feynman integrals with E+1 external legs

Standard Baikov representation

<latexit sha1_base64="OZTMZj8WC48pUypzAbnRixQwPzo=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUCmUpIq6EQoiuChSwT6gDWUynbRDJ5MwMxFKyMalH+APdONCEbd+hjs/wP9w+lho64ELh3Pu5d573JBRqSzry0gtLC4tr6RXM2vrG5tb5vZOTQaRwKSKAxaIhoskYZSTqqKKkUYoCPJdRupu/3Lk1++JkDTgd2oQEsdHXU49ipHSUtvcu7mALU8gHJdz5bx9lMTFJF+GV20zaxWsMeA8sackW8oPa0/fj8eVtvnZ6gQ48glXmCEpm7YVKidGQlHMSJJpRZKECPdRlzQ15cgn0onHDyTwUCsd6AVCF1dwrP6eiJEv5cB3daePVE/OeiPxP68ZKe/ciSkPI0U4nizyIgZVAEdpwA4VBCs20ARhQfWtEPeQjkPpzDI6BHv25XlSKxbs04J9q9M4AROkwT44ADlggzNQAtegAqoAgwQMwQt4NR6MZ+PNeJ+0pozpzC74A+PjB3FPmAc=</latexit>

N =
L(L+ 1)

2
+ LE

Loop-by-loop Baikov representation

<latexit sha1_base64="kxpPMajh9DCUW+yNAGZQl0igI1U="></latexit>

Ia1,a2,...,an =

Z LY

i

ddli
i⇡d/2

1

Da1
1 Da2

2 · · ·DaN
N

<latexit sha1_base64="yCWdgwOwSJ92NLJbu1Ao34WfgHA="></latexit>

Ia1,a2,...,an =
C

G(p1, . . . , pE)
d�E�1

2

Z NY

i

dxi
G(l1, . . . , lL, p1, . . . , pE)

d�L�E�1
2

xa1
1 xa2

2 · · ·xaN
N

<latexit sha1_base64="V/SAemJdifmtk81fuRnnMTqGTEc="></latexit>

G({k}, {q}) ⌘ det(ki · qj)
<latexit sha1_base64="17LIGLZGLBYGGd9SKKKBScTADT8=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0VoQUoiVl0WXeiygq2FJpTJdNIOnUzizKRQQr/Ejb/ixoUigiv9GydtQNt6YODMOfdy7z1exKhUlvVt5JaWV1bX8uuFjc2t7R1zd68pw1hg0sAhC0XLQ5IwyklDUcVIKxIEBR4j997gKvXvh0RIGvI7NYqIG6Aepz7FSGmpY1avS06AVN/zk8G4DB3yENMh1GLyKzvj49lvuWMWrYo1AVwkdkaKIEO9Y3463RDHAeEKMyRl27Yi5SZIKIoZGRecWJII4QHqkbamHAVEusnkvDE80koX+qHQjys4Uf92JCiQchR4ujJdUs57qfif146Vf+EmlEexIhxPB/kxgyqEaVawSwXBio00QVhQvSvEfSQQVjrRgg7Bnj95kTRPKvZZpXp7WqxdZnHkwQE4BCVgg3NQAzegDhoAg0fwDF7Bm/FkvBjvxse0NGdkPftgBsbXD6Ytotw=</latexit>

G(k) ⌘ G({k}, {k})

<latexit sha1_base64="/IGYsJLKzIlz0clVRY4RphKYwJ0="></latexit>Z
u(x)

nY

i

dxi

xai
i

, u(x) =
Y

j

[Pj(x)]
↵j+�j✏



Recursive structures of Baikov representation
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Integrate out irreducible scalar products (ISPs)
<latexit sha1_base64="BpY77lGWPVwxJQrw56lXHF1jT3I="></latexit>Z c2

c1

zn [�A(z � c1)(z � c2)]
� dz = (�A)� (c2 � c1)

1+2� �(1 + �)2

�(2(1 + �))

⇥
✓
c1 + c2

2

◆n

2F1

 
�n

2
,
1� n

2
,
3

2
+ �;

✓
c1 � c2
c1 + c2

◆2
!
.

1 with n=0 and 1Gram determinants

std repr.

Relation graph of Baikov representation

[X.Jiang and L. Yang’ 2023]



Recursive structures of Baikov representation
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x5 x4

x3 x2x1 x3 x2

x4 x4x5 x5

std repr.

u1 u2

u3

Iterative structures of sunrise integrals
<latexit sha1_base64="V7eoaxlaQvFf+jExur+ZoDGTuxg="></latexit>

x1 = l21 �m2
1 , x2 = (l1 � l2)

2 , x3 = (l2 � p)2 �m2
2 ,

x4 = l22 , x5 = (l1 � p)2 .

