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Outlook 
•  Part I: Quantum statistics and the method of Green functions, 

Coulomb systems 

•  Part II: Nuclear systems, correlations, bound states and in-medium 
effects, equation of state for subsaturation densities 

 
•  Part III: phase transitions, pairing and quartetting, nonequilibrium 

processes and cluster formation, freeze-out concept, heavy-ion 
collisions, fission, astrophysics 

•  TI: Green functions and Feynman diagrams, partial summations, 
self-energy, polarization function, cluster decomposition 

•  TII: Separable potentials, bound and scattering states, Pauli 
blocking and shift of the binding energy 



EoS including correlations 

•  Composition 

•  Chemical potential, nuclear matter and stellar matter (β equilibrium) 

•  Free energy and related quantities, symmetry energy,… 

•  Phase transition 

•  Quantum condensates: pairing, quartetting,… 



Light Cluster Abundances 

Composition of symmetric matter in dependence on the baryon density nB, T = 5 MeV.  
Quantum statistical calculation (full) compared with NSE (dotted).  

G. R., PRC 92, 054001 (2015) 



Pauli blocking in symmetric matter 
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Free proton fraction as function of density and temperature in symmetric matter. 
QS calculations (solid lines) are compared with the NSE results (dotted lines). 
Mott effect in the region nsaturation/5.  



Equation of state: chemical potential  

Chemical potential for symmetric matter. T=1, 5, 10, 15, 20 MeV. 
QS calculation compared with RMF (thin) and NSE (dashed).  
Insert: QS calculation without continuum correlations (thin lines).  
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G. R., PRC 92, 054001 (2015) 

Symmetric matter: free energy per nucleon 

Dashed lines: no continuum correlations 



JRandrup: Dubna School 2010 

Phase diagram 

Equation of state: 
           pT(ρ) 

Nuclear matter 

meta 
    stable 

stable 

unstable 
ε(T ; ρ) = εFG(T ; ρ) + w(ρ)



Liquid-vapor phase transition 

blue: no light cluster, green: with light clusters, QS, red: cluster-RMF 
S. Typel et al., PRC 81, 015803 (2010) 



Light clusters and pasta phases 
in core-collapse supernova matter 

H. Pais, S. Chiacchiera, C. Providencia, PRC 91, 055801 (2015) 

Pressure as function of density, Yp=0.3, T=4 MeV / 8 MeV. 
With and without pasta, including or not clusters. TF - Thomas-Fermi, 
CP – coexisting-phases method, CLD – compressible liquid drop 



Stellar matter: Supernova explosion 

Simulation by 
Tobias Fischer 

Snapshot: 
Temperature, 
Density, 
Proton fraction, 
Entropy, 
Neutrino flux 
Cluster formation 



Nuclear matter phase diagram 

Exploding 
supernova 

T. Fischer et al., 
arXiv 1307.6190 



Density of neutron star crust 



Effective wave equation  
for the deuteron in matter 
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phase space occupation: 
Fermi distribution function 

Pauli-blocking self-energy 

Thouless criterion 

€ 

Ed (T,µ) = 2µ

In-medium two-particle wave equation in mean-field approximation 

BEC-BCS crossover: 
Alm et al.,1993 



Composition of symmetric nuclear matter 

Fraction of  
correlated matter  
(virial expansion, 
Generalized Beth- 
Uhlenbeck approach,  
contribution  
of bound states,  
of scattering states,  
phase shifts) 

H. Stein et al.,  
Z. Phys. A351, 259 (1995)  



Quantum condensate 

Bose-Einstein- 
Condensation 
of deuterons 
(BEC) 
 
Bardeen-Cooper- 
Schrieffer 
pairing 
(BCS) 

T. Alm et al. Z. Phys. A337, 355 (1990)  
H. Stein et al., Z. Phys. A351, 259 (1995) 
M. Baldo et al., Phys. Rev. C 52, 975 (1995) 

below Tc: 
grand canonical ρ not valid, 
fluctuation: pair amplitude a1a-1 
diagonalization: Bogoliubov 



