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Coulomb interaction

simple example of a Coulomb system: electrons, protons: fermions

- : €4€
Coulomb interaction: Vgp(r) = —2"—
4mep|Tqb]

single particle states {1} = {k1,01,c1} : {wave number (momentum), spin, species}
occupation number representation: creation and annihilation operators,
anticommutation relations
{alaa?}ju — alaIL/ + aital = 011 {ar,a1 )4 = {a—1+_7a’i‘_/}+ =0
Hamiltonian:

21.2
kineticenergy 7 =H® =" Fiafa; with E; = L
1

2?’)’&1

-~

potential energy V=H® = >" Vipryafafasa

: €1€2
Fourier transform Vig,1rer = el — k,1|25k1+k2,k;+k;5ala;5aza;5clc;5c2cf2

Q: volume



Coulomb systems

Electrons, protons: fermions, Coulomb interaction

Bound state: H atom, partially ionized plasma, ionization degree
Other elements, compounds,..., condensed matter, metals...
Pseudopotentials, polarisation potentials, van der Waals potentials
Electron-hole plasma in semiconductors: exciton as bound state

High density of atoms: electrons become delocalized, liquid metal,
bound states disappear, liquid metal phase transition

Warm dense matter (WDM)
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experimental facilities have access to a broad range of temperatures and densities

design and interpretation of data often relies on equation of state (EOS), material and transport
properties such as opacity, electrical conductivity, and ionization degree



NIF XRTS experiments find higher carbon K-

shell ionization than predicted by widely
used IPD models (Stewart & Pyatt, OPAL)
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Nuclear systems

baryons: neutrons, protons,...(strange particles)
Bound states: nuclei (deuteron 2H, triton 3H, helion 3He, alpha “He,...)

Interaction potentials (Bonn, Paris, Reid, Argonne, Nijmegen ,..),
fitted to empirical data (bound states, scattering phase shifts,...)

Heavy ion collisions, astrophysics
High density matter: nuclei are dissolved, phase transition to nuclear matter
More fundamental: QCD, leptons, quarks, bound states: hadrons

High density of hadrons: hadrons are dissolved, phase transition to quark
matter (deconfinement, quark-gluon plasma)



nucleon-nucleon interaction potential

Effective potentials
(like atom-atom potential)

T . . {010 s e S | e e e B s B
binding energies, scattering - ' ]
S, channel -
non-local, energy-dependent? 200 - )
QCD? - | | )
2 repulsive I 27 | -
microscopic calculations = 100 core | p,w, o | -
(AMD, FMD) = ] | |
%
> | |
B 1 |
single-particle descriptions: 0 F—————
Thomas-Fermi approximation i
Bonn
shell model Reid93
density functional theory (DFT) -100 - Avis
|




Separable interaction (Yamaguchi)

V¥R (p,p) = — HQw(p)w(p)

Exact solution in closed form, including scattering states.
Theorem of Ernst, Shakin and Thaler: each potential can be represented
as a sum of separable potentials.

e general form:

N
Va0,0) = ¥ Wai(P)Aaijwa;(P) uncoupled

1,j=1
and
, N ,
Vilip,p) = '2—1 wgi(p))\aingj(p’ ) coupled
PEST (Paris), i,j=
BEST (Bonn),
p, p in- and outgoing relative momentum
a ... channel
N ... rank
D. J. Ernst, C. M. Shakin, R. M. Thaler, -
Phys. Frer;/ C 8, 46 (189%). - Aaij coupling parameter

L, L'  orbital angular momentum



Problems

Potentials are in general four-point functions, dynamical, energy
dependent, non-local, three-body contributions, etc.

