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The method of Mellin—Barnes Representation

# Historiographical remarks

°

Simple one-loop examples

# General prescriptions for resolving singularities in ¢ in
multiple Mellin-Barnes integrals. Two strategies

°

Computer codes MB.m and MBresolve.m
# Various examples
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Mellin transformation, Mellin integrals as a tool for Feynman
Integrals: [M.C. Bergére & Y.-M.P. Lam'74]

V.A. Smirnov Atrani, October 07-10, 2011 — p.2



Mellin transformation, Mellin integrals as a tool for Feynman
Integrals: [M.C. Bergére & Y.-M.P. Lam'74]

Evaluating individual Feynman integrals:
[N.l. Ussyukina’75. .., A.l. Davydychev’89... ]

V.A. Smirnov Atrani, October 07-10, 2011 — p.2



Mellin transformation, Mellin integrals as a tool for Feynman
integrals:

Evaluating individual Feynman integrals:

Systematic evaluation of dimensionally regularized
Feynman integrals (in particular, systematic resolution of

the singularities in )
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The basic formula:

1 1 1 [ty
(X +Y)»  T(\) 2ri / 2 om TATT(2).
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The basic formula:

1 1 1 +100 v 2
(X+Y)» "~ T(\)2ni / e AT (=)

The poles with a I'(.. . +2) dependence are to the left of the
contour and the poles with a I'(... —z) dependence are to
the right
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#® Derive an MB representation
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#® Derive an MB representation
#® Checkit
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e

Derive an MB representation
Check it

# Resolve the singularity structure in ¢. The goal is to
obtain a sum of MB integrals where one may expand
Integrands in Laurent series in ¢

°
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e

Derive an MB representation
Check it

# Resolve the singularity structure in ¢. The goal is to
obtain a sum of MB integrals where one may expand
Integrands in Laurent series in ¢

°

e

Expand in a Laurent series in ¢
# Evaluate expanded MB integrals
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The simplest possibility:

1 1 1 +100 m2)?
(m? — k2> ~ T () 2ri /ioo dZ(_(k2))A+zF()‘+ )T (=2)
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The simplest possibility:

1 1 1 +100 m2)?
(m? — k2> ~ T () 2ri /ioo O|'7‘/(_(/~¢2))A+zr()‘Jr )T (=2)

Example 1
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11 e 2
Fr [(ay) 2ri /_ioo dz(m°)*T'(a1 + 2)['(—2)

s / d &
(—k2)mt2(—(q — k)?)2
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11 e 2
Fr = [(ay) 2ri /_ioo dz(m°)*T'(a1 + 2)['(—2)

s / d &
(—k2)mt2(—(q — k)?)2

— 17T

/ d’k a2 Gla+ z,a9)
(_kZ)al—l—z[_(q _ k)Z]ag (_q2)a1—|—a2—|—e—2—|—z !

lay +as+e—2)'(2—€e—a1)['(2—€—a9)

Gla1,a2) = [(a1)l(ag)l'(4 — a1 — az — 2¢)
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in/2T(2 — € — as)
['(a1)l"(ag)(—g?)mtaate=2

FF(QQ> m2; ai, az, d) —

2’7Ti —i00 —(
9 I'2—e—a; —2)['(—2)
['(4—2—a; —ax — 2)

X —— dz(m—2> I'ay +as+€e—2+2)
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iT?/20(2 — € — a)
F(q , T 5 a1, ag, ) F(&l)r<&2)<—q2)al+a2+€_2

1 +100 m2 z
X2_7Ti ;. dz(_—qZ> I'ay +as+€e—2+2)
XF(Q—e—al—z)F(—z)
['(4—2—a; —ax — 2)

Unambiguous prescriptions for contours:
the poles with a I'(. .. +z) dependence are to the left and

the poleswith a I'(... —z) dependence are to the right of a
contour
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Strategy A [V.A. Smirnov’99 ]

ird/2T(1 — €)
(—a%)°
1 ( m? )Z e+ 2)I'(=2)'(1 — e — 2)

— [ d
“omi Jo 0(2 — 2¢ — 2)

Fp(qz,mQ;l,l,d)

_q2
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Strategy A [V.A. Smirnov’99 ]

ird/2T(1 — €)
(—a%)°
1 ( m? )Z e+ 2)I'(=2)'(1 — e — 2)

— [ d
“omi Jo 0(2 — 2¢ — 2)

Fp(qz,mQ;l,l,d)

_q2

['(e+2)['(—z) — a singularity in ¢
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h
—e — 2 —e —1 \- ¢ 1 —¢
o ° C" o>—5 °
: : A o R%
-2 -1 0 1 2
1-1
V.A. Smirnov + _ 2
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Take a residue at z = —e¢:

and shift the contour:

ind/20(1 —¢€) 1 / 4, ( m? ) T(e+ 2)T(—2)T(1 — € — 2)

(—q?)¢ 27 —q?
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Take a residue at z = —e¢:

and shift the contour:

ind/20(1 —¢€) 1 / 4, ( m? ) T(e+ 2)T(—2)T(1 — € — 2)

(—q?)¢ 27 —q?

[(e+2)['(—z) — I'(e)
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Take a residue at z = —e¢:

and shift the contour:

ind/20(1 —¢€) 1 / 4, ( m? ) T(e+ 2)T(—2)T(1 — € — 2)

(—q?)¢ 27 —q?

