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Outlook

Part |: Quantum statistics and the method of Green functions,
Coulomb systems

Part |l: Nuclear systems, correlations, bound states and in-medium
effects, equation of state for subsaturation densities

Part lll: phase transitions, pairing and quartetting, nonequilibrium
processes and cluster formation, freeze-out concept, heavy-ion
collisions, fission, astrophysics

Tl Green functions and Feynman diagrams, partial summations,
self-energy, polarization function, cluster decomposition

Tll: Separable potentials, bound and scattering states, Pauli
blocking and shift of the binding energy



EoS including correlations

Composition

Chemical potential, nuclear matter and stellar matter ( equilibrium)
Free energy and related quantities, symmetry energy,...

Phase transition

Quantum condensates: pairing, quartetting,...



Light Cluster Abundances
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Composition of symmetric matter in dependence on the baryon density ng, T = 5 MeV.
Quantum statistical calculation (full) compared with NSE (dotted).
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Pauli blocking in symmetric matter
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Equation of state: chemical potential

baryon chemical potential u [MeV]
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Chemical potential for symmetric matter. T=1, 5, 10, 15, 20 MeV.
QS calculation compared with RMF (thin) and NSE (dashed).
Insert: QS calculation without continuum correlations (thin lines).



Symmetric matter: free energy per nucleon
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Nuclear matter

Phase diagram

[e(T; p) = erc(T;p) + w(p)]

. Equation of state:
1 pr(p)

20 K T ¥ T ¥ T T T ¥ T
- p - T phase plane
% 15f Ty —
= [ "
— B ~
@ B 5 Stable
S 10 Ry .
g L . i
S [/ meta . g
© 5H N —
= Tk unstable Stable ]
o \‘
1 N 1 N 1 N 1 N | N
9.0 0.2 0.4 0.6 0.8 1.0 1.2
Baryon density p/p,
I L] T Ll L] I
— T =0,5,10,15,20
s 1.0 T =17 MeV
£ — T =13 MeV
=
D
=
o
D
5 oo
0
175
D
L
o
] 1 ]

I 0.15 I
Nucleon density p (fm-s)

0.05 0.10

JRandrup: Dubna School 2010



Liquid-vapor phase transition
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P (MeV.fm™)

Light clusters and pasta phases
In core-collapse supernova matter
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Stellar matter: Supernova explosion

Snapshot:
Temperature,
Density,

Proton fraction,
Entropy,

Neutrino flux
Cluster formation

Simulation by
Tobias Fischer




Nuclear matter phase diagram

Exploding
supernova

T. Fischer et al.,
arXiv 1307.6190
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Density of neutron star crust

10° 110'°
1 [ neutrons... W, ,
10 E hyperons... @’7@/-\3 _ ?r'p {10
102 F quarks? P & e ;
- i 1013 D
107 [ aQ
qil J102 %
@10_4 3 Core ] 1011 EU)
107 Inner crust 1010
106 | 3
110 Surface:
1077 L . . , , f 6Fe: 62Nj;
9.8 10 10.2 104 10.6 10.8 >107 g/cm3

r [km] e degen.:
J. M. Pearson et al., PRC 83, 065810 (2011) 14 p+e-=>n



Effective wave equation
for the deuteron in matter

In-medium two-particle wave equation in mean-field approximation

2 2
P+, W, »(p,p,) + E(l—f,,l - [, )V (02 s, )Y, 5 (s Py)
2m, 2m, po

self-energy Pauli-blocking =E, Yy r(D1sDs)

phase space occupation:
Fermi distribution function Thouless criterion

Ed (Tnu) = 2“

BEC-BCS crossover:
Alm et al.,1993

-1
2
fp [e(p [2m—-u)/ kgT 1]



Composition of symmetric nuclear matter
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H. Stein et al.,
Z. Phys. A351, 259 (1995)




Quantum condensate

Bose-Einstein-
Condensation
of deuterons
(BEC)

T, [MeV]