QED and QCD are fundamental theories

Question: macroscopic properties (equations of state, transport
coefficients, reaction rates, etc.) from microscopic description
(Hamiltonian, Lagrangian)



Statistical operator

eigenstates of the system, probabilities: p=> In)wn(n| =%
averages (A) =Tr{oA}
« New concept in physics: (information) entropy (S) = —(ln )

* New principle: extremum of entropy at given boundary conditions (information):

normalization (1) = 1, conserved quantities (H) =U  (N.) = N, = 1.
5[(S) — Ao(1) — Ae(Ne) — Ap(H)] =0 Ne=) afas
e_/B(H_IJ’N) 1
« grand canonical distribution ¢= Tr {e AEH-1N)}
1 1
- Elimination of Lagrange multipliers ne = GNe(Tpe),  u= gUT, pe)

equation of state
§=80 4504 g@ 4

_ (1) (2) artition function
=W Z(T, Q)+ D s ket D S ki O GOy T P W 1 o)
k kel KL Z(T,Q,pu) =Tr {e—(s +5 )}

Gibbs-Duhem equation U — kgT'S — uN = —kpT In Z(T,Q), u) = —pf2



Thermodynamics

equation of state  np = np(T, 1) (species B)

equation of state = u(T,np)

thermodynamic potential to T, ng: free energy density

F(T,np) = TEpEL = f(T,no) + [0 w(T,n') dn
thermodynamic relations (Gibbs-Duhem):

F+pV =G=uN
equation of state: pressure  p(T,ng) = npu(T,ng) — f(T,np)

consistency



Virial expansions
« short-range interaction p™(T,n) = b5 (T)n + b5 (T)n? + b5 (T)n> + .. ..
second virial coefficient: classical limit  b5'(T) = kBT/d3r (e7V(/ksT _ 1)

« Coulomb systems: long-range Coulomb interaction

kBT/ drr?dr(e”VD/FBT — 1) & _/ drr2dr 22 o
0 0

4megr
i e2n
e D i D __ Sxe2 & i . elee
ebye potential v () Tree screening parameter E ksl
il : K3 1 2 \*? 3/2
virial expansion il — s = = ff—
P Pp=n— ot =0 (eokBT) e

« Hydrogen bound states: internal partition function

_ 2 —BE, __ 2 1/(2Tuas?) _ ) 1 1
aH—QZse _2253/( H )_223 |:1+2THaS2+8T}21384+'“:|
S S S

EIanck-Lark!r?—Brlllouw.\ oI — 93 2 [e_BEs IR 2]
internal partition function . 2THas




Phase transitions

thermodynamic stability

|
|
|
@ < O 0.75 + 1 ,' :
ovlT l
model: 0S| l ; |
Van der Waals equation of state br ! |
0.25 "T j
_ kT a A .
P=o—b ot 1

. —0.2
volume per particle v=1/n=Q/N

b: excluded volume “
phase transition:
critical point,
8T, 3 . "
reduced form  Pr=5 7~ spinodal decomposition
vrr‘ - ’U

T

Maxwell construction



Problems

Potentials are in general four-point functions, dynamical, energy
dependent, non-local, three-body contributions, etc.

Nonequilibrium statistics, fluctuations... (Flicker noise, Zips law,...)
Convergence of perturbation expansions, analytical behavior

Bound/free state contribution? lonization degree?



ldeal Fermi gas (neutrons)

equation of state (EoS): (T = 0)
k‘2

nonrelativistic Ey = an

Np = 28+ 1) 3 fulBk); nn = oy Jo© dnkPdk = 3k3

kp = (3n2n,)1/3

chemical potential  p(n,) = Ex, = 52( 2)2/3p,2 2/3

2%

(37T )2/33 5/3

free energy density  f(n,) = =Ny

2mn



“ab initio” calculations vs. analytic expressions

Strongly interacting quantum systems

equation of state (EoS) transport coefficients: electrical, thermal,...

electrical conductivity: Kubo
density

T = 3avo] dtet 01d>\P°Pt—|—ih A
(T, p) = v [ dr{!(x)o(r)) o(T.1) = g [2og e Jo ANP - P(t +ihB3)

electron total momentum P = 3", hkala,

Fermi function
Tr{py! (1) (1, 6)} = [70, Zeh« =0 f(w) A(1, 1;w)

statistical operator, T'=1/3, u spectral function, see below

Green’s functions:

erturbation theor DFT-MD simulations PIMC simulations
b rtial ti v Exchange-correlation sign problem
parual summations functional limited particle number