[(e+2)['(—z) — I'(e)

NB:
e+ 2) (1 —€e—2)=—-T14+e+ 2)['(—€e—2)
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The integral can be expanded in ¢, e.g., the value ate =0 s
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Strategy A In a modified form [A.V. Smirnov and V.A. Smirnov’'09 ]
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Strategy A in a modified form

Choose a straight contour C'y for which the gamma
functions in the numerator of the integrand are spoiled at
e = 0 In a minimal way, I.e. the initial rules for choosing a
contour are changed in a minimal way

IMNe+2)I'(—2)T(1—€e—2) > T'(x)I'(—2)'(1 — 2)

V.A. Smirnov Atrani, October 07-10, 2011 — p.14



Strategy A in a modified form

Choose a straight contour C'y for which the gamma
functions in the numerator of the integrand are spoiled at
e = 0 In a minimal way, I.e. the initial rules for choosing a
contour are changed in a minimal way

IMNe+2)I'(—2)T(1—€e—2) > T'(x)I'(—2)'(1 — 2)

Two such minimal variants,
with —1 < Rez < 0and with 0 < Rez < 1

V.A. Smirnov Atrani, October 07-10, 2011 — p.14



Strategy A in a modified form

Choose a straight contour C'y for which the gamma
functions in the numerator of the integrand are spoiled at
e = 0 In a minimal way, I.e. the initial rules for choosing a
contour are changed in a minimal way

IMNe+2)I'(—2)T(1—€e—2) > T'(x)I'(—2)'(1 — 2)

Two such minimal variants,
with —1 < Rez < 0and with 0 < Rez < 1

Let us choose Cy with Rez = —1/4.

V.A. Smirnov Atrani, October 07-10, 2011 — p.14



Strategy A in a modified form

Choose a straight contour C'y for which the gamma
functions in the numerator of the integrand are spoiled at
e = 0 In a minimal way, I.e. the initial rules for choosing a
contour are changed in a minimal way

IMNe+2)I'(—2)T(1—€e—2) > T'(x)I'(—2)'(1 — 2)

Two such minimal variants,
with —1 < Rez < 0and with 0 < Rez < 1

Let us choose Cy with Rez = —1/4.

Then I'(e + z) which transforms into I'(z) at e = 0 is spoiled.
T(e+2) —» TW(e+ 2)

' (e + z) means that the rule Re(e + z) > 0 when crossing

the real axis is changedto —1 < Re(e +2) <0
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We do not need to spoill it more, e.qg., by

I'(e 4 2) — I'®(e + 2) with the rule
—2 < Re(e + z) < —1, etc.
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We do not need to spoill it more, e.qg., by

I'(e 4 2) — I'®(e + 2) with the rule
—2 < Re(e + z) < —1, etc.

Let

f@ﬁ%:<nﬁ>zﬂﬂ+@NE@Fﬂ—e—z)

—q? ['(2 — 2 — 2)
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We do not need to spoill it more, e.qg., by

I'(e 4 2) — I'®(e + 2) with the rule
—2 < Re(e + z) < —1, etc.

Let

o) = ( m? )"’ T(e+ 2)[(=2)T(1 — e — 2)

—q? ['(2 — 2 — 2)

Then
27’(‘1/ 1z 27’(‘1 f(z €)dz

1 1
+(% /C flevads = o [ fGeio:)

=— [ f(z.€)dz+res._.f(z€)

V.A. Smirnov Atrani, October 07-10, 2011 — p.15



Strategy B [J.B. Tausk'99, C. Anastasiou & A. Daleo’05, Czakon'05 ]
Example 1

—_——

ird/20(1 — 1
2 2. 1 ( 6) / .
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Strategy B [J.B. Tausk’99, C. Anastasiou & A. Daleo’05, Czakon’05 ]
Example 1

—_——

/20 (1 — 1
2 2. 1 ( 6) /
Fr(g®,m~;1,1,d) = — ) o Cdzz‘(z,e)

Take ¢ real. Choose ¢ and a straight contour such that the
the arguments of the gamma functions are positive when
crossing the real axis.
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Strategy B [J.B. Tausk’99, C. Anastasiou & A. Daleo’05, Czakon’05 ]
Example 1

—_——

/20 (1 — 1
2 2. 1 ( 6) /
Fr(g®,m~;1,1,d) = — ) o Cdzz‘(z,e)

Take ¢ real. Choose ¢ and a straight contour such that the
the arguments of the gamma functions are positive when
crossing the real axis.

For example, take e = 1/2, Rez = —1/4. The contour Is kept
fixed. Tend ¢ to zero.
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—e—1 —€ 1l —¢ 2—¢€
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Whenever a pole of some gamma function is crossed add a

residue and tend e to zero further

_‘_ Im z
ct |9
11
Re z
I : ¢ >
-2 -1 0 2
-1

V.A. Smirnov
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General recipes for resolving the singularity structure in e.

+ioo | |, 1 (CLZ' + bje + Z : Ciij) n
: : ) ][ =5 1=
' k =1

[T (a; +bie+ ), cféjzj

+1200
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General recipes for resolving the singularity structure in e.

+i00 +ico | |, I’ (CLZ' + bje + Zj Ciij)
[T (a; + be + Zj cféjzj)

The goal is to represent a given MB integral as a sum of
Integrals where a Laurent expansion in ¢ becomes possible.

n
d
[ L= T1d=
koo 1=l

V.A. Smirnov Atrani, October 07-10, 2011 — p.20



General recipes for resolving the singularity structure in e.

+i00 +ico | |, I’ (CLZ' + bje + Zj Ciij)
[T (a; + be + Zj cféjzj)

The goal is to represent a given MB integral as a sum of
Integrals where a Laurent expansion in ¢ becomes possible.

n
d
IERICE
k [=1

The basic procedure:
® take residues
#® shift contours

V.A. Smirnov Atrani, October 07-10, 2011 — p.20



General recipes for resolving the singularity structure in e.