<latexit sha1_base64="25t6hU01HHen6vM8o4PN60M5yLI="></latexit>

G(p)
2�d
2 G (l1, l2, p)

d�4
2

Baikov representation along the yellow path

<latexit sha1_base64="EYaxBIQkEfWa+OVCvNA8GuO7abE="></latexit>

G(p)1�
d
2G (l2, p)

d�3
2 G (l2)

1� d
2 G (l1, l2)

d�3
2

<latexit sha1_base64="6CNfTPt7UPQ42lID5HDInT67YEY="></latexit>

G(p)1! d
2 G (l2, p)

d ! 3
2 G (l1)

d ! 2
2

<latexit sha1_base64="Usgu+JuTBY0JYokV3s/NOYzkyqA=">AAACMXicdVDLSsNAFJ34rPVVdekmWIS6aEmKr2XRhV1WsA9oYphMJ+3QyYOZG6GE/JIb/0TcdKGIW3/CaRtEWz0wcDjnXO7c40acSTCMsba0vLK6tp7byG9ube/sFvb2WzKMBaFNEvJQdFwsKWcBbQIDTjuRoNh3OW27w+uJ336gQrIwuINRRG0f9wPmMYJBSU6hfmNx6kGJO6YlWH8AJ0l6n1iewCTplatpUk3T70i1HP0bcgpFo2JMoS8SMyNFlKHhFJ6tXkhinwZAOJayaxoR2AkWwAinad6KJY0wGeI+7SoaYJ9KO5lenOrHSunpXijUC0Cfqj8nEuxLOfJdlfQxDOS8NxH/8roxeJd2woIoBhqQ2SIv5jqE+qQ+vccEJcBHimAimPqrTgZYFQGq5LwqwZw/eZG0qhXzvHJ2e1qsXWV15NAhOkIlZKILVEN11EBNRNAjekGv6E170sbau/Yxiy5p2cwB+gXt8wvYR6qj</latexit>

G (l1)
d ! 2

2 G (l2 ! p)
d ! 2

2

s

x1

x2

x3

m2
1

m2
2



Symbol letters for one-loop integrals
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• Rational letters as Gram determinant 

<latexit sha1_base64="DvzL9Yv7rb9fr6kiSFXoFO3Z0fg="></latexit>

u(x)! (x) !
!

G(0)
E +1"

i =1

dxi

xi

#
G(x)

$! 1/ 2! !

=
#
G(x)

$! !
E +1"

i =1

dxi

xi

%
G(0i , xi +1 , . . . , xE +1 )
G(0i ! 1, xi , . . . , xE +1 )

• D-log form integrand and leading singularities

E is odd

<latexit sha1_base64="ZIL24UuDYGbwUIu4mL5PGQSyl68="></latexit>

d logG(0) = d logG(x)
!
!
!
maximal cut

• Get a pinched pole at               if                    .  

    It’s related to Landau singularities

<latexit sha1_base64="dGEnnvmOwi0kuaXwpEsK9w9nYos=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoivjZC0Y3LCvYBbSmT6aQdOpmEmYlYQsBfceNCEbd+hzv/xkkbQVsPDBzOuZd75ngRZ0o7zpdVWFhcWl4prpbW1jc2t+ztnYYKY0lonYQ8lC0PK8qZoHXNNKetSFIceJw2vdF15jfvqVQsFHd6HNFugAeC+YxgbaSevdcJsB56fvKQXv5QJ+3ZZafiTIDmiZuTMuSo9ezPTj8kcUCFJhwr1XadSHcTLDUjnKalTqxohMkID2jbUIEDqrrJJH6KDo3SR34ozRMaTdTfGwkOlBoHnpnMEqpZLxP/89qx9i+6CRNRrKkg00N+zJEOUdYF6jNJieZjQzCRzGRFZIglJto0VjIluLNfnieN44p7Vjm9PSlXr/I6irAPB3AELpxDFW6gBnUgkMATvMCr9Wg9W2/W+3S0YOU7u/AH1sc3sLKV+A==</latexit>

x = 0
<latexit sha1_base64="ftgWh1b6Xhr44m8MAaRPf1HnmqQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyURXxuh6EKXFewD2lAm00k7dDIJMxOhhn6JGxeKuPVT3Pk3TtostPXAwOGce7lnjh9zprTjfFtLyyura+uFjeLm1vZOyd7da6ookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH91kfuuRSsUi8aDHMfVCPBAsYARrI/Xs0m2lG2I99IPUmRxfOT277FSdKdAicXNShhz1nv3V7UckCanQhGOlOq4Tay/FUjPC6aTYTRSNMRnhAe0YKnBIlZdOg0/QkVH6KIikeUKjqfp7I8WhUuPQN5NZSDXvZeJ/XifRwaWXMhEnmgoyOxQkHOkIZS2gPpOUaD42BBPJTFZEhlhiok1XRVOCO//lRdI8qbrn1bP703LtOq+jAAdwCBVw4QJqcAd1aACBBJ7hFd6sJ+vFerc+ZqNLVr6zD39gff4AYcSSRg==</latexit>

G(0) = 0

[J. Chen and et al. ‘2021]



Symbol letters for one-loop integrals
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• Algebraic letters have the form: 

• Similar to the construction of d-log form integrand

<latexit sha1_base64="XZsLVMeCR1ymKDETOwDXcCoivhI="></latexit>

G(q, qi )G(q, qj ) = G({ q,qi } , { q, qj } )2 + G(q)G(q, qi , qj )

Sylvester identity for Gram determinant:

with B^2+DE=AC. 

<latexit sha1_base64="QK2g/bKB1fZhqhXkWW8J/IS/RQ0="></latexit>

! B log
(B +

!
" DE )

(B "
!

" DE )

!
!
!
!
DE

=
2
!

" DE
" AC

,

! B log
(B +

!
AC )

(B "
!

AC )

!
!
!
!
!
DE

=
2

!
AC

,

<latexit sha1_base64="1uUzzKLE8AUFDSePH//Zb4OPBJE="></latexit>

d log
G({ q, qi } , { q, qj } ) +

!
! G(q)G(q, qi , qj )

G({ q, qi } , { q, qj } ) !
!

! G(q)G(q, qi , qj )

"
"
"
"
"
maximal cut

<latexit sha1_base64="RimSqJ5auVFLq30L/80UVu3OmYQ="></latexit>

d log
G({ q, qi } , { q, qj } ) +

!
G(q, qi )G(q, qj )

G({ q, qi } , { q, qj } ) !
!