Crossover from BEC to BCS pairing 

P. Schuck 



Few-particle Schrödinger equation 
in a dense medium 

4-particle Schrödinger equation with medium effects 

€ 

E HF (p1) + E HF (p2) + E HF (p3) + E HF (p4 )[ ]( )Ψn,P (p1, p2, p3, p4 )

+ (1− f p1 − f p2 )V
p1$ ,p2$

∑ (p1, p2;p1$, p2$)Ψn,P (p1$, p2$, p3, p4 )

+ permutations{ }
= En,PΨn,P (p1, p2, p3, p4 )

Thouless criterion  
for quantum condensate: 

En,P=0(T,µ) = 4µ  



α-cluster-condensation 
(quartetting) 

G.R., A.Schnell, P.Schuck, and P.Nozieres, PRL 80, 3177 (1998) 



α-cluster-condensation 
(quartetting) 

G.R., A.Schnell, P.Schuck, and P.Nozieres, PRL 80, 3177 (1998) 



The Hoyle state in 12C 

nα nuclei: 8Be,  12C,  16O,  20Ne,  24Mg, … 
cluster type structures near the n α breakup threshold energy 

12C: from astrophysics: excited state predicted near the 3 α threshold energy  
       (F. Hoyle). 
 a 0+ state at 0.39 MeV above the 3 α threshold energy has been found. 

not described by shell structure calculations,  
3 α cluster interact predominantly in relative S waves, 
gas-like structure, THSR state 

α-particle condensation in low-density nuclear matter,  
ρ below ρsat/5 

A. Tohsaki et al., PRL 87, 192501 (2001) 



The 5α condensate state in 20Ne 

B. Zhou, Y. Funki, H. Horiuchi, Y. Ma, G. Ropke, P. Schuck, A. Tohsaki, T. Yamada, 
Nature Comm. 14, 1 (2023) 

α condensation is a general phenomenon: 12C, 16O, 20Ne, … 
Container picture: B. Zhou et al., Phys. Rev. Lett. 110, 262501 (2013) 



Preformation: α decay of 212Po 

d: 208Pb 

m: 212Po 



Clusters in an external potential 
c. o. m.  coordinate R, relative coordinates sj  

normalization 

Wave equation for the c.o.m. motion 

c.o.m. effective potential 

Wave equation for the intrinsic motion 

G. R. et al., PRC 90, 034304 (2014) 

N. Gidopoulos, E. Gross (2014) 



Quartet wave function 
Four-particle wave equation in position space representation 

Local density approximation: momentum representation, no coupled gradient terms, Thomas-Fermi 

Single-nucleon Hamiltonian 

Intrinsic motion: in-medium interaction 

Pauli blocking B 

c.o.m. effective potential 



Nucleon density of the 208Pb core 
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212Po: α(4He) on top of 208Pb 

α decay to doubly magic core in Quartetting 
Wave Function Approach 104Te (α+ 100Sn): 
S. Yang et al., Phys. Rev. C 101, 024316 (2020) 

Bound state (quartet) in a dense environment 

G. R. et al., Physical Review C 90, 034304 (2014) 

Coulomb repulsion 
+ nuclear attraction 
(double folding potential) 

effective potential 
of the quartet, 
Including intrinsic  
 (α -like) binding energy 

density of the lead core 

1 fm  = 10-15 m 

C. Xu et al., PRC 93, 011306(R) (2016) 



Nonequilibrium processes 
•  Heavy ion collisions at Fermi energy conditions (35 MeV per nucleon): 

fragmentation, nuclear matter phase transition, but expanding fireball, strong 
nonequilibrium.  

•  Nucleon-nucleon collisions, Boltzmann (-Uehling-Uhlenbeck) equation (Pauli 
blocking) for the single-particle distribution function (kinetic equation) 

•  Formation of bound states: phenomenological coalescence models. 
•  Reaction kinetics: Thermonuclear reaction networks for astrophysics (SN) 
•  Formation of hot and dense matter (equilibrium), energy dissipation 
•  expansion: hydrodynamics (local thermodynamic equilibrium), flow 
•  Freeze-out of the equilibrium distribution, feed-down (decay of excited states, 

afterburner) 
•  Reconstruction of the initial state from final yields (statistical models, 

temperature and density as parameters to describe the distribution of clusters) 
•  Ultrarelativistic heavy-ion collisions 
•  Fission (ternary fission) 
•  Cosmology: nucleosynthesis 



Relevant statistical operator 

State of the system in the past 

Construction of the relevant statistical operator at time t 

Generalized Gibbs distribution 

But: von Neumann equation? 
Entropy? 