+1200

+ioco | |, F (CLZ' + bje + Zj Ciij)
‘ F(a +b’e+Z] 157 )

The goal is to represent a given MB integral as a sum of
Integrals where a Laurent expansion in ¢ becomes possible.

n
d
IERICE
k [=1

The basic procedure:

o take residues

# shift contours

Two strategies: Strategy A and Strategy B
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® Strategy B [J.B. Tausk'99, C. Anastasiou & A. Daleo’05, M. Czakon’05 ]
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& Strategy B

Choose ¢ and Rez; in such a way that all the integrations
over the MB variables can be performed over straight lines
parallel to imaginary axis, I.e. the arguments of all the
gamma functions are positive when crossing the real axis.

V.A. Smirnov Atrani, October 07-10, 2011 — p.21



& Strategy B

Choose ¢ and Rez; in such a way that all the integrations
over the MB variables can be performed over straight lines
parallel to imaginary axis, I.e. the arguments of all the
gamma functions are positive when crossing the real axis.

Let ¢ — 0. Whenever a pole of some gamma function is
crossed, take into account the corresponding residue.
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& Strategy B

Choose ¢ and Rez; in such a way that all the integrations
over the MB variables can be performed over straight lines
parallel to imaginary axis, I.e. the arguments of all the
gamma functions are positive when crossing the real axis.

Let ¢ — 0. Whenever a pole of some gamma function is
crossed, take into account the corresponding residue.

For every resulting residue, which involves one integration
less, apply a similar procedure, etc.
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Two algorithmic descriptions [c. Anastasiou & A. Daleo’05, M. Czakon'05 |
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Two algorithmic descriptions [c. Anastasiou & A. Daleo’05, M. Czakon'05 |

The Czakon’s version MB.m implemented in Mathematica
IS public.
http://projects.hepforge.org/mbtools/
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& Strategy A in a modified form
[A.V. Smirnov & V.A. Smirnov’'09 |
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& Strategy A in a modified form

Strategy B: straight contours in the beginning
Strategy A: straight contours in the end
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& Strategy A in a modified form

Strategy B: straight contours in the beginning
Strategy A: straight contours in the end

Sete=0

Look for straight contours (i.e. Rez;) for which gamma
functions are changed in a minimal way
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& Strategy A in a modified form

Strategy B: straight contours in the beginning
Strategy A: straight contours in the end

Sete=0

Look for straight contours (i.e. Rez;) for which gamma
functions are changed in a minimal way

Let H F(AZ) with A; = a; + bje + Zj CijZ;

be the numerator of a multiple MB integral
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Leto(x) = [(1 — x)4] where [...] Is the integer part of a
number and z, = z for x > 0 and 0 otherwise.
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Leto(x) = [(1 — x)4] where [...] Is the integer part of a
number and z, = z for x > 0 and 0 otherwise.

In other words, If —n < 2z < —n + 1 then
o(lx)=nforn>0ando(z) =0forn <O0.
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Leto(x) = [(1 — x)4] where [...] Is the integer part of a
number and z, = z for x > 0 and 0 otherwise.

In other words, If —n < 2z < —n + 1 then
o(lx)=nforn>0ando(z) =0forn <O0.

Choose contours, 1.e. Rez;, for which

ZO_(ReAi‘e:O) — ZO‘ a; + ZCZ']'RGZ]'

IS minimal
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After such a choice is done identify gamma functions which
should be changed
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After such a choice is done identify gamma functions which
should be changed

Take care of the distinguished gamma functions, i.e. take a
residue and replace I' by T'(1)(4;) (and, possibly, TV 4;) by
I'(2)(4;) etc.)
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After such a choice is done identify gamma functions which
should be changed

Take care of the distinguished gamma functions, i.e. take a
residue and replace I' by T'(1)(4;) (and, possibly, TV 4;) by
I'(2)(4;) etc.)

Proceed iteratively: every residue is considered from the

scratch, i.e. treated in the same way as the initial MB
integral
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After such a choice is done identify gamma functions which
should be changed

Take care of the distinguished gamma functions, i.e. take a
residue and replace I' by T'(1)(4;) (and, possibly, TV 4;) by
I'(2)(4;) etc.)

Proceed iteratively: every residue is considered from the

scratch, i.e. treated in the same way as the initial MB
integral

MBresolve.m
http://projects.hepforge.org/mbtools/
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e

Derive an MB representation
Check it

# Resolve the singularity structure in ¢. The goal is to
obtain a sum of MB integrals where one may expand
Integrands in Laurent series in ¢

°

e

Expand in a Laurent series in ¢
# Evaluate expanded MB integrals
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How to derive M B representations

Example 2. The massless on-shell box diagram, I.e. with

pF=0,1=1,2,34

P1

D2

V.A. Smirnov

p3

o
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How to derive M B representations

Example 2. The massless on-shell box diagram, I.e. with
pF=0,1=1,2,34

P1 * p3

D2 ® ® P4

Iy (s, t;a1,a2,a3,a4,d)

B / d’k
(R [=(k 4 p1)?]92[=(k + p1 + p2)?]oe[—(k — p3)?]as
where s = (p1 + p2)? and t = (p1 + p3)*
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U=a1+as+a3+ag, V=tajas+ saray .
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U=a1+as+a3+ag, V=taraz+ sazay .

ajol'(a+e€e—2)

[T (a;)
/ / Zz 1M 1>+€ : Hoﬂl‘ldoq .. day ,

—tap g — sa2044

Ir(s,t;a1,a2,a3,a4,d) = im

a=aji+ ...+ a4.
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U=a1+as+a3+ag, V=taraz+ sazay .

ajol'(a+e€e—2)

[T (a;)
/ / Zz 1@1_1>+62H@az lday ... day

—tap g — sa2044

Ir(s,t;a1,a2,a3,a4,d) = im

a=aji+ ...+ a4.