G(q, qi )G(q, qj )

"
"
"
"
"
maximal cut



Ansatz for symbol letters 
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• Rational letters:

• Algebraic letters:

“Maximal cut” means cut of the propagator and ISPs at some poles.

<latexit sha1_base64="WaSDcWc4Ak3BHR3GlK0W9kMNur4="></latexit>

d logG(0) = d logG(x)
!
!
!
Ómaximal cutÓ

• Some letters like that
<latexit sha1_base64="Yj7+ZEdYNgArmWzNysoTIBdI6E0="></latexit>

d log
G({ l1, p1, p2, p3} , { l2, p1, p2, p3} ) !

!
G(l1, p1, p2, p3)G(l2, p1, p2, p3)

G({ l1, p1, p2, p3} , { l2, p1, p2, p3} ) +
!

G(l1, p1, p2, p3)G(l2, p1, p2, p3)

"
"
"
"
"
Ómaximal cutÓ

<latexit sha1_base64="fY2BCY/XWlCP+XDopy+iM42YIRM="></latexit>

d log
G({ q, qi } , { q, qj } ) +

!
G(q, qi )G(q, qj )

G({ q, qi } , { q, qj } ) !
!

G(q, qi )G(q, qj )

"
"
"
"
"
Ómaximal cutÓ

<latexit sha1_base64="YwlT8v+GDA+Oe74E0gu5X41Bc/s="></latexit>

d log
G({ q, qi } , { q, qj } ) +

!
! G(q)G(q, qi , qj )

G({ q, qi } , { q, qj } ) !
!

! G(q)G(q, qi , qj )

"
"
"
"
"
Ómaximal cutÓ



Selection rules for symbol letters 
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1. The power of Gram determinants in Baikov representation  
     should be half integer, for those appearing in square root 

2. The Gram determinants in square root are linked by  
     one-direction arrow in the graph of the recursive structure 

3. The expression in square root is not a perfect square

<latexit sha1_base64="fY2BCY/XWlCP+XDopy+iM42YIRM="></latexit>

d log
G({ q, qi } , { q, qj } ) +

!
G(q, qi )G(q, qj )

G({ q, qi } , { q, qj } ) !
!

G(q, qi )G(q, qj )

"
"
"
"
"
Ómaximal cutÓ

<latexit sha1_base64="YwlT8v+GDA+Oe74E0gu5X41Bc/s="></latexit>

d log
G({ q, qi } , { q, qj } ) +

!
! G(q)G(q, qi , qj )

G({ q, qi } , { q, qj } ) !
!

! G(q)G(q, qi , qj )

"
"
"
"
"
Ómaximal cutÓ



Symbol letters for sunrise integrals 
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<latexit sha1_base64="V7eoaxlaQvFf+jExur+ZoDGTuxg="></latexit>

x1 = l21 �m2
1 , x2 = (l1 � l2)

2 , x3 = (l2 � p)2 �m2
2 ,

x4 = l22 , x5 = (l1 � p)2 .

s

x1

x2

x3

m2
1

m2
2

• Sunrise integrals

• Baikov representation for top sector with 
<latexit sha1_base64="ZNCJHCBakwNG/fSKAd3M26xOILg="></latexit>

÷u1(x4) =
!

÷G(p) ÷G(l2)
" ! !

÷G(l1, l2) ÷G(l2, p)
" ! 1/ 2! !

,

÷G(p) = s , ÷G(l2, p) = ! ! (x4, s, m2
2)/ 4 ,

÷G(l2) = x4 , ÷G(l1, l2) = ! (x4 ! m2
1)2/ 4 ,

where 
<latexit sha1_base64="NOKMbgZ0OhbBaOr7Ly7Wsj3offc=">AAACFnicbVDLTgIxFO34RHyhLt00EhOMDJmZ+FoS3bjERB4JM5BO6UBD52HbIQyEr3Djr7hxoTFujTv/xvJYKHiSm5ycc27ae9yIUSEN41tbWl5ZXVtPbaQ3t7Z3djN7+xURxhyTMg5ZyGsuEoTRgJQllYzUIk6Q7zJSdbs3Y7/aI1zQMLiXSUQcH7UD6lGMpJKaGd1mKtxCuX4+yQ9OoE0eYtqD/YZ1mqgZNCzd6ie6lQx0a9BvZrJGwZgALhJzRrJghlIz82W3Qhz7JJCYISHqphFJZ4i4pJiRUdqOBYkQ7qI2qSsaIJ8IZzg5awSPldKCXsjVBBJO1N8bQ+QLkfiuSvpIdsS8Nxb/8+qx9K6cIQ2iWJIATx/yYgZlCMcdwRblBEuWKIIwp+qvEHcQR1iqJtOqBHP+5EVSsQrmReH87ixbvJ7VkQKH4AjkgAkuQRHcghIoAwwewTN4BW/ak/aivWsf0+iSNts5AH+gff4AEx+dcg==</latexit>

! (x, y, z) ! x2 + y2 + z2 " 2xy " 2yz " 2zx

• Simple poles of <latexit sha1_base64="8UpoiBKDQy1ebImR6Sofwbp1N9s=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo5ELx4xyiOBDZkdGpgwO7uZmTWSDZ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqLSPJIPZhyjH9KB5H3OqLHS/VO30i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNs7J3UT6/q5Sq11kceTiCYzgFDy6hCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBE3yNrQ==</latexit>x4