Bardeen-Cooper-
Schrieffer

pairing

(BCS)

below T
grand canonical p not valid,

fluctuation: pair amplitude a,a_, T. Alm et al. Z. Phys. A337, 355 (1990)

diagonalization: Bogoliubov H. Stein et al., Z. Phys. A351, 259 (1995)
M. Baldo et al., Phys. Rev. C 52, 975 (1995)

Ny, [fM]



Crossover from BEC to BCS pairing

Cooper pair n—p

e High Density

= (e} .
® ® | g n—p Cooper pairs
@ . .
T (o Strongly overlapping
- . not Bosons
a
BCS BCS
a — Particles
Low density : smo.o!h Only Exist
transition in Low Density
BEC Phase
BEC % % % «® BEC

@e®
0@ @ %% e gas of Deuterons

% QD) % 0 @% ~ Bosons

@ Q @D% 84 P. Schuck



Few-particle Schrodinger equation
iIn a dense medium

4-particle Schrodinger equation with medium effects

([E™ )+ E™ () + E™ () + E™ (p)])®, 1 (Do D:D3:s)

+ E(l = f, =,V (pupyip 0 )Y, 5 (Py sy D55 Ps)
p , le

+1 permutations
{p } Thouless criterion

=E, W, ,(p,Dy,D5,P4) for quantum condensate:
En,P=O(T’M) =4u



o-cluster-condensation

temperature T [MeV]

(quartetting)
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G.R., A.Schnell, P.Schuck, and P.Nozieres, PRL 80, 3177 (1998)



temperature T [MeV]

o-cluster-condensation
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The Hoyle state in 2C

12C: from astrophysics: excited state predicted near the 3 o threshold energy
(F. Hoyle).
a 0* state at 0.39 MeV above the 3 o threshold energy has been found.

not described by shell structure calculations,
3 a cluster interact predominantly in relative S waves,
gas-like structure, THSR state

A. Tohsaki et al., PRL 87, 192501 (2001)

a—particle condensation in low-density nuclear matter,
p below p,/5

na nuclei: 8Be, 12C, %0, 2Ne, ‘Mg, ...
cluster type structures near the n a breakup threshold energy



The 5a condensate state in 2°Ne

o. condensation is a general phenomenon: 2C, 160, 2ONe, ...

Container picture: B. Zhou et al., Phys. Rev. Lett. 110, 262501 (2013)

@ oroton
@ neutron

@ a cluster

B. Zhou, Y. Funki, H. Horiuchi, Y. Ma, G. Ropke, P. Schuck, A. Tohsaki, T. Yamada,
Nature Comm. 14, 1 (2023)

Conventional cluster model Container model



Preformation: o decay of 2'?Po
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Clusters in an external potential

c. 0. m. coordinate R, relative coordinates s; ¥(R,s;) = 0™ (s;, R) ®(R)

normalization /dR ®(R)|* =1 /dsj|<,oin“f(sj,R)|2 =1

N. Gidopoulos, E. Gross (2014)
Wave equation for the c.0.m. motion

h h2 i * intr
o VABR) — o [ dsy™™ (5, RV g™ (55, RV r@(R)]

72 . .
ot [ 45597 5 R) VR (s, RIB(R) + [ R W (R R)B(R) = EO(R)

c.o.m. effective potential

W(R,R) = /dsj ds] @""* (s, R) [T[V,,]6(R — R)é(s; s;) + V(R,s;; R/, s})] gointr(s;-,R')

Wave equation for the intrinsic motion

_h_@( R)[Vr®(R)|[Vre'™ (s;,R)] — 2?1;

/dR’ ds; ®*(R) [T[V,]6(R —R)d(s; —s}) + V(R,s;; R, s})] @(R)p™ (s}, R') = F(R)p™ (s;,R)

[P(R)[*VEe™ (55, R)

G. R. etal., PRC 90, 034304 (2014)



Quartet wave function

Four-particle wave equation in position space representation

[E4 — hy — hg — hg — ha] Wy (rirorsry) = /d3r’1 d°rh(riry| B Viy_ N |0 rh) Uy (rrhrary)

/d3 d’ri(rir3| B Viy_ n|r)r5) U, (r)roriry) + four further permutations.

