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Lecture 4: Differential equations, Il




Differential equations, |

® | et’s recall our guiding principle:

The differential of a pure
integral is a total derivative,

& let’s warm up with |D integrals!

® Recall the simplest rational integral:

/<xd—x$<;b—)b> = [ (s T =)
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® | et’s raise the stakes a bit. Consider:

Loyp= [ (dl F(x. u;
= [ (@og =) F (@)

® Fis a pure transcendental function, u; are
parameters (See Claude Duhr’s lectures)

® We will now compute the symbol of |,
from the symbol of F

® Recall that

Slfl=01®...%a, < Sldf| = (a1 ® ... ® a, o logan,
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® A good strategy is to shove the data about
the rational part of the integrand, into the
boundary: = — v,

xr—a a — by
y L =
x—b 1 —y

y:

1

o Then ]a,b;F :/ (dy lOgy)F(x(yaaab)7uZ)
a/b

and the differential is simple to take:

1

a
dl, p.r = —(dlog E)F(a: = 0,u;) + / (dylogy)dsapur F(2(y,a,b), u;)
a/b
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® By assumption dF(x,u;) is a sum of terms

G;(x,u;)dlog(x — z;(u;)), Gol(z,u;)dlog f(u;)

where G;j, Go are pure transcendental
functions

® |t is not hard to compute each case, and re-
express everything in terms of the original
integral

L — a

Ioyr= | (dl F(z,u,
= [ (@og TP (@)
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® Ve thus find 3 terms in dlopF :

|. —F(x=0, u@-)dlog%

2. For each zero (x-xj) in the last entry of F

Hdlog(a—1,)) [ (dlog )Gy a.u)
~(atog(v—2,)) [ a1og TG o)

3. For each x-independent factor f in the last
entry of

+(dlog f) /Ooo(dlog

L — A

r—b

)Go(x,u;)
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® Application: from supersymmetry applied

on Wilson loops in N=4,

Cij =

(X

=Y Cijdlog(i—1lii+1j).

2,]

/ \

\/

(SCH, 1 105.5606)

Empirical observation: C;; is a pure transcendental
function (here, for R at two-loops, of degree 3),

given as a |-fold integral over dilogs

(see Henn’s talk)
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Using essentially the technique just described, | obtained:

The differential of the n-point function is expressed as
ARy = C; jdlog(i—1ii+15) (A1)
1,J

where Cs; is the sum of the four contributions

W i—1 n+1 x2 k; 1214;

1 . Js Js

CZ,Z’ = log U25—1,4,1 X Z Z ng(l — uj’k-’k-fl,jJrl) + log 3 log 3 ,
=2 k=i Titie  Tjk-1

i—2
) =3 AL 251, jsi-1.4),
j=4

n
o) = 37 A@ 14, j-100-1),
j=i+2
2

4 . 1 . 1 1 i
C’é’i) = —2Li3(1 — E) — Lip(1 — E) logu — 6 log® u + 5 log u, (A.2)

and other C; ; are obtained by cyclic symmetry. In the first line, xj41 = x2 when j = i—1,
and z_; = x1 when k£ =4, and in the last line, u = ug;—14,1. The symbol of A is

O (aTc 1Y) 117 RN
- (st ai-nle G ey ~ (0 — 6-10)

. .. .. 2 .. 5 NN ..
. . 1230) (j—15j+12)(23i +1(2)NE)) (ii+1j5+1
3S[Lia(1 = wj21i-1) — Lia(1 = uj21,4)] @ <<1<23j)zj<‘]71j;']4rli)(>2<3ii4]r>l)) 2<2i<j‘7]j'+1)((1)3((22><1i)m(]2jjj+>1))
. . 12i—14)(23ij j7+1(2)N () i—1i+1(i23)N(i5j5+1
+%S[L12(1 — uji—1,4,2) — Liz(1 - Ujli—l,i,l)] ® <(123i><<i71ii+>£j>é;ﬂ‘fli)) W) ((21‘)3'>]'<+1)<12j(j+1)) (L)
1Qps i+1(2)NG)) (i—1i+1(i23)N(igj+1
+3S[Lin(1 — uzi-141)] ® L )
23ij ii+1(2)NE)(13(2i—18)N(24j+1
—i—%S[log Uji—1,i,210g Uj2,1,i-1] @ (<<123]j>>> <2i§JJ'J+1>22%i£32><<i£1i+1(32:3()rjw](ijjzzm
—((7+1) — (5—-14))
. . . (12i7)(23i—13)
I5(1;i—1,i;5—1 R VA
—1j+1(512) N (jei+1))(1234) (23i—14
4 S[log s 1.5 log uzs141] @ (I—1j+1(j12) N (jii+1))(123i)( ) (A.3)