<latexit sha1_base64="Q9py6js/SX4lW7ecb6h9LY3qUfM=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgxbAbfF2EoBePEcwDkiXMznaSIbMz68xsICz5Di8eFPHqx3jzb5wke9DEgoaiqpvuriDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKFloijUqeRStQKigTMBdcMMh1asgEQBh2YwvJv6zREozaR4NOMY/Ij0BesxSoyV/PCmclbpQKwZl6JbLLlldwa8TLyMlFCGWrf41QklTSIQhnKiddtzY+OnRBlGOUwKnURDTOiQ9KFtqSARaD+dHT3BJ1YJcU8qW8Lgmfp7IiWR1uMosJ0RMQO96E3F/7x2YnrXfspEnBgQdL6ol3BsJJ4mgEOmgBo+toRQxeytmA6IItTYnAo2BG/x5WXSqJS9y/LFw3mpepvFkUdH6BidIg9doSq6RzVURxQ9oWf0it6ckfPivDsf89ack80coj9wPn8A5S2Rjg==</latexit>

d = 2 ! 2!

<latexit sha1_base64="ETnZ9tPcXCtmffvWRp7OppBP+AQ=">AAACJXicbZDLSgMxFIYzXmu9VV26CRbBRSkzpV4WCkU3LivYC3TqkEkzbWgmMyZn1FL6Mm58FTcuLCK48lVMLwtt/SHw851zODm/Hwuuwba/rIXFpeWV1dRaen1jc2s7s7Nb1VGiKKvQSESq7hPNBJesAhwEq8eKkdAXrOZ3r0b12gNTmkfyFnoxa4akLXnAKQGDvMz5k1e8sLGbwzns3iekhUcg9Jy7wgzEruLtDhClokfschlAz8tk7bw9Fp43ztRk0VRlLzN0WxFNQiaBCqJ1w7FjaPaJAk4FG6TdRLOY0C5ps4axkoRMN/vjKwf40JAWDiJlngQ8pr8n+iTUuhf6pjMk0NGztRH8r9ZIIDhr9rmME2CSThYFicAQ4VFkuMUVoyB6xhCquPkrph2iCAUTbNqE4MyePG+qhbxzkj++KWZLl9M4UmgfHaAj5KBTVELXqIwqiKJn9Ire0dB6sd6sD+tz0rpgTWf20B9Z3z9qtKJG</latexit>

x4 = 0 , x4 = m2
1 , x4 ! "

x5 x4

x3 x2x1 x3 x2

x4 x4x5 x5

std repr.

u1 u2

u3



Symbol letters for sunrise integrals 
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• Gram determinant appearing in square roots

• Algebraic letters
<latexit sha1_base64="zquTJUUQbPA5rkHxNlkaOKUlmJI="></latexit>

d log
G({ p} , { l2} ) +

!
! G()G(l2, p)

G({ p} , { l2} ) !
!

! G()G(l2, p)

"
"
"
"
"
x 1 = x 2 = x 3 =0 ,x 4 = m 2

1
<latexit sha1_base64="Dmbo5L8ZTsdt12QOc0YAEjHfrbw="></latexit>

d log
G ({ l2 ! p} , { l2} ) +

!
! G()G (l2, l2 ! p)

G ({ l2 ! p} , { l2} ) !
!

! G()G (l2, l2 ! p)

"
"
"
"
"
x 1 = x 2 = x 3 =0 ,x 4 = m 2

1

<latexit sha1_base64="VmgZBIldgYSJ0nF1P4tmbcMy1L8=">AAACP3icbZDNS8MwGMZTP+f8mnr0EhzCBrO0w6/j0IMeJ7gPWMdIs3QLS9OSpMIo+8+8+C948+rFgyJevZmtVefmCwm/PO/zkuRxQ0alsqwnY2FxaXllNbOWXd/Y3NrO7ezWZRAJTGo4YIFoukgSRjmpKaoYaYaCIN9lpOEOLsf9xh0Rkgb8Vg1D0vZRj1OPYqS01MnVoRPDq0KxpDfWsUvhNx2FP1z+pURNrPo4ZZ40i9AZQacEzU4ub5nWpOA82CnkQVrVTu7R6QY48glXmCEpW7YVqnaMhKKYkVHWiSQJER6gHmlp5Mgnsh1P/j+Ch1rpQi8QenEFJ+r0RIx8KYe+q50+Un052xuL//VakfLO2zHlYaQIx8lFXsSgCuA4TNilgmDFhhoQFlS/FeI+EggrHXlWh2DPfnke6mXTPjVPbo7zlYs0jgzYBwegAGxwBirgGlRBDWBwD57BK3gzHowX4934SKwLRjqzB/6U8fkF8/ymBw==</latexit>

{ G() , G(l1, p), G(l1 ! p, p), G(l2, p), G(l2 ! p, p), G(l1, l2), G(l1 ! p, l2 ! p)} .