quasiparticle, screening

limiting cases electron-ion interaction uniform electron gas



Perturbation expansion for calculation of
mean values

« expanding the exponential functions of operators

1
QAYB _ A (1 +/ dr e—TABeT(A-l-B))

5 Dyson series

1 1 T
eAtB =4 4 / drel-MABe™ 4 / dr / dry eI=NABe(T—m)ABend
0 0 0

« for single-particle operator 5™ = " s

k
s 4 g Sk T

. ; e C; € —iE M E

Sandwich expression & i

1 1
eS' )cke_s( g e °kcp
* Wick’s theorem
0 — _1)p A 0 _ —(S@+s5M)
Tr{c"Aide-- Ak = > ()" ]I (44) for o = e (84S
all pairings all pairs
= ({¢,5}...{k,1}) {i,7} in
P J k,1 ] P S(l) _ Zk SI(Cl)CZ_Ck
[ B
A1 A A3A, (—|—1) : <A1A2> : <A3A4> [p even] < - > 1
—F— 1 a; a; :5i'—_ :5i’fi
A1 A A3Ay : (—1) - (A143) - (A3 Aq) [p odd] I TeBBi—pn) 41 Y

r— |
A Y= g — b (] —
AlA'2_1|43A4 i (+1) - <A1A4> . <A2A3> [p even] <ala] > 5” e_B(Ei—ﬂ) _|_ 1 5” (1 fl)



Thermodynamic Green’s functions

e~ B(H—pN)

_ , . B _ -5
correlation functions of a, a,* with o= T {o BE-MY e

tau-dependence A(r) = e"H—pN) gg=T(H-pN)

. . —TI‘{QCLl(Tl)a—i_,(Tll)} fOI’Tll <mn
define Gy (17—17 1,7_1’) = —IE {QT [al (Tl)a;r’(ﬁ’)“ N { Tr {QGJ;L/ (7'1/);1 (7'1)} foro < i

« thermodynamic equilibriumGi (111, 1'm) = Gy (1m —7v/,1'0) = Gy (17,1'0) = G1 (11',7)

. Kubo-Martin-Schwinger conditon ~ G1 (11,8 —7) = =G1 (11', -7)

quasi-periodicity, Fourier expansion G; (11,7 ZGl (11,42, ) e ™7

_ 9% )
« Matsubara frequencies 2 = 5oV +1,43,... for fermions

Y .
inverse transformation G1(11’,izy)=/ dr Gy (11',7) "7
0



Spectral functions

with the eigenstates of the grand canonical operator (H — uN) |n) = ¢, |n)
define the single-particle spectral density
i (1) = 27% ;5 (én — €m — w) &5 (n] ah [m) (m] a1 n)

o0 dw'

511 (11,w) & ¥

o0 dw/

It is the Fourier transform of (atar(7)) = GF (11, 7) :/

—00

' (11’, w’) Sk

(a1 (r)ad) = —GZ (11, 7) = /
and is connected with the Matsubara Green’s function o
G1 (lll,iz,,) = / di (1 —I—eﬂw/) M

2m 12, — W'

55 2

—0o0

Analytical continuation into the whole complex z-plane

G1 (11’,z) :/

—0o0

* dw' A; (11,0)
2 z—w

with the spectral function 4, (11,w) = (1 + eﬁw) L (11, w)

Cauchy-type integral, Gi (11w —ig) — Gy (11, w + i) = 2iIm {G; (11',w — ic) }
branch cut at the real axis =i4; (11, w) .



. We calculate G1 (11',iz,). An appropriate perturbation theory for doing so will be given
later.

. G1 (11, 2) is the analytic continuation of the MATSUBARA GREEN’s function into the com-
plex z-plane.

. We compute the spectral function A; (11", w) via
A; (11, w) = 2Im {G; (11, w —ie) } . (2.2:13)

. From the spectral function we calculate the spectral density I (11, w):

Al (11/ w)
I (11 = — . 2.2.14
1 ( 7(")) 1+ eﬁw ( )
. The correlation functions are obtained by integration, for example through (2.2.3):
d
(afar(r)) = / %11 (11, w) e™7 . (2.2.15)
. Equations of state ( f (w) = ﬁ I
e.g. n(B,uw) Z afa;) /d—wf(w) A (11, w) . (2.2.16)
- 2T
. Thermodynamic potential (contains all equilibrium properties):
7
eg. J(T,Qu) =-p(T,u= —/ dp'n (', T) Q2. (2.2.17)