(1235)(j—1jj+1i)(12i—13)(23ii+1)
The factors of % cancel telescopically in the sum over j, and there are no % in front of anything
in the full symbol of the amplitude (e.g., inside the big parenthesis, only the squared factors
do not telescope away). The symbol could be written more succintly by exploiting these

telescopic cancellations; this particular presentation makes the individual term A integrable
and parity covariant. I5 is the “pentagon integral”

I5(X;1,25i—-1,4) = Lio(1 —ux,,2:) — Lia(1 —ux,1,2i-1) + Lia(1 — u2-1,41)
+Lio(1 —uxi-1,1) — Lio(1 —ux,ii—1,2) +logux12logux,;i—1,1. (A.4)
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® Actually, the technique | did the ID integral
then was based on monodromies

® Recall that symbols represent iterated integrals

/ dlogan(xn)/ dlogan(xn_l.../ dlogai(x)

0

T taking discontinuities

removes leftmost entry

(for the leading transcendentality
dependence on x)

taking d/dx removes
rightmost entry
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® Monodromy technique

We hope to elaborate elsewhere about the algorithm we have used to compute the discon-
tinuities. Let us just try outline the method for a one-dimensional integral such as Eq. (4.21).
Basically, there are exactly three phenomena to keep track of:

e A pole of the integrand makes a loop around an integration endpoint.
e A branch cut endpoint of the integrand makes a loop around an integration endpoint.

e The value of the integrand at an endpoint undergoes monodromy.
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® Monodromy technique

derivatives

We hope to elaborate elsewhere about the algorithm we have used to compute +he-diseet=
Hmudties. Let us just try outline the method for a one-dimensional integral such as Eq. (4.21).
Basically, there are exactly three phenomena to keep track of:

e A pole of the integrand makes a loop around an integration endpoint. P OI e
e A branch cut endpoint of the integrand makes a loop around an dntesretien-endpeinte

e The value of the integrand at an emdpeint undergoes monodromy.

pole

The two methods are literally the same!!!
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® [wo ways to compute symbols: differential
equations and monodromies

® Poincaré duality:

oo . b
S/O (dlogm VF (x,u;) = ST/ (dlog ) F* (x, u;),

r—b .

where ' reverses the entries of the symbol!

® This can be generalized to higher-
dimensional integrals, such as appears in
tWO-IOOP CQmPutations! (Arkani-Hamed & SCH, to appear)
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® Poincare duality in spacetime

Monodromy viewpoint:

2

S

|
/

3
4 N

(331 — 332)2®

+(z1 — $3)2®

7\
............ + 4 terms
77\

“Cutkowski, 1960”
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® Poincare duality in spacetime

Differential equation viewpoint:

/ i X-VvDet G
dX X-Xo0 X - X3 X - X4 X-K

X —I4m
bax,

Integral localizes to the real S? where X .K vanishes!

2

~S

_ (/X §(X-K)§(X-K)I.. .]) @ (1 —ay)

T ..

S

| 3
14

Formally very similar to a unitarity cut!
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® |t seems that a new operation on loops,“dual”
to unitarity cuts, computes derivatives

® Works cleanly on pure integrals

® | have no doubt that this operation will be

defined at all loop orders.
Though | have no clue what its physical

meaning is yet
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Conclusions

® The scattering amplitude world is ripe with
important and interesting computations, waiting
to be done

® New, ‘motivic” (?) ideas may be trying to tell us
something new about quantum field theory
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