. h2 P occ. =
Single-nucleon Hamiltonian A= o +[1— Z in){n|]V™(r)

Pauli blocking B B(1,2)=[1— fi(h) — fo(h)]

Local density approximation: momentum representation, no coupled gradient terms, Thomas-Fermi

Intrinsic motion: in-medium interaction
c.0.m. effective potential - w(R) = W (R) + W™ (R) W(R) = W™(R) = VEG(R) + VA (R)
W(R) = 4Ep[ng(R)],  Er(ng) = (#*/2m)(3n’np/2)*>

W™ (R) = =B, + W [npR)],  np < nere

Wrli(ng) ~ 4515.9 MeV fm’ng — 100935 MeV fm®n% + 1202538 MeV fm’n;



Nucleon density of the 2%8Pb core

0.18

T
Shlomcl) |

0.16 - T |-
0.14+- - girr);?)rrll/Shlomo m
0.12 ! Cz:t 7

T 0. .
% 0.08 ! 7]
0.06 ]

0.04

__________________________________________________________________________________________________

0.02

0 12

R [fm]

C. M. Tarbert et al., Phys. Rev. Lett. 112, 242502 (2014)



212Po: o (*He)

on top of 208Pb

Bound state (quartet) in a dense environment

distance r [fm]

G. R. et al., Physical Review C 90, 034304 (2014)
C. Xu et al., PRC 93, 011306(R) (2016)
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Nonequilibrium processes

Heavy ion collisions at Fermi energy conditions (35 MeV per nucleon):
fragmentation, nuclear matter phase transition, but expanding fireball, strong
nonequilibrium.

Nucleon-nucleon collisions, Boltzmann (-Uehling-Uhlenbeck) equation (Pauli
blocking) for the single-particle distribution function (kinetic equation)

Formation of bound states: phenomenological coalescence models.
Reaction kinetics: Thermonuclear reaction networks for astrophysics (SN)
Formation of hot and dense matter (equilibrium), energy dissipation
expansion: hydrodynamics (local thermodynamic equilibrium), flow

Freeze-out of the equilibrium distribution, feed-down (decay of excited states,
afterburner)

Reconstruction of the initial state from final yields (statistical models,
temperature and density as parameters to describe the distribution of clusters)

Ultrarelativistic heavy-ion collisions
Fission (ternary fission)
Cosmology: nucleosynthesis



Relevant statistical operator

State of the system in the past Trlp(t)Bs ) = (Ba)*

Construction of the relevant statistical operator at time t
Srel(t) — _kB Tr{prel(t) 10g prel(t)} -> maximum

6[Tr{prel(t) log prei(t)}] = 0 Tr{prei(t)Br} = (Bn)ty = (Bn)t

Generalized Gibbs distribution
Prel(t) = exp{_q)(t) _ Z An(t)B } equations of state to eliminate A(t)

d(t) = logTreXp{— Zn: )\n(t)Bn}

But: von Neumann equation?
Entropy?

8Srel (t) Z )\



Nonequilibrium statistical operator (NSO)

principle of weakening of initial correlations (Bogoliubov, Zubarev)

t
pe(t) = e/ e IU(t, t1) pre1 (81U T (8, £1) dity

— o0

time evolution operator U (¢, to) relevant statistical operator pre1(t)
selection of the set of relevant observables { B, }

self-consistency relations Tr{p.c(t)B,} = (B,)" (B

rel —

maximum of information entropy Srel(t) = —kp Tr{prei(t) log prei(t) }
generalized Gibbs distribution ppe(t) = exp{—fb(t) - Z )\n(t)Bn}

. 0 ”
von Neumann equation —0:(t) + = [H, 0.(t)] = —€ (0.(t) — pra(t))
_ ot h
Q(t) = lim¢_0 0¢ (t)

Expanding nuclear matter: freeze-out and reaction processes (feed-down)



EoS at low densities from HIC
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Generalized RMF

)

j=n,p,d,t,h,a

Effective Lagrangian:
quasiparticle nuclei as
new degrees of freedom

M}k = Ajm — gsj¢0 & (B? + (SBJ)

Coupling to the meson fields
depending on A

8sj = XsjAj8&s

Xs=0.85 for A > 1

£j+£g+£a)+£p+£a)p
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FIG. 7. Chemical equilibrium constants of « (a), helion (b), deuteron (c), and triton (d) for FSU, and y, = 0.41, and for the n = 0.70 (black
squares) fitting (check Ref. [17] for the complete parameter sets) and the universal g; fitting with g; = (0.85 & 0.05)A g, (red dotted lines).