<latexit sha1_base64="ueHcCmorHlaIx+vh/JCN/OPl/Ak="></latexit>!
log

"
!

m2
1 + m2

2 ! s + ! (m1, m2, s)
m2

1 + m2
2 ! s ! ! (m1, m2, s)

#
, log

"
!

m2
1 ! m2

2 + s + ! (m1, m2, s)
m2

1 ! m2
2 + s ! ! (m1, m2, s)

#$

• Two independent algebraic letters



Examples
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p1

p2

p3
p4

p5

x1

x2

x7

x8

x6

x4

x3

x5

p1

p2

p3
p4

p5

x1

x2

x7

x8

x6

x4

x3

x5

p1

p2

p3
p4

p5

x1

x2

x7

x8

x6

x4

x3

x5

p1

p2

p3
p4

p5

x1

x2

x7

x8

x6

x4

x3

x5

p1

p2

p3
p4

p5

x1

x2

x7

x8

x6

x4

x3

x5

p1

p2

p3
p4

p5

x1

x2

x7

x8

x6

x4

x3

x5

[S. Abreu and et al. ‘2020]

[S. Badger and et al.’2023]

Checked with CDEs

127 master integrals



Rational letters
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• 43 rational letters



Algebraic letters
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• Example

<latexit sha1_base64="KYeHzfdjOKwBGbF3JeXQ4E8z0IA="></latexit>

d log

!
G ({ p1 + p2, p3 + p4, l2} , { p1 + p2, p3 + p4, p4} ) +

"
! G (p1 + p2, p3 + p4) G (l2, p1 + p2, p4, p3 + p4)

G ({ p1 + p2, p3 + p4, l2} , { p1 + p2, p3 + p4, p4} ) !
"

! G (p1 + p2, p3 + p4) G (l2, p1 + p2, p4, p3 + p4)

#

Constructed from 

<latexit sha1_base64="jftMPvFzR3oEtVh7vqA2uAJ5jBA="></latexit>

{ x1 ! 0, x2 ! 0, x3 ! 0, x4 ! 0, x5 ! 0, x6 ! 0, x7 ! 0, x8 ! 0, x9 ! 0, x10 ! 0, x11 ! s12}with

• 62 algebraic letters



Three-loop trip-box with masses
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p2

p1

p3

p4x1

x2

x3

x4

x5

x6

x7

x8 x9 x10

p2

p1

p3

p4x1

x2

x3

x4

x5

x6

x7

x8 x9 x10

p2

p1

p3

p4x1

x2

x3

x4

x5

x6

x7

x8 x9 x10

p2

p1

p3

p4x1

x2

x3

x4

x5

x6

x7

x8 x9 x10

Checked with CDEs

The letters for first case: 
<latexit sha1_base64="zr2i72LHR3Wd5G9sh97/iaabZls="></latexit>!
m2, s, t, m2 ! t, 4m2 ! s, m2 ! s ! t, 2m2 ! s ! t, m 4 ! m2t + st, m4 ! 2m2t + t(s + t)

"

<latexit sha1_base64="0hB7V1w9b7BstyqY753sSxp6PEk="></latexit>

{ d log

!

!

"
s (s ! 4m2) ! 2m2 + s

"
s (s ! 4m2) + 2 m2 ! s

#

, d log

!

!

"
s (s ! 4m2) ! 2m2 + s + 2 t

"
s (s ! 4m2) + 2 m2 ! s ! 2t

#

}



Feynman integrals in embedding space
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• Consider a propagator
<latexit sha1_base64="9ASHswKCrBwXyL4aAsGXLfEB4dA=">AAAB+HicbVDLTgIxFO3gC/HBqEs3jcQEF5AZ4mtJdOMSE3kkMEw6pQMNbWfSdkxwwpe4caExbv0Ud/6NBWah4ElucnLOvbn3niBmVGnH+bZya+sbm1v57cLO7t5+0T44bKkokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjG9nfvuRSEUj8aAnMfE4GgoaUoy0kXy7WGaV2Kdn/VqF+7Rf8+2SU3XmgKvEzUgJZGj49ldvEOGEE6ExQ0p1XSfWXoqkppiRaaGXKBIjPEZD0jVUIE6Ul84Pn8JTowxgGElTQsO5+nsiRVypCQ9MJ0d6pJa9mfif1010eO2lVMSJJgIvFoUJgzqCsxTggEqCNZsYgrCk5laIR0girE1WBROCu/zyKmnVqu5l9eL+vFS/yeLIg2NwAsrABVegDu5AAzQBBgl4Bq/gzXqyXqx362PRmrOymSPwB9bnD9l6ke8=</latexit>

(l ! pi )2 ! m2
i

• Embed a vector in d dimension to d+2 
<latexit sha1_base64="TIxbw/Pu0TRO44KeuQH2PrQy2bI=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0WoGEsivpZFN7qrYNtAk5bJdNoOnTycmRRL6NaNv+LGhSJu/QN3/o2TNgutHrhwOOde7r3HixgV0jS/tNzc/MLiUn65sLK6tr6hb27VRRhzTGo4ZCG3PSQIowGpSSoZsSNOkO8x0vAGl6nfGBIuaBjcylFEXB/1AtqlGEkltXVot66hQ+5iOizdtxw/NpRyaNitg33oGNAotPWiWTYngH+JlZEiyFBt659OJ8SxTwKJGRKiaZmRdBPEJcWMjAtOLEiE8AD1SFPRAPlEuMnkkzHcU0oHdkOuKpBwov6cSJAvxMj3VKePZF/Meqn4n9eMZffcTWgQxZIEeLqoGzMoQ5jGAjuUEyzZSBGEOVW3QtxHHGGpwktDsGZf/kvqR2XrtHxyc1ysXGRx5MEO2AUlYIEzUAFXoApqAIMH8ARewKv2qD1rb9r7tDWnZTPb4Be0j2/YcJc5</latexit>