Introduce new variables by a; = n1&1, as = n1(1 — &), ag =

77252, Ay = 772(1 — fg), with the Jacobian 2
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FF(SJ ta ai,az,as, aq, d)
_apllate=2T2—c—a1—a)l(2—c— a3 — ay)
[(1—2¢— ) [[D(a)

a1 1 1 o )a,z 1€CL3 1( 52)0,4—1
/ / 55152 — (1 —&)(1 — &) —i0]ate—2 d§1d&o
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Ir(s,t;a1,a2,a3,a4,d)
_ md/QF(a +e—2)'2—€e—a; —a2)l'(2—€— a3 — ay)
['(4—2e—a)][T(a)

CL1 1 1 o )a,z 1€CL3 1( 52)0,4—1
/ / 55152 — (1 —&)(1 — &) —i0]ate—2 d1de

Apply the basic formula to separate
—s&1&o and —t(1 — &) (1 — &) In the denominator
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V.A. Smirnov

Ir(s,t;a1,a2,a3,a4,d)
_ md/QF(a +e—2)'2—€e—a; —a2)l'(2—€— a3 — ay)
['(4 — 2¢ — a) H I'(ap)

CLl 11_ as—1 CL3 1 as—1
85152 — (1 — 51)(1 - 52) i0]

Apply the basic formula to separate

—s&1&o and —t(1 — &) (1 — &) In the denominator

Change the order of integration over z and £-parameters,
evaluate parametric integrals in terms of gamma functions

Atrani, October 07-10, 2011 — p.29



ird/2

['4—2c—a)[][T(a)(—s)ote2

Fr(s,t;a1,a9,a3,a4,d) =

I A A
X — dz (—) l'a+e—242)(as + 2)'(aqg + 2)I'(—2)
271 —ico S

xI['2—a1—ag—ag —e—2)'(2—ags —az —ag — € — 2)
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ird/2

['4—2c—a)[][T(a)(—s)ote2

Fr(s,t;a1,a9,a3,a4,d) =

1 e t\*
X — dz (—) l'a+e—242)(as + 2)'(aqg + 2)I'(—2)
271 —ico S
xI['2—a1—ag—ag —e—2)'(2—ags —az —ag — € — 2)
ird/2

FF<57 ta 17 17 17 17 d) — F(—QE)(—S)2+€

1 e t\” 2 2
X5 ;. dz (g) F'2+e+2)I'(14+2)T(—1 —e—2)T'(—2)
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Example 3. Non-planar two-loop massless vertex diagram
with pt = p5 = 0, Q* = —(p1 — p2)* = 2p1-p2

d?k d?l
2.
Fr(Q%ar, ..., a6, d // (k+1)2 = 2p1-(k + )]

e T e 2 e e e T
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1 _ (—1)%%% (a3 + as)
(k* — 2p1-k)2s (k=)0 I'(a3)I'(as)

bodg e (1 — g)o!
: /o [—(k — &1p1)* — i0]astas

and, similarly, for the second pair, with the replacements
§1 — &, p1 — P2, k— 1, a3 — a4, a5 — ag

Change the integration variable | — r = k + [ and integrate
over k by means of our massless one-loop formula
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dk
/ [_(k o glpl)z]ag—l_a‘r)[—(?“ — €2p2 — k)z]a4—|-a6
_ ipd/2 G(as + as, a4 + ag)

[—(r — &1p1 — &opa)?]astaatastacte2

Apply Feynman parametric formula to the propagators 1
and 2 and the propagator arising from the previous

Integration, with a resulting integral over r evaluated In
terms of gamma functions:

/ d%r
—(r2 — Q2A(&, &, &3, &) )|ote2
_ i d)2 ['(a + 2¢ — 4) 1
Dla+e—2) (Q)21A(E, &, &, 6) 072
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where a = a7 + ...+ ag and

A(1,82,83,64) = &3+ (1 — &3 — €4)[6283(1 — &1) + &164(1 — &2))]

Gonsalves’83:

(—1)¢ (md/Z)2 D(2 — € — ags)T(2 — € — aug)
FF(Q2; ai,...,ag,d) =

(@2)at2e 4[] '(ay) T'(4 — 2€ — as4s6)
1 1
xI'(a + 2¢ — 4)/0 déy .. '/o déy ff’?’_l(l — gl)%—l 34—1(1 _ fz)aﬁ—l

xEP el (] gy g)tmseteTS f(g) &y £3,64) 721

V.A. Smirnov



['(a+ 2¢ —4)

e =€) + (1 —n) (€l — &) + (1 — & (1 — &))" >
1 [T dy D=z (1 - )
i —ino (1 _ n)a+2e—4—|—z1
F(CL‘|‘2€—4—|—21)

[552(1 — fl) + (1 _ f)fl(l _ 52)]0,4—26—44—21

The last line —

X

1 (1 dzaT(a+ 2 —4+ 21 + 29)T(—22)62652 (1 — &)

211 ) _jne (1 — £)at2e—ddz1tzs §?+26—4+Zl+2’2(1 — &y)at2e—d+ata

V.A. Smirnov



(_1)61, ( d/2>2F(2 e — &35)
(Q?)a+2¢=41(6 — 3e — a) [[ T'(ay)
['(2 — € — ayp)

+100 +100
X dzidzel'(a + 26 — 4
T'(4 — 2¢ — agasg) (27i)2 / / <1022 T 2€ + 21 + 22)

XI'(—21)['(—22)'(aq + 22)' (a5 + 22)(a1 + 21 + 22)
Y ['2—€e—apa—2)'(4—2e+ a2 —a— 29)