The experimental results of Qin et al. [18] (light blue region) are also shown.

H. Pais, F. Gulminelli, C. Providencia, G. Ropke, Phys. Rev. C 97, 045805 (2018)



Including light clusters to the EoS

Eur. Phys. J. A (2020) 56:295
https://doi.org/10.1140/epja/s10050-020-00302-w
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Light clusters in warm stellar matter: calibrating the cluster
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Fig. 1 The abundances (mass fraction) of the stable isotopes
n, p,d,t, h,a, and SHe considered as a function of the density for
T = 5 MeV and a fixed proton fraction of 0.2. The NSE (dashed) is
compared to a QS calculation (full lines), see text
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Fig. 6 The equilibrium constants as a function of the density. The full
lines represent the experimental results of the INDRA collaboration,
with 1o uncertainty. The grey bands are the equilibrium constants from
a calculation [30] where we consider homogeneous matter with five
light clusters for the FSU2R EoS (left), the DDME2 EoS (middle) and

SFHo EoS (right), calculated at the average value of (T, n Bexp Ypexp)
and considering cluster couplings in the range of x; = 0.91 & 0.02
(FSU2R), x; = 0.93 & 0.02 (DDME?2) and x; = 0.83 & 0.03 (SFHo).
The color code represents the global proton fraction



Cluster formation at LHC/CERN
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Density effects?

The Beth-Uhlenbeck equation is identical

with the Dashen, Ma, Bernstein approach.

Talk given by Peter Braun-Munzinger:

the proton anomaly and the Dashen, Ma, Bernstein S-matrix approach

T dp 1 |
thermal yield of an (By,5) = d /mth dM/ @7 27 Br,7(M)
(interacting) resonance 1
with mass M, spin J, and X , : :
isospin | 5P BN o A. Andronic, pbm, B. Friman,

P.M. Lo, K. Redlich, J. Stachel,
arXiv:1808.03102,

need to know derivatives s Phys.Lett.B792 (2019)304

of phase shifts with By (M) =2 doy

respect to invariant mass dM



Freeze-out temperatures and densities

- =« [6],NSE
100 +=+ [6].QS

Je= X% [8], coalescence
+— -+ [8],QS
(3= [11], fluctuations
EPJA52:218
----- degen. matter

intermediate energy HIC
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S

=07
neck emission? %Sn+ Sn
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Spontaneous fission of actinides

Nudat 2.8 252Cf Distribution of fission fragments
&

Z, number of protons

TM=126

=28 ||
L

Z=20
[

' ' N=28
tﬂfﬁ “MN=20 N, number of neutrons -

~h=3




Nuclear Fission

A Entrance Initial Fission Non-adiabatic Scission Fission
Channel State Isomer Regime Fragments
(Z-1,N+1)
Multi-chance

Statistical
Decay Fission

induced / Dissipative Motion
Fission

Energy

Spontaneous
Fission

Elongation

quadrupol fluctuations (GDR)
tunneling — deformed droplets, neck formation

Future of Nuclear Fission Theory
M. Bender et al., J. phys. G: Nucl. Part. Phys. 47, 113002 (2020)



Ternary fission: light cluster yields

2

v 0
Ratio Ry,=
IN[Y o2/Y p 744] -

-5

is proportional -
to the difference
of binding energies
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Fission: yields of H and He isotopes