-> maximum 

equations of state to eliminate λn(t) 



selection of the set of relevant observables 

von Neumann equation 

principle of weakening of initial correlations (Bogoliubov, Zubarev) 

time evolution operator relevant statistical operator 

self-consistency relations 

maximum of information entropy 

Nonequilibrium statistical operator (NSO) 

generalized Gibbs distribution 

Expanding nuclear matter: freeze-out and reaction processes (feed-down) 



EoS at low densities from HIC 

chemical constants 
Yields of clusters from HIC: p, n, d, t, h, α  

inhomogeneous, 
non-equilibrium 



Generalized RMF 

H. Pais, F. Gulminelli, C. Providencia, G. Ropke, Phys. Rev. C 97, 045805 (2018) 

Effective Lagrangian: 
quasiparticle nuclei as 
new degrees of freedom 
  

Coupling to the meson fields 
depending on A 

xsj=0.85 for A > 1  



Including light clusters to the EoS 



Cluster formation at LHC/CERN 

A. Andronic, P. Braun-Munziger, K. Redlich, J. Stachel, Nature 561, 321 (2018) 

T = 156 MeV 

ALICE@LHC 

Excellent description 
Of data by the  
Statistical model 
(chemical equilibrium)  



Density effects? 

the proton anomaly and the Dashen, Ma, Bernstein S-matrix approach 

Talk given by Peter Braun-Munzinger: 

The Beth-Uhlenbeck equation is identical  

with the Dashen, Ma, Bernstein approach.   
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Nudat 2.8: 252Cf 
Spontaneous fission of actinides 

Distribution of fission fragments  



Nuclear Fission 

Future of Nuclear Fission Theory  
M. Bender et al., J. phys. G: Nucl. Part. Phys. 47, 113002 (2020) 

quadrupol fluctuations (GDR) 
tunneling – deformed droplets, neck formation 
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Ternary fission: light cluster yields 

Ratio RAZ= 
ln[YAZ/YA,Z+1] 
 
is proportional 
to the difference  
of binding energies 
 
(BA,Z+1-BAZ)/T, T=1.2 MeV 



Fission: yields of H and He isotopes 

Lagrange parameters 

observed yieds, 
 
primary yields, 
virial partition function 
 
 
intrinsic partition function, 
no density corrections: 
 
6He is overestimated, 
8He is underestimated: 
 
Pauli blocking? 

G.R., J. B. Natowitz, H. Pais, Phys. Rev. C 103, L061601 (2021) 

Nonequilibrium information entropy approach to ternary fission of actinides  



Larger clusters: nucleation kinetics? 
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nucleation kinetics 

Ternary fission: light cluster yields 

saddle-to-scission relaxation time about 7000 fm/c  

Nonequilibrium information entropy approach to ternary fission of actinides 

T = 1.24 MeV 
µn = -2.99 MeV 
µp = -16.35 MeV 
nB = 0.000067 fm-3 

Yp = 0.035 

Neck formation and scission: freeze-out, low-density neutron-rich matter 

size effect? 



H. Palme, K. Lodders, A. Jones, Solar System Abundances of the Elements (Elsevier 2014) 

Solar element abundances 



Gross structure of cluster distribution 



Final mass-integrated r-process abundences obtained in a neutron star merger simulation using four different 
mass models compared to solar system r-process abundances [Mendoza-Temis et al. PRC 92 (2015) 055805]. 
 

J. Cowan, C. Sneden, J.E. Lawler A. Aprahamian, M. Wiescher, K. Langanke, G. Martinez-Pinedo, F.-K. Thielemann: 
“Making the heaviest elements in the Universe: A review of the rapid neutron capture process”, arxiv:1901.01410  

Neutron star merger simulation 



Origin of chemical elements 

Big-Bang nucleosynthesis, time ~ 100 sec, temperature ~ 109 K 