X I ! (xµ , X ! , X + ) ,
<latexit sha1_base64="MJI6utcNrDAYz1Y98HkGk1J/+ew=">AAACGHicbVDLTsJAFJ3iC/GFunQzkZhg0NoSXxsTohuXmAiUUCDT6RQmTB+ZmRpJ089w46+4caExbtn5N5bShaInubkn59ybmXusgFEhNe1LyS0sLi2v5FcLa+sbm1vF7Z2m8EOOSQP7zOeGhQRh1CMNSSUjRsAJci1GWtboZuq3HggX1Pfu5TggXRcNPOpQjGQi9YsnZaN9eAWrjya2fQnHFaMXHcew3YsqMaxAI+3tVDOPoFroF0uaqqWAf4mekRLIUO8XJ6bt49AlnsQMCdHRtUB2I8QlxYzEBTMUJEB4hAakk1APuUR0o/SwGB4kig0dnyflSZiqPzci5Aoxdq1k0kVyKOa9qfif1wmlc9mNqBeEknh49pATMih9OE0J2pQTLNk4IQhzmvwV4iHiCMsky2kI+vzJf0mzqurn6tndaal2ncWRB3tgH5SBDi5ADdyCOmgADJ7AC3gD78qz8qp8KJ+z0ZyS7eyCX1Am37jLnHM=</latexit>

(XY ) = 2 x áy + X ! Y + + X + Y ! .with 

<latexit sha1_base64="P8gl36uU/1atn9Q1gj/wrAvcqRY=">AAACCXicbVDLSsNAFJ34rPUVdelmsAgVQkmKr2XRjcsK9iFNGibTSTt0Mokzk0IJ3brxV9y4UMStf+DOvzFps9DWAxcO59zLvfd4EaNSmea3trS8srq2Xtgobm5t7+zqe/tNGcYCkwYOWSjaHpKEUU4aiipG2pEgKPAYaXnD68xvjYiQNOR3ahwRJ0B9Tn2KkUolV4f3LoU2eYjpCJZZ1w5iA7Ju1YDWCbQNaBRdvWRWzCngIrFyUgI56q7+ZfdCHAeEK8yQlB3LjJSTIKEoZmRStGNJIoSHqE86KeUoINJJpp9M4HGq9KAfirS4glP190SCAinHgZd2BkgN5LyXif95nVj5l05CeRQrwvFskR8zqEKYxQJ7VBCs2DglCAua3grxAAmEVRpeFoI1//IiaVYr1nnl7Pa0VLvK4yiAQ3AEysACF6AGbkAdNAAGj+AZvII37Ul70d61j1nrkpbPHIA/0D5/AHQylvg=</latexit>

Yi ! (lµ , l2, 1) ,

• Integration measure

with                                                                     and  
<latexit sha1_base64="Q+cEC/P8+Krdp/Dyc7qZXCS6hQo="></latexit>

!Y dd+1 Y " = ! I 1 I 2 áááI d +2 Y I 1 dYI 2 á á ádYI d +2
<latexit sha1_base64="vYRFrIvRdEMXjKAwVzZBFr8JZxg=">AAAB+nicbVDJSgNBEK1xjXGb6NFLYxAihDAjbsegF71FMAskw9DT6Uma9Cx290TCmE/x4kERr36JN//GTjIHTXxQ8Hiviqp6XsyZVJb1bSwtr6yurec28ptb2zu7ZmGvIaNEEFonEY9Ey8OSchbSumKK01YsKA48Tpve4HriN4dUSBaF92oUUyfAvZD5jGClJdcstNxb1KEPCRuWrLJdto5ds2hVrCnQIrEzUoQMNdf86nQjkgQ0VIRjKdu2FSsnxUIxwuk430kkjTEZ4B5taxrigEonnZ4+Rkda6SI/ErpChabq74kUB1KOAk93Blj15bw3Ef/z2onyL52UhXGiaEhmi/yEIxWhSQ6oywQlio80wUQwfSsifSwwUTqtvA7Bnn95kTROKvZ55ezutFi9yuLIwQEcQglsuIAq3EAN6kDgEZ7hFd6MJ+PFeDc+Zq1LRjazD39gfP4AitySPw==</latexit>

X I ! (0, 1, 0)

<latexit sha1_base64="uSXYtZakf8IF/qAJCUPwdDLkPW4="></latexit>!
ddl !

!
"Y dd+1 Y#
(Y XI )d ! (Y 2)

<latexit sha1_base64="qIntOIUq0dE0nPap0v6UjqztX4Y=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBsJak+NoIRTcuK9gHNDFMppN26EwSZiZCCQU3/oobF4q49Sfc+TdO2iy0emAuh3Pu5c49fsyoVJb1ZRTm5hcWl4rLpZXVtfUNc3OrJaNEYNLEEYtEx0eSMBqSpqKKkU4sCOI+I21/eJX57XsiJI3CWzWKictRP6QBxUhpyTN3Oh69cNLYo5UjXe5qhzyrFdsZe2bZqloTwL/EzkkZ5Gh45qfTi3DCSagwQ1J2bStWboqEopiRcclJJIkRHqI+6WoaIk6km05uGMN9rfRgEAn9QgUn6s+JFHEpR9zXnRypgZz1MvE/r5uo4NxNaRgnioR4uihIGFQRzAKBPSoIVmykCcKC6r9CPEACYaVjK+kQ7NmT/5JWrWqfVk9ujsv1yzyOItgFe+AA2OAM1ME1aIAmwOABPIEX8Go8Gs/Gm/E+bS0Y+cw2+AXj4xvp8JZs</latexit>

X i = { pi , ! p2
i + m2

i , 1}

[ P.A.M.Dirac’ 1936, 
   S.Weinberg’ 2010,  
   D. Simmons-Duffin’ 2014]