Nonequilibrium information entropy approach to ternary fission of actinides

isotope RY 7 12 U(n,f) | **°U(ne,f) |*°Pu(ne,f) | ** Pu(nm,f) | ***Cm(sf) | *°* Cf(sf)
Ar [MeV] | 1.3 | 1.24177 | 1.21899 1.3097 1.1900 | 1.23234 | 1.25052
An [MeV] - | -3.52615 | -3.2672 | -3.46688 | -3.02055 |-2.92719 | -3.1107
Ap [MeV] - | -15.8182 | -16.458 | -16.2212 | -16.6619 | -16.7798 |-16.7538 Lagrange parameters
n - 560012 | 1.409e6 722940 1.8579¢6 | 1.606e6 | 1.647¢6
H . 28.131 28.16 42.638 19.52 21.079 | 30.096
o - 41 50 69 42 50 63
’H 0.973 | 40.986 49.76 68.632 41.563 | 49.533 | 61.579 observed yieds,
3pyobs - 460 720 720 786 922 950
3H 0.998 | 457.27 715.29 714.79 780.39 913.76 | 943.12 _ )
“H 0.0876| 2.7772 4.97 5.627 6.057 8742 | 8219 primary yields,
3He 0.997 | 0.0124 0.0076 0.0235 0.00431 | 0.00645 | 0.00933 virial partition function
4Heobs - 10000 10000 10000 10000 10000 | 10000
“He 1 8858.46 | 8706.1 8615.7 8556.9 | 8313.98 | 8454.0
5He 0.689 | 1130.75 | 1289.04 1374.7 1439.0 | 1680.75 | 1540.9
61;16‘*’8 = 137 191 192 260 354 270 intrinsic partition function,
He 0.933 | 115.89 158.98 159.01 211.68 276.96 | 222.4 . . )
"He 0.876 | 21.262 33.997 35.983 51.742 80.634 | 58.16 no density corrections:
VoW 0.9989 0.9897 0.9846 0.9869 0.9899 | 0.9622
s : 3.6 8.2 8.8 15 24 25 6He is overestimated,
He 0.971 | 3.4725 6.764 6.4095 12.481 21.280 | 13.32 . . .
He 0.255 | 0.047077 | 0.105 0.111 0.219 0.455 | 0.258 8He is underestimated:
Vel 1.0229 1.1936 1.3496 1.1811 1.1042 | 1.8409
8Be 1.07 | 5.7727 2.594 5.147 2.188 2.819 | 2.544 Pauli blocking?

G.R., J. B. Natowitz, H. Pais, Phys. Rev. C 103, L061601 (2021)



Larger clusters: nucleation kinetics?
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Ternary fission: light cluster yields

Neck formation and scission: freeze-out, low-density neutron-rich matter

Nonequilibrium information entropy approach to ternary fission of actinides

T=1.24 MeV

w, = -2.99 MeV

u, = -16.35 MeV

ng = 0.000067 fm-3

Y, =0.035

Og — ‘1‘0“”1‘5‘ | ‘C‘2‘07
mass number A
nal,vir 1

nucleation kinetics Vi = 5 erfc [b(T)(A1/3 — a(Ac,T))]

saddle-to-scission relaxation time about 7000 fm/c size effect?



Solar element abundances
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Figure 7 Solar system abundances by mass number. Atoms with even masses are more abundant than those with odd masses (Oddo—Harkins rule).
There is no smooth dependence of abundances on mass numbers for even (e.g., ''8Sn and '*®Ba) or for odd masses (e.g., Y).

H. Palme, K. Lodders, A. Jones, Solar System Abundances of the Elements (Elsevier 2014)



Gross structure of cluster distribution
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FIG. 1. Accumulated mass fraction X ; = Zﬁ:’i& A3, marzu/me and the A-metallicity M4 = 3" 4,5 4 X 4. Data from
Lodders [4], see Tabs. I, II.



Neutron star merger simulation

solar r abundance .
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Final mass-integrated r-process abundences obtained in a neutron star merger simulation using four different
mass models compared to solar system r-process abundances [Mendoza-Temis et al. PRC 92 (2015) 055805].

J. Cowan, C. Sneden, J.E. Lawler A. Aprahamian, M. Wiescher, K. Langanke, G. Martinez-Pinedo, F.-K. Thielemann:
“‘Making the heaviest elements in the Universe: A review of the rapid neutron capture process”, arxiv:1901.01410



Origin of chemical elements
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Big-Bang nucleosynthesis, time ~ 100 sec, temperature ~ 10° K