Feynman diagrams

Diagrammatic representation of the perturbative series for the Green’s functions

. ’ : 511’
elements: free propagator (v, iz.) th) (11/,,%): ——
v
1 .
. . 7. iw _ 3
interaction RACCIVE V(=g / d°r "V (7)
G1: »—= = T e -
?Itl’:hvorder 1st order in V: HART;];E— and Fock-type
rules B PN
to represent “ g P
. . 2nd order in V: products of HARTREE- and FoCk-diagrams
all contributions o CS ’
of perturbation theory .\ c‘) O S
by diagrams, R - )
evaluate the 2nd oit:‘il V', containing ’dressed’ internal propagators
frequency summation. et

+ o pa e iy + N, O (V)

[\ J
N

further diagrams of 2nd order in V




Partial summations

« Dyson equation and self-energy s s - W
: - > (1+ Dt Dy N,
Gl (1,izy) = - . 1
iz, —e1 — X1 (1,42) = p
O 1— N, .
* Hartree-Fock  yury ;) T, .2 = Gl %) T T 3 Gl )

1

31/ N R ’ = . . i

/(C;:)S (@s+1v -V ( ’—k))f(ek/)l GY (1,iz,) " — %1 (1,12

A (Lw) —  1im?2 Im{Z'l (1’;} —e)} ; 2
eN0 [w—e€1 —Re{%1 (1,w—ig)}]” + [Im{Z; (1,w — i)} — €]

Vab(q) Vab(Q)

e screenin Vo (q,12,) =
g b (45 12) 1= Vee(@)ec (q,82,)  €(q,i2u)

@ = OO+ CC-)>+ O+ ©+ H+ <O+... . polarization function
5

N
N N ;
SO &0

SMW (1,iz,) = S T T B I
. Debye potential V()= %% . screening parameter 2 — 3 ccne
4reg r eokpT

C



Problems

Potentials are in general four-point functions, dynamical, energy
dependent, non-local, three-body contributions, etc.

Nonequilibrium statistics, fluctuations... (Flicker noise, Zips law,...)
Convergence of perturbation expansions, analytical behavior

Bound/free state contribution? lonization degree?



Bethe-Salpeter equation

B 1 f ()~ f(e)

Free two-particle propagator G9 (12,12’ iw)) = ki = T 61176997
AT €1 — €2

G2 (12,12 iwy) =

Full two-particle UPR M - F otk + .24+ i +O(V?)
propagator —_—— — e ' ——

1st BORN  HARTREE-FOCK term  2nd BORN [IRPA vertex corr.

approx. approx.

GPI (12,17 iwy) = G (12,12 iwy)
+ )G9 (12,34,iw)) V (34,3'4) G (3'4,1'2iw,)

Bethe-Salpeter equation y
_ i N & 1,33 1/
Ladder summation e 2 g ><+ 2 aiw Glradl
SN TR NS N I D e
Solution low-density limit  aaa. ¥ ! r (1l
y G2 (12,12 iwy) anp (12 —p - vnr(1?)

(Ev + Ea — Enp) ¥p(12) + YV (12,1'2)) ¢,p (1'2) = 0

Schroedinger equation
1/2/



Beth-Uhlenbeck formula

Two-particle correlations

lat _
Gs = I

TR g

cluster propagator (v, P|Ga(2)|V/,P") = ———0,,0p p

N )

Beth-Uhlenbeck formula: second virial coefficient (f,)

=g Th g [ o ) Db (),

a,P B

cluster decomposition of the self-energy

P2
4m

dFE;e
1 f2 (Erel e
T

0
DEHD(Erel) = Ga (2}/: 70 (Erel — Egy,P) il m(sa,P(Erel)>

degeneracy bound states scattering phase shifts



Problems

Potentials are in general four-point functions, dynamical, energy
dependent, non-local, three-body contributions, etc.

Nonequilibrium statistics, fluctuations... (Flicker noise, Zips law,...)
Convergence of perturbation expansions, analytical behavior

Bound/free state contribution? lonization degree?