['(4 — 2 — ai23s — 21)I'(4 — 2¢ — a1246 — 21)
xI'4—2¢e+a3—a—21 —22)'(4—2e+ag —a— 21 — 22),

Fr(Q% a1, .. a5,d) =

where asqs = a3 + aq + a5 + ag, €tc.
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The massless box diagram with two legs on shell,

p3 = pi = 0, and two legs off shell, p{, p5 # 0

['(a+e—2)
Biigo = in?/? T (ar)
4
£ Ll
=1

2 ‘N\2—a—e€
—sa1ag — tapoy — plozl&g psaoas — i0)

V.A. Smirnov
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— , dzo...dz X7
(Xl + ...+ Xn))\ F()‘) (27-(-1)71—1 /—ioo /—ioo " g '

n
XXM TN 2 2) H ['(—2z)
i=2

Separate terms with p# and p3, turn to new variables by

a1 =mé1, a2 =n1(1 —&1), ag =m&, ag =n2(l — &2)

and evaluate integrals over parameters to obtain a three
fold MB representation
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iwd/ 2

B
+100 +100 —|—1oo 2\22 [ 2\23(__+\24
/ / / Logdzy dZ( —p1)*2(—=p3)* (=)

(_5)Z2+Z3+Z4

27’(‘1
a+e—2+ 294 23+ 24)(ag + 22 + 23 + 24)(aq + 24)
XF(Q — € — 4934 — 23 — Z4)F(2 — € — A1924 — k9 — 24)
X[(—22)(—23)['(—24) -
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V.A. Smirnov

Double box with irreducible numerator (k + p1 + pa + pa)?

P1 * ’ ’ 0 * p3
2 7 5
3 4
b2 ¢ * o P4
d’k d
B 7t; /R Y
2(5 al as, € // k’2 Cll k"‘pl) ]a,2[(k _|_p1 _|_p2)2]a,3

[(k + p1 + p2 + pa)?] %
(I + p1+ p2)?]®[(l + p1 + p2 + pa)?]2s (12) % [(k — 1)2]o7

X

Atrani, October 07-10, 2011 — p.40



d?& [(k + p1 + pa + pa)?]) o
B t: =
2(57 ; A1, 7CL87€) / (kZ)al[(k _|_p1)2]a2[(k _|_p1 _|_p2)2]a3

x B1100(s, (k + p1 4+ pa + pa)?, k%, (k 4 p1 + p2)%; ag, av, aq, as, d)
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d%% [(k 4+ p1 + p2 + pa)?] ™
Bo(s,t;aq, ..., as, —
2(s,fi01, .-, 08, €) / (:2)[(k + p1)2)%[(k + p1 + pa)?]
x B110o(s, (k + p1 + p2 4+ pa)?, k2, (k + p1 + p2)%; ag, az, as, as, d)

After using the threefold MB representation for B;1g99 and
changing the order of integration we obtain an on-shell box

iIntegral with indices shifted by z-variables. Apply then the
onefold representation for the this box.

V.A. Smirnov
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d?& [(k + p1 + pa + pa)?]) o
B t: =
2(87 ; A1, 7CL87€) / (kZ)al[(k _|_p1)2]a2[(k _|_p1 _|_p2)2]a3

x B1100(s, (k + p1 4+ pa + pa)?, k%, (k 4 p1 + p2)%; ag, av, aq, as, d)

After using the threefold MB representation for B;1g99 and
changing the order of integration we obtain an on-shell box
iIntegral with indices shifted by z-variables. Apply then the
onefold representation for the this box.

The loop by loop derivation of MB representations.
AMBRE
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How to check a given M B representation

ai a6

a2 ar as ai,ag, 4, de — 0

>

as a4

as, as, a7 — 0

K XA
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How to evaluate M B integrals after expanding in e

The first Barnes lemma

ﬂ dz F()\l + Z)F()\Q -+ Z)F()\g — Z)F()\4 — Z)
Tl J _ico
F()q + )\3)F()\1 -+ )\4)F()\2 -+ )\3)F()\2 + )\4)
F()\l + Ao + A3 + >\4)
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How to evaluate M B integrals after expanding in e

The first Barnes lemma

ﬂ dz F()\l + Z)F()\Q -+ Z)F()\g — Z)F()ul — Z)
Tl J _ico
F()q + )\3)F()\1 -+ )\4)F()\2 -+ )\3)F()\2 + )\4)
F()\l + Ao + A3 + )\4)

Multiple corollaries, e.g.,

— dzT(A1 + 2)[F (A2 + 2)['(= Ao — 2)['(A3 — 2)

27'('1 —ico

=T (A1 — A2)T (A2 + A3) [0(A1 — A2) — (A1 + A3)]
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1Tz T\ + 2)T (Mg + 2) 03 — 2)T (Mg — 2)
omi i 2 VI TARVZTERAA TR TS
F(Q—)\l—)\3)F(1—)\2—)\3)F()\1—|—)\3—1)F()\2—|—)\3)
T(1— M\)T(1 — Ag)

X [I(1 = A)T(1 = A2) = T'(2 — A1 — A2 — A3)T'(A3)]

V.A. Smirnov Atrani, October 07-10, 2011 — p.44



L g 4 ST — )T - )

omi i 2 VI TARVZTERAA TR TS

F(Q — A\ — )\3)F(1 — g — )\3)F()\1 + A3 — 1)F()\2 + )\3)
['(1—X)I'(1 = Ag)

X [I(1 = A)T(1 = A2) = T'(2 — A1 — A2 — A3)T'(A3)]

The second Barnes lemma

d
omi ) T(hg & 2)

F()\l -+ )\4)F()\2 + )\4)F()\3 -+ )\4)F<)\1 + )\5)
LA+ Ao+ A+ A5) (A1 + A3 + Mg+ As)

T'(Aa + X5)T (A3 + As5)
x RS VA VRN VN VNS VRN ID)
V.A. Smirnov F()\z —|_ )\3 —|_ )\4 _|_ )\5) 6 1 2 3 Alt%ani, Octoberg)7—10, 2011 - p.44

1 /“OO LA+ 2)L (A2 + 2)T(A3 + 2)T' (Mg — 2)T(A5 — 2)




Transform a given multiple MB integral originating after
expanding in e into multiple series.
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Transform a given multiple MB integral originating after
expanding in e into multiple series.