Schubert problems
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• Introduce 4 embedding vectors
<latexit sha1_base64="Aj8211X0r4tSud+16TkiUf7wim4=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCglqc9l0Y3LCvYBTQiT6aQdOnkwMxFK7MJfceNCEbf+hjv/xmmbhbYeuMPhnHu5d46fcCaVZX0bhaXlldW14nppY3Nre8fc3WvJOBWENknMY9HxsaScRbSpmOK0kwiKQ5/Ttj+8mfjtByoki6N7NUqoG+J+xAJGsNKSZx44Gep4VkU/dqXj1XSdImfsmWWrak2BFomdkzLkaHjml9OLSRrSSBGOpezaVqLcDAvFCKfjkpNKmmAyxH3a1TTCIZVuNr1/jI610kNBLHRFCk3V3xMZDqUchb7uDLEayHlvIv7ndVMVXLkZi5JU0YjMFgUpRypGkzBQjwlKFB9pgolg+lZEBlhgonRkJR2CPf/lRdKqVe2L6vndWbl+ncdRhEM4ghOw4RLqcAsNaAKBR3iGV3gznowX4934mLUWjHxmH/7A+PwBYBOTxw==</latexit>

{ X 0, X 1, X 2, X 3}

• Schubert problems for box integrals

<latexit sha1_base64="3APeWo5B9J8GhaSj6HZd4sVlbfk=">AAACAnicbVC7SgNBFL3rM8bXqpXYDAbBKuzGZxMI2lhGMC+SdZmdzCZDZh/MzAohBBt/xcZCEVu/ws6/cTbZQhMvzOFwzr3cuceLOZPKsr6NhcWl5ZXV3Fp+fWNza9vc2a3LKBGE1kjEI9H0sKSchbSmmOK0GQuKA4/Thje4Tv3GAxWSReGdGsbUCXAvZD4jWGnJNfdbTdcqa7BTKKVwUm7dl8qWaxasojUpNE/sjBQgq6prfnW6EUkCGirCsZRt24qVM8JCMcLpON9JJI0xGeAebWsa4oBKZzQ5YYyOtNJFfiT0CxWaqL8nRjiQchh4ujPAqi9nvVT8z2snyr90RiyME0VDMl3kJxypCKV5oC4TlCg+1AQTwfRfEeljgYnSqeV1CPbsyfOkXira58Wz29NC5SqLIwcHcAjHYMMFVOAGqlADAo/wDK/wZjwZL8a78TFtXTCymT34U8bnD5VWlP8=</latexit>

Y X0 = Y X1 = Y X2 = Y X3 = Y 2 = 0

• Schubert problems for triangle integrals

<latexit sha1_base64="NY2BHM1eael+Kc9uOOXr0phBhiQ=">AAACAnicbVC7SgNBFL3rM8bXqpXYDAbBKuwGX00gaKNdBPMiWZfZyWwyZPbBzKwQQrDxV2wsFLH1K+z8G2eTLTTxwhwO59zLnXu8mDOpLOvbWFhcWl5Zza3l1zc2t7bNnd26jBJBaI1EPBJND0vKWUhriilOm7GgOPA4bXiDq9RvPFAhWRTeqWFMnQD3QuYzgpWWXHO/1XStsgY7hVIKN+XWfalsuWbBKlqTQvPEzkgBsqq65lenG5EkoKEiHEvZtq1YOSMsFCOcjvOdRNIYkwHu0bamIQ6odEaTE8boSCtd5EdCv1Chifp7YoQDKYeBpzsDrPpy1kvF/7x2ovwLZ8TCOFE0JNNFfsKRilCaB+oyQYniQ00wEUz/FZE+FpgonVpeh2DPnjxP6qWifVY8vT0pVC6zOHJwAIdwDDacQwWuoQo1IPAIz/AKb8aT8WK8Gx/T1gUjm9mDP2V8/gC3MpUV</latexit>

Y X0 = Y X1 = Y X2 = Y XI = Y 2 = 0

• Letters as cross ratio 
<latexit sha1_base64="zzoNXc8hxwE193vUcy9IVmfCim0=">AAACL3icbVDLSgMxFM3UV62vUZdugkVoKS0zxdeyKIjLCvYh7XTIpJk2NPMgyQhl6B+58Ve6EVHErX9h2plFbT0Qcu4595Lc44SMCmkY71pmbX1jcyu7ndvZ3ds/0A+PmiKIOCYNHLCAtx0kCKM+aUgqGWmHnCDPYaTljG5nfuuZcEED/1GOQ2J5aOBTl2IklWTrd12XIxwX4JNt9kpQXdVeqQiTupzU5eIkLiz45SW/VJzYet6oGHPAVWKmJA9S1G192u0HOPKILzFDQnRMI5RWjLikmJFJrhsJEiI8QgPSUdRHHhFWPN93As+U0oduwNXxJZyrixMx8oQYe47q9JAcimVvJv7ndSLpXlsx9cNIEh8nD7kRgzKAs/Bgn3KCJRsrgjCn6q8QD5EKUKqIcyoEc3nlVdKsVszLysXDeb52k8aRBSfgFBSACa5ADdyDOmgADF7AFHyAT+1Ve9O+tO+kNaOlM8fgD7SfXy5Codk=</latexit>

(Y +
1 Y +

2 )(Y !
1 Y !