Quasiparticle concept

e Expansion for small Im (1, w + in)

om(w — EWasi(1))
- %RB 2(1, Z)|2=Equasi_”1
d P
dww + py — EFwasi(1)

A(l,w) =

—2Im (1, w + in)

quasiparticle energy E9%1(1) = E(1) + Re (1, w)|,_ pquasi

e chemical picture: bound states = new species

summation of ladder diagrams, Bethe-Salpeter equation

—_—

————



In-medium Schroedinger equation

Consistent treatment of the two-particle problem:
in-medium wave equation

2

P pulp)+ > V(@)yn(p+9) = Enton(p) = ) V(q) [on(p+ @) fe(p) — ¥n(p)felp + 9)]

2m
= q

Pauli blocking, Fock self-energy shift

V->V eeneq: dynamical screening, dynamical self-energy

R. Zimmermann, K. Kilimann, W. D. Kraeft, D. Kremp and G. Ropke
Phys. Stat. sol. (b) 90, 175 (1978)

W.-D. Kraeft, D. Kremp, W. Ebeling, G.R.
Quantum Statistics of Charged Particle Systems,

Akademie-Verlag, Berlin 1986



lonization potential depression

1 g/ce 10 g/cc 43 g/cc
0 E T I T T | T L T T T TTTT | I T T T T TTTT | T T T T TTT IE
- - = — SP -
Pauli blocking 3 ~ .- SF. ions -
in degenerate plasmas Mortt e resp D
at extreme densities s transition | .—.. poundFock
-200 E_ T=100eV : — bound Fock+Pauli E
> E ;
(D) C 7
— -300F =
Carbon a : Stewart-Pyatt i
-400 =
7'=-489.99 e V3
S500F T T T T T T T TTIOUT =
: . ]
- : \ ]
- | | :structurefactor .
_600 23 | | 1 1 1111 24 | | 11 1111 25 | | 1 1 4111 26 | | 1 1 1111 27
10 10 10 10 10

. -3
free electron density n, [cm 7]

G. R., D. Blaschke, T. Doppner, C. Lin, W.-D. Kraeft, R. Redmer, H. Reinholz
Phys. Rev. E 99, 033201 (2019)



Quasiparticle approach

The total density as well as the DoS are given by the spectral function A,

0. @)

total T Mea;ua — Q Z/ —fe 1 (,U) / dee(W)De(W)

—0o0

o §(w — Eauasi(1)) d P

Ac(l,w) =

—2Im ¥, (1,w + i0 .
1 — £ReXe(1,2)|,_paveei_,_ ( )% w + pe — EF*==1(1)

» quasiparticle concept
EquaSi(].) . p%/(Qm) ‘I‘ Rez(]., W)|w:Equasi(1)

» generalized Beth-Uhlenbeck formula (quasiparticles)

total(T ,Ue,,ua Q Zfe EQuaS1 ))

bound

A3 ZZ ePHi Z (e PEimvr — 1) + g/ooo dEe PP {52-,7(E) — %sin[%m(E)]}]

v

In-medium Schrodinger equation for E; , \(T,u), 6, (T,u), channel (spin...)y



Problems

Potentials are in general four-point functions, dynamical, energy
dependent, non-local, three-body contributions, etc.

Nonequilibrium statistics, fluctuations... (Flicker noise, Zips law,...)
Convergence of perturbation expansions, analytical behavior
Bound/free state contribution? lonization degree?

Avoid double counting



Mott effect

increasing density, T fixed: more atoms (H), molecules (H,),
decreasing ionization degree

medium modifications

T=30000 K

Debye screening "

__ ,,id
He = He +Ae S
04 -
_ . i
Ae =Ap = —ke*/2 Y p
02} / o 0 —
// .. -‘\
B . -\
. / K .
K)2 - (47T Zz ni€; ) 5 P T \ PR EEA N |
— kgT 16 18 20 22 24

total electron density log(nemt) [cm—3]

neutral bound states unshifted — at the Mott density merging with the continuum



Homogeneous (uniform) electron gas

specific mean potential energy v=V/N
2 ne? 2o h? L e?y/m
virial expansion eokpT’ mkgT’ dmey\JkgTh

u(T,n) = vy(T)n'? + v, (T)nln (K24%) + v(T)n + v3(T)*/* In (K2 4?) + v,(T)P/* + OR* In(n))

Vv x

U()(T) = _m, U1(T) = _ﬁ’
2
() = -2 [% _ \/T;(l +ln(2))# + <% +In(3) - % N ;f_4> %
VEY e (SL)" e —2) - (1 - 4/2Mm - 1)
L 2T (m/2+ 1) \T1/2 :