Summing up series with nested sums

"1 =S
Sin) =3 % Sulmy =3 3
J=1‘7 J=1 J
" S "\ Skim
Siki(n) = MEJ) , Sikim(n) = - Z(j)
=1 = 7
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Transform a given multiple MB integral originating after
expanding in e into multiple series.

Summing up series with nested sums

Si(n) =Y =, Si(n) =) @(7;7) ,
Siki(n) = klg]) C Sipim(n) =3 ki Z(])
.7:1 ] ]:1 ]

v(n) = Siln—1)—1g,
¢(k)(n) = (=D k! (Sppi(n—1)—C(k+1)), k=1,2,...,
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Transform a given multiple MB integral originating after
expanding in e into multiple series.

Summing up series with nested sums

nog o n g .
Siki(n) = klg]) C Sipim(n) =3 ki 7J(J)
7=1 J j=1 J

v(n) = Siln—1)—1g,
¢(k)(n) = (=D k! (Sppi(n—1)—C(k+1)), k=1,2,...,

SUMMER

XSummerxr
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Harmonic polylogarithms (HPL)
Hyyay.oa,(®) = H(a1,a2,...,ap;2), With a; = 1,0, -1

are generalizations of the usual polylogarithms Li, (z) and
Nielsen polylogarithms S, ;(z)
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Harmonic polylogarithms (HPL)
Hyyay.oa,(®) = H(a1,a2,...,ap;2), With a; = 1,0, -1

are generalizations of the usual polylogarithms Li, (z) and
Nielsen polylogarithms S, ;(z)

i

H(at, as,.. . an: 7) — / Flat: ) H(as, ... an: )t
where f(£1;¢) = 1/(1 F 1), f(0:) = 1/1,
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Harmonic polylogarithms (HPL)
Hyyay.oa,(®) = H(a1,a2,...,ap;2), With a; = 1,0, -1

are generalizations of the usual polylogarithms Li, (z) and
Nielsen polylogarithms S, ;(z)

i

H(al,ag,...,an;x):/ Flay: ) H(ay. . ay: 1)dt
where f(+1:6) = 1/(1 1), F(0:) = 1/t
H(tLz)=FIn(1F=x), HO;z)=Inz,
with a; = 1,0, —1.
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Harmonic polylogarithms (HPL)
Hyyay.oa,(®) = H(a1,a2,...,ap;2), With a; = 1,0, -1

are generalizations of the usual polylogarithms Li, (z) and
Nielsen polylogarithms S, ;(z)

i

H(al,ag,...,an;x):/ Flay: ) H(ay. . ay: 1)dt
where f(+1:6) = 1/(1 1), F(0:) = 1/t
H(tLz)=FIn(1F=x), HO;z)=Inz,
with a; = 1,0, —1.

HPL implemented in Mathematica
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An open problem: how to derive systematically
MB representations for non-planar diagrams?

The loop by loop strategy is hardly applicable for non-planar
diagrams : (
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An open problem: how to derive systematically
MB representations for non-planar diagrams?

The loop by loop strategy is hardly applicable for non-planar
diagrams : (

Consider, for example, the two-loop nonplanar

vertex diagram at p? = p3 = 0 and derive
an MB representation loop by loop.
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An open problem: how to derive systematically
MB representations for non-planar diagrams?

The loop by loop strategy is hardly applicable for non-planar
diagrams : (

Consider, for example, the two-loop nonplanar
vertex diagram at p? = p3 = 0 and derive
an MB representation loop by loop.

Poles in ¢ can arise not only locally but also from an
Integration over large =.

V.A. Smirnov Atrani, October 07-10, 2011 — p.47



1 I'(1+ 2 I'(—
1 (1 + 2¢e + 2)T( Z)<—1)Zd2’
2T J o l+e+2
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1 I'(1+ 2 I'(—
1 (1 + 2¢e + 2)T( Z)<—1)Zd2’
2T J o l+e+2

z = x + 1y, € real
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1 I'(1+ 2 I'(—
1 (1 + 2¢e + 2)T( Z)<—1)Zd2’
2T J o l+e+2

z = x + 1y, € real

1 (T T(1 4 26 + 2 + iy)[(—x — iy)

— e—z’wx—l—wyd
21 ) ino l+e+ax+1y v
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1 ['(1+2 I'(—
1 (1 + 2¢ + 2)I( Z)<—1)Zd2
2T J o l+e+2

z = x + 1y, € real

1 [T T(1 4 2+ z + iy)D(—x — iy)

— e—z’wx—l—wyd
27 J —ioc 1 +e+x+iy Y

F(CE s zy) N /27Tej:7j£(Zx—l)ej:iy(lny—l)e—gy

when y — +o0
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1 I'(1+2 I'(—
1 (1 + 2¢e + 2)T( Z)(—l)zdz
271 C l4+e+ 2

z = x + 1y, € real

1 (T D14 2+ 2+ iy)D(—x — iy)