2 )
(Y +

1 Y !
2 )(Y !

1 Y +
2 )
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• Dual vectors <latexit sha1_base64="xZs1vA4IIOz4u9934YLHDx99na8="></latexit>

÷X M 0
0 = ! M 0 M 1 M 2 M 3 M 4 M 5 X M 1

1 . . . X M 5
5 ,

÷X M 0
1 = ! M 0 M 1 M 2 M 3 M 4 M 5 X M 1

0 X M 2
2 . . . X M 5

5 ,

...
÷X M 0

5 = ! M 0 M 1 M 2 M 3 M 4 M 5 X M 1
0 X M 2

1 . . . X M 5
4 ,

<latexit sha1_base64="ogQZDpcj5iuQsJ0d2SOoz3OlZFU="></latexit>

X i ÷X j = ( ! 1)i X 0 " X 1 " X 2 " X 3 " X 4 " X 5! i,j ,
÷X i ÷X j = G ({ X 0, . . . , X i ! 1, X i +1 , X 5} , { X 0, . . . , X j ! 1, X j +1 , X 5} ) .

with following relations 

<latexit sha1_base64="A7H/jHA2U8YAtWD49FxOaCIUVFI="></latexit>!
G ({ X 0, X 1, X 2, X 3} , { X 0, X 2, X 3, X 4} ) +

"
G (X 0, X 1, X 2, X 3) G (X 0, X 2, X 3, X 4)

#
2

!
G ({ X 0, X 1, X 2, X 3} , { X 0, X 2, X 3, X 4} ) !

"
G (X 0, X 1, X 2, X 3) G (X 0, X 2, X 3, X 4)

#
2

• Solutions and letters
<latexit sha1_base64="qhvYlE9fMbw30tY5T6um9hpuMmE=">AAACIHicbVDLSgNBEJz1GeMr6tHLYBAEIexKYrwIQS8eIxiNJGGZnfTq4OyDmV5JWPZTvPgrXjwoojf9GidxDyZa0FBUddPd5cVSaLTtT2tmdm5+YbGwVFxeWV1bL21sXuooURxaPJKRantMgxQhtFCghHasgAWehCvv7nTkX92D0iIKL3AYQy9gN6HwBWdoJLdUv3bTLsIAUy8aZNkx7aKQfUjbmVvdp3zC/OXV3FLZrthj0L/EyUmZ5Gi6pY9uP+JJACFyybTuOHaMvZQpFFxCVuwmGmLG79gNdAwNWQC6l44fzOiuUfrUj5SpEOlY/T2RskDrYeCZzoDhrZ72RuJ/XidB/6iXijBOEEL+s8hPJMWIjtKifaGAoxwawrgS5lbKb5liHE2mRROCM/3yX3J5UHEOK7XzarlxksdRINtkh+wRh9RJg5yRJmkRTh7IE3khr9aj9Wy9We8/rTNWPrNFJmB9fQONgKR0</latexit>

Ybox = ÷X 4 + cbox ÷X 5
<latexit sha1_base64="8iu1pHTlpmQ0qprUdU0MtOG0gRE=">AAACIHicbVDJSgNBEO2Je9yiHr00BkEQwoz7RRC9eFQwJpIMQ09PJWnsWeiuEcMwn+LFX/HiQRG96dfYiTlk8UHB470qqur5iRQabfvbKkxNz8zOzS8UF5eWV1ZLa+u3Ok4VhyqPZazqPtMgRQRVFCihnihgoS+h5t9f9PzaAygt4ugGuwm4IWtHoiU4QyN5peM7L2siPGKGSuT5KW2ikAFk9dzb3+Uj3pB1SL1S2a7YfdBJ4gxImQxw5ZW+mkHM0xAi5JJp3XDsBN2MKRRcQl5sphoSxu9ZGxqGRiwE7Wb9B3O6bZSAtmJlKkLaV4cnMhZq3Q190xky7Ohxryf+5zVSbJ24mYiSFCHif4taqaQY015aNBAKOMquIYwrYW6lvMMU42gyLZoQnPGXJ8ntXsU5qhxeH5TPzgdxzJNNskV2iEOOyRm5JFekSjh5Ii/kjbxbz9ar9WF9/rUWrMHMBhmB9fMLpwikfw==</latexit>

Ytri = ÷X 3 + ctri ÷X 5

<latexit sha1_base64="EzQvp7qFR5tK/a6MFY4nNQr27iM=">AAAB9XicbVBNT8JAEJ3iF+IX6tHLRmLiibTGryPRi94wEWgCtdkuW9iw3dbdLYY0/A8vHjTGq//Fm//GBXpQ8CWTvLw3k5l5QcKZ0rb9bRWWlldW14rrpY3Nre2d8u5eU8WpJLRBYh5LN8CKciZoQzPNqZtIiqOA01YwuJ74rSGVisXiXo8S6kW4J1jICNZGenD9U9ShjykbIte/9csVu2pPgRaJk5MK5Kj75a9ONyZpRIUmHCvVduxEexmWmhFOx6VOqmiCyQD3aNtQgSOqvGx69RgdGaWLwliaEhpN1d8TGY6UGkWB6Yyw7qt5byL+57VTHV56GRNJqqkgs0VhypGO0SQC1GWSEs1HhmAimbkVkT6WmGgTVMmE4My/vEiaJ1XnvHp2d1qpXeVxFOEADuEYHLiAGtxAHRpAQMIzvMKb9WS9WO/Wx6y1YOUz+/AH1ucPTomRwQ==</latexit>

X 4 ! X I



Summary and outlook

22

Summary

2. Present an algorithmic approach for constructing symbol letters

3. Bootstrap two loop five-points and three loop four points integrals

1. Recursive structure of Baikov representation

Outlook
1. Extend our method to non-planar integrals

2. Explore the relationship between our method and Schubert problems

3. Investigate Landau singularities in Baikov representation

4. Bootstrap Feynman integrals with letters