373/2

B = —orm (atomic units)

fourth virial coefficient? v4(T)
analytical expressions from perturbation theory



Virial plots for isotherms

reduced thermodynamic functions: v (T,n) = ['U(T, n) — v (T)mlg/2
subtraction of known terms

(T) 1 47rnB
. . . —U1 npin
isotherms from PIMC simulations T,
4 |
—20 |- N
—6 | |
. —30| 8
g n
& S}
&Ec\l -8 N EE-/
= ] GJ@N _40 | b
. —— Interpolation - —— Interpolation
—100 .- . PIMC : -50 .7 . PIMC .
| - virial 243 o - virial 243
| | | | | | | | | | |
0 0.02  0.04 006  0.08 0.1 0 0.01 0.2 0.03 004 005 0.06
—/npIn(4rnp/T3,) —/ngIn(drng/T3,)

interpolation formula (S.Groth et al., Phys. Rev. Lett. 119, 135001 (2017))

virial expansion  v$%(T,n) = v3(T) + v3(T)ni!? In(4mng /T2,) + On*/?).

G.R., T.Dornheim, J Vorberger, D.Blaschke, B.Mahato, Phys. Rev. E 109, 025202 (2024)




Fourth virial coefficient

extraction of the fourth virial coefficient

AV(T, ) = lUPIMC — o(T, 1) = 0y(T)n — vy(T)n*? In <4i”)] i
T? nn
V(T n) = AvN(T, n) T:;/z = 0,(T) + O(n'/? In(n))
PIMC
X rg=0.5 1
+ re=2 |
* ry=20
673/2 _ 673 i
1 Interpolation formulas:
. G.R., T. Dornheim, J. Vorberger,
D. Blaschke, B. Mahato,
. . Phys. Rev. E 109, 025202 (2024)

Fourth virial coefficient of interest for helioseismology



Dielectric function

Response of matter to electric fields: permittivity, dielectric function
Transverse part — longitudinal part refraction index

Maxwell’s equations, p = 1, absogjatlon coefficient

a(w) =
k= (n(w) +iz-aw)) = = Vew)=

i ) Ime(w)

:—\/Res ) + |e(w)]

. - ; 2
limg_0 & (k,w) = (n(w) + 22a(w))
optical information: reflection, absorption

Optical (dynamic) conductivity, dynamical collision frequency

2
pl

w(w—iv(k,w))

— . - w

e(k,w) =1+ o(kw)=1-

dynamical structurfactor (Thomson scattering)

S(k,w) = 7rV1(k) —n— Ime; Lk, w)




Cluster decomposition of the
polarization function

L(q’zz') : : Q + @ + @ + .'.
X
o, nP I
|
(nBIM(@, 0 w)WP+d = X A < —
Hg(‘fku) = (zw/i q_',wy, - TL,P,Q)\ n/;P+J;
Q)+ Wy

Q)\+wu,nﬁ+tf X X
I
I
|
I
|
e

|
> : >
— _ +

M, (a) = (v, P|M(q, 2x,2,)|V", P +q) = Z Y p(P1,p2) [ P1q(P1 + 4, P2) + Y P1q(P1, P2 + Q)]
P1,P2

dipole matrix element

Q(EO P) (EO P+ )
1(q,2) = Y |Myuw(q " nd

0 0
n,n', P Z + En En’ JP+q

unperturbed energies E° o Doppler broadening



Polarization function: bound state contribution

Modification of two-particle states due to self-energy:

screened Born approximation

2 = ¢ . N =/ . N+ —
2 Q > > 00 > 0

wavy line: dynamically screened Coulomb interaction, €(q, w)

strong collisions: T matrix (instead of an empirical cut-off)

polarization function
- DD
IL(K, ) - i<( ,
-
modified bound state wave function (coupling to the entire
plasma, collective effects)



Problems

Potentials are in general four-point functions, dynamical, energy
dependent, non-local, three-body contributions, etc.

Nonequilibrium statistics, fluctuations... (Flicker noise, Zips law,...)
Convergence of perturbation expansions, analytical behavior
Bound/free state contribution? lonization degree?

Avoid double counting

But: exact results in limiting cases, benchmarks for simulations