_ e—z’wx—l—wyd
27 )i I +e+a+ iy Y

F(CE s zy) N /27Tej:7j£(Zx—l)ej:iy(lny—l)e—gy

when y — +o0

The integrand behaves like

1
1—2¢

2T
y
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MB tools at http://projects.hepforge.org/mbtools/:
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MB tools at http://projects.hepforge.org/mbtools/:

MB.m M. czakon'05]
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MB tools at http://projects.hepforge.org/mbtools/:

MB.m M. czakon'05]
MBresolve.m [A. Smirnov09]
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MB tools at http://projects.hepforge.org/mbtools/:

MB.m M. czakon'05]
MBresolve.m [A. Smirnov09]
MBasymptotics.m [m. Czakon'09]
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MB tools at http://projects.hepforge.org/mbtools/:

MB.m M. czakon'05]
MBresolve.m [A. Smirnov09]
MBasymptotics.m [m. Czakon'09]

barnesroutines.m [p. Kosower0g]
(applying Barnes lemmas automatically)
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P2

3 4
P1

10

8

The general planar triple box Feynman integral

s

T(ay,...,a10;s,t;¢€)

y

Ps3

d’k d%1 d%r
k221 [(k + p2)?]*

Tk + p1 + p2)?)°

X

3[(1+p +p2) Jas

— )2]es[iP]ee[(k — 1)%]er

[(r 4+ p1 + p2)?]%[(r + p1 + p2 + p3)?]20[r] @

V.A. Smirnov
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General 7fold MB representation:

3
(in%2)" (-1
[1,22.5.7.80,10 1'(@;)I'(4 — asso(10) — 2€)(—s5)*~0+3¢

1 /+m s ! 2, (t)wF(az—I—w)F(—w)F(zz—l—z4)F(z3—|—z4)

(27T’i)7 g F(CLl + 23 + Z4)F(CL3 —+ 2o + 24)

T(ai,...,a10; s, t,m; €)

X

I'2—a1—az — e+ 22)'(2—az2 —az — e+ z3)'(a7 + w — z4)
I'4—a1 —az2 —as —2e+w — z4)'(as — 25)'(as — 26)

x['(+a1 +az+a3s —2+ e+ z4) (w4 22+ 23 + 24 — 27)[(—25)'(—26)

X

X
=

2—0,5—CL9—CL10—€—Z5—Z7>F(2—CL5—ag—a9—6—26—27)

X
—

as+as+ar —2+e+w—z4 — 25 — 26 — 27)['(ag + 27)

X
=

4—&4—&6—a7—2€+25—|—z6—|—27)

X
—

2—as—ar—e—w—22+25+27)['(2—as —ar —€ —w — 23+ 26 + 27)

(
(
(
(
(
(a5 + 25 + 26 + z7)['(as +as + a9 + a0 — 2+ €+ 25 + 26 + 27),

XTI
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General 7fold MB representation:

3
(in%2)" (-1
[1,22.5.7.80,10 1'(@;)I'(4 — asso(10) — 2€)(—s5)*~0+3¢

1 /+m s ! 2, (t)wF(az—I—w)F(—w)F(zz—l—z4)F(z3—|—z4)

(27T’i)7 g F(CLl + 23 + Z4)F(CL3 —+ 2o + 24)

T(ai,...,a10; s, t,m; €)

X

I'2—a1—az — e+ 22)'(2—az2 —az — e+ z3)'(a7 + w — z4)
I'4—a1 —az2 —as —2e+w — z4)'(as — 25)'(as — 26)

x['(+a1 +az+a3s —2+ e+ z4) (w4 22+ 23 + 24 — 27)[(—25)'(—26)

X

X
=

2—0,5—CL9—CL10—€—Z5—Z7>F(2—CL5—ag—a9—6—26—27)

X
—

as+as+ar —2+e+w—z4 — 25 — 26 — 27)['(ag + 27)

X
=

4—&4—&6—a7—2€+25—|—z6—|—27)

X
—

2—as—ar—e—w—22+25+27)['(2—as —ar —€ —w — 23+ 26 + 27)

(
(
(
(
(
(a5 + 25 + 26 + z7)['(as +as + a9 + a0 — 2+ €+ 25 + 26 + 27),

XTI
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T(1,1,...,1;s,t;¢€)
(im/2)’ | i T t\Y T(1 +w)T(—w)
/_ dwgdzj (—) 0

T T (—26)(—s)43¢ (27i)7 s) T(l—2+w— z4)

[(—e+ 20)'(—€+ 23)T(1 +w — 24) (=20 — 23 — 24) (1 + € + 24)
D(1+ 29 + 24)T(1 + 23 + 24)
y [(22 + 24)0 (23 + 24) T (—25) T (—26)T(w + 22 + 23 + 24 — 27)
I'(1 = 25) (1 — 26)(1 — 2¢ + 25 + 26 + 27)
XI'(—=1—€— 25 —27) (=1 — € — 2z — 27)I'(1 + 27)
XI(14+e4+w—24—25 — 26 — 27)(—€ —w — 29 + 25 + 27)

xI'(—e—w—2z3+ 26+ 27) (1 + 25 + 26 + 27)1(2+ € + 25 + 26 + 27)

X
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Result

3
- d/2 _—Yge€
(in e ) & ey 1)
SS(_t)l—l—SG Z ) ’

T(1,1,...,1;8,t;¢) = —

1=0
where z = —t/s, L = In(s/t), and
06:§, c5——gL, c4——g7r2,
c3 = 3(Hpo1(x) + LHy () + g(ﬂ + 1) Hy () — %71‘2[/ — %@,
co =—3(17THp001(x)+ Hoo1,1(x) +Ho101(x) + Hi001(2))
L (37Hyo 1 (%) + 3Ho11(x) + 3H) 01(z)) — g(ﬁ + 72V Hy  (2)
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c1 =3(81Hp0,00.1(x) +41Hpp0.1.1(x) +37Hpo1,01(x)+ Hoo1,1,1(7)
+33Ho1,001(x) + Ho1,011(x) + Ho1.1,01(x) +29H1,0,0,0.1(x)
+Hi001.1(x)+Hip101(x) +Hi11001(x))+ L (177Hpo,01(z) +85Hpo,1,1(7)

+73Ho,1,0,1(x) +3Ho,1,1,1(x) +61H10,0,1() +3H1,0,1,1() +3H1,1,01(7))

119 139 47
+ ( L2 + — 12 ) H0,0,:[(.CC) + (?IP + 2071'2) Ho’l,l(ﬂf)

+ L2 + 147 ) Hy1(z) +

DN | O

(L2 + 7T2) Hl,l,l(a:)

2

9
8

73 5. 301

C3 _ _CE))

+ (23L3 + —7T2L 96C3> Ho,1(z) + (SLS + 7L — 3C3> Hy 1 ()
g

13 503
L4 ?L2-58 L+ — H AL
S ) 1(2) = 7™
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777777777777777

777777777777777

7777777777
77777

777777777777777

+3H1,0,1,0,1,1(¢) +3H1,0,1,1,0,1(2) + 87H1,1,0,0,0,1(z) + 3H1,1,0,0,1,1(x)
+3H1,1,0,1,0,1(z) + 3H1,1,1,0,0,1(x))

—L (729H0.0.0,0,1(z) +537Ho.0,0,1,1(x) +445H0.0.1,0,1(x) + 133Ho,0,1,1,1(x)
+321Ho,1,0,0,1(x) + 169H0,1,0,1,1(x) +97Ho,1,1,0,1(x) + 3Ho,1,1,1,1(x)
+165H1,0,0,0,1(z) + 205H1,0,0,1,1(z) + 133H1,0,1,0,1(z) + 3H1,0,1,1,1()
+61H11,001(x) +3H1,1,01,1(x) +3H1,1,1,0,1(x))

531 2 89 2 311 2 619 2
— | — L — H — | — L — H
( 5 + 1 W) 0,0,0,1(3?) ( 5 + 15 W) 0,0,1,1(56)

247 307 71
— <7L2 + 1—27T2) Ho,1,0,1(x) — (71)2 + 327r2> Ho,1,1,1()
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151 197 107
— (7L2 — 1—27T2) H1,0,0,1<$> - (7112 + 5072) Hl,O,l,l(x)

35 3
B <?L2 + 14%2) Hl,l,o,l(gp) — 5 (L2 + 7r2) H1,1,1,1(az)

119 .5 317 , A7 5 179
( 5 L” + 127TL 455(3)]1’0,0,1(56) (2L —+ 127TL
35 35 3
__nmggfhﬁﬁcw-—(E;L3+i§w?L—q5&;>1ﬁmﬁcw-(§L3+ﬂ2L
69 101 559
—3C3>H1,1,1(33)— —L4—|——7T2L2—291C3L—|——7T4 H())1(LE)
8 8 90
—gﬁﬁ+§kﬁﬂ—%@L+£%4zﬁﬂ@
8 8 8 ’
27 & 25 5.3 183 o, 131 ,. 37 ,
Y (e SRl S Ay je sty ol S H
(40 T 5 Bl T G 12”C3+5W3) 1(@)
223 167 5 624607 ¢
i 14 L+ —¢3— .
+’< TR 9C5) T 9% T 5aa320”

V.A. Smirnov Atrani, October 07-10, 2011 — p.57



‘Inverse Feynman parameters’

F<a)r<b) R /1 ta_l(l o t)b_ldt
0
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‘Inverse Feynman parameters’

Na)®) [ _
Tt 5 ,/Ot L1 — o) tdt

Integrating over a MB variable (not by a Barnes lemma)

21 (a+ 20(b+ 2)l(c — 2)T(—2)adz
1 C
_ F(a)F(Ib‘)(l;(j z_j)cr)(b o) oF1(a;b;a+b+c;1 —x)

1
:F(a)F(b+c)/O =11 — $)ateml(] — ¢ 4 tz)"Odt
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9 Strategy A [V.A. Smirnov’99 ]
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& Strategy A

Analysis of the integrand. Think of integrations over
z-variables in various orders.
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the rest of the variables, generates a pole of the type
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& Strategy A

Analysis of the integrand. Think of integrations over
z-variables in various orders.

For example, the product I'(1+2)['(—1 — e—2) generates a
pole of the type I'(—¢) where —e = (1+2) + (=1 — e—2)

The general rule: I'(a+2)T'(b—2), where a and b depend on
the rest of the variables, generates a pole of the type

['(a +b)

ldentifying key gamma functions (responsible for the
generation of poles in ).
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Let F(AZ) with A; = a; + bje + Zj CijZj
be one of the key gamma functions. Consider ¢ real.
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Let F(AZ) with A; = a; + bje + Zj CijZj
be one of the key gamma functions. Consider ¢ real.

‘Changing the nature’ of these key gamma functions (i.e.
changing rules for the contours)

ReA, >0 — -1 <ReA, <0
T'(A;) — IM(4,)
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Let F(AZ) with A; = a; + bje + Zj CijZj
be one of the key gamma functions. Consider ¢ real.

‘Changing the nature’ of these key gamma functions (i.e.
changing rules for the contours)

ReA, >0 — -1 <ReA, <0

T'(A;) — IM(4,)

Changing more:

—n<ReA; <—n+1forn=223,...
['(A;) — T (A4,

Taking residues and shifting contours.

For each resulting residue, which involves one integration
less, apply a similar procedure, etc.
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