in[1:= Get ["e: /MB/MB. i ];
Get ["e: /MB/MBresol ve. ni'1;
Get ["e: /MB/barnesroutines. n'1;
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In[5]:=

In[6]:=

In[7]:=

out[7]=

In[8]:=

In[9]:=

In[10]:=

In[11]:=

(* The end of the derivation of the MB
representation for the planar massless doubl e box di agram at
p1A2=p2A2=p3A2=p4A2=0,

Not ati on: S=-s=-(pl+p2)"2, T=-t=-(pl+p3)"2 =*)
(+ This is the MB representation for the box *)

Boxl[al_, a2_, a3_, a4_] : =
(g?-at-az-as-ad-ep-21 721 Gamma[al +a2 +a3 +a4 -2 +ep +z1] Gamma[a2 + z1] Gamma[a4 + 1]
Ganmma[2 -al-a2-a4 -ep-z1] Gamma[2-a2-a3-a4 -ep-z1] Gamma[-z1] )/
(Gamma[al] Gamma[a2] Gamma[a3] Ganma[ad4] Ganma[4 -al - a2 -a3 -a4 -2ep]);

(1/S"(ad+ab+ab+a7+ep-2+22+23+24) /

(Gamma[a4] Gamma[a5] Ganma[a6] Gamma[a7] Gamma[4 - a4 - a5 - a6 -a7 -2 ep])
Gammm[ad +ab+ab+a7-2+ep+22+2z3+24] Ganma[a7 +z2 +23 +z4] Garma[ab + z4]
Gamu[2 -a4 -a5-a7 -ep-2z3-z4] Gamma[2 -a5-a6 -a7 -ep-2z2-2z4]
Gamma[-z2] Gamma[-z3] Gamma[-z4] ) Boxl[al -z2, a2, a3 -2z3, a8 -z47];

Sinplify[%]

<S4—al—a2—a3—a4—a5—a6—a7—a8—2 ep-z1 Tzl Gamma[-z1] Gamma[a2 +z1] Gamma[-z2] Ganma [-z3]
a8 +z1-z4) Gamma[2-ab-a6-a7-ep-z2-z4) Ganmm[2-a4 -a5-a7-ep-2z3-124]
-2+al+a2+a3+a8+ep+2z1-22-23-2z4]) Gamma[-z4] Ganmma [a5 +z4]
2-al-a2-a8-ep-z1+z2+z4)Gamua[2-a2-a3-a8-ep-2z1+z23+12z24]
Gamma [a7 + 22 + 23 +2z4] Garrma[72+a4+a5+a6+a7+ep+22+z3+z4})/
(Gamma[a2] Gamma[ad] Gamma[a5] Ganma[a6] Ganma[a7] Ganma [4 - a4 - a5 -a6 -a7 -2 ep]
Gamma [al - z2] Gamma [a3 - z3] Gamma [a8 - z4] Ganma[4 -al -a2 -a3 -a8-2ep +z2+23 +2z4])

Gamma [
Gamma [
Gamma [

(* Changi ng vari abl es *)

% /. {22 - z2-24, 23 » 23 -124};
% /. {z3 > z3+1z1},

% /. z4 > 24 +21,

% /. 22 » 22 +121;
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2= Simplify[% /. z4 »z4 +22 +23]

Oufiz)- (S4-@l-az-ad-ad-as-ab-ar-ad-2ep-zl 721 Gamya [-z1) Ganma (a2 +z1) Ganma (2 - a5 - a6 - a7 - ep - z1 - 22]
Gamma (2 -al-a2-a8-ep+z2) Gamma[2-a4 -a5-a7-ep-z1-23]
Gamma[2 -a2 -a3 -a8 -ep+z3]) Gammm[a7 +z1 -z4]) Gamma[-2 +a4 +a5 +a6 +a7 +ep +z1 - z4]
Gamma (a8 -z2 -z3 -2z4]) Gamma[-z1-22-23-z4) Ganma[-2 +al +a2 +a3 +a8 +ep +z4]
Gama [z2 +z4] Gamma [z3 +z4] Gamma [a5 + z1 + 22 + 23 + z4] ) /

(Gamma [a2] Gamma[a4] Ganma [a5] Ganma [a6] Ganma [a7 ]
Gammm (4 -a4-ab-a6-a7-2ep] Gamma[4-al-a2-a3-a8-2ep +2z1-24]
Gamma [a8 -z1 -z2-2z3-z4) Gamma (a3 +z2 +z4] Gamma[al +z3 +z4))

n(131= B2[al_, a2_, a3_, a4_, a5_, a6_, a7_, a8_] : =
(§-a1-a2-a3-ad-a5-a6-a7-ad-2ep-z1 721 Gapmm [-z1] Ganma [a2 +z1] Ganma [2 - a5 - a6 - a7 - ep - z1 - 22]
Gamma[2 -al -a2-a8 -ep+z2] Gamma[2-a4 -a5-a7-ep-z1-23]
Gamma[2 -a2 -a3 -a8 -ep +z3] Gamma[a7 +z1 -z4] Ganma[-2 +a4 +a5 +ab +a7 +ep +z1 - z4]
Gamma[a8 -z2 -z3 -z4] Gamma[-z1-22 -2z3 -z4] Ganma[-2 +al +a2 +a3 +a8 + ep +z4]
Gamma [z2 +z4] Gamma[23 + z4] Gamma[a5 + 21 + 22 + 23 + z4]) /
(Ganmma[a2] Ganmma[a4] Ganma[a5] Gamme [a6] Gamma[a7] Ganma[4 - a4 - a5 - a6 - a7 - 2 ep]
Gammu[4 -al -a2-a3-a8-2ep+2z1-124]
Gammu[a8 -z1-22 -23-2z4] Gamma[a3d +z2 +z4] Ganma[al +z3 +24])

(* the function in the one-loop integration formula =)

nf141= Glal_, a2_, s_] := Gamma[al +a2 +ep -2] Gamma[2 -ep -al]
Gamma[2 -ep -a2] / Gamma[al] / Gamma[a2] / Gamma[4 -2ep-al-a2] /s™ (al +a2 +ep - 2),

(* a vertical check: shrink vertical Iines,

a2, ab, a7-0
*)

np151= B2[al, a2, a3, a4, a5, a6, a7, 0]

ouis= (S*atrazrasrad-as-ab-ar-zepzl T2l Gamm [-z1] Garmm[a2 +z1] Garma [2 - a5 - a6 - a7 - ep - z1 - 22]
Gamma (2 -al-a2-ep+z2] Gamma[2 -a4 -a5-a7-ep-z1-2z3) Gama[2-a2-a3-ep+2z3]
Gamma (a7 +z1 -z4) Ganma[-2 +a4 +a5+ab6 +a7 +ep+z1-z4]) Gamma [-22 - 23 - 24
Gamma -2 +al +a2 +a3 +ep +z4] Gamma [z2 + z4) Gamma (23 + 24 Gamra[a5+zl+22+z3+z4])/

(Gamma [a2] Gamma[ad] Gamma[a5] Ganma[a6] Ganma [a7] Ganma (4 - a4 - a5 -a6 -a7 -2 ep]
Gamma (4 -al-a2-a3-2ep+z1-z4]) Gamma[a3 +z2 +z4) Gamma[al +z3 +z4])

(% a2-0; Gamma[-z1] Gammm[a2+z1] *)
nesi= -Residue[B2[al, a2, a3, a4, a5, a6, a7, 0], {z1, 0}]

out[25]= (S4—a1—a2—a3—a4—a5—a6—a7—2 eP Ganmma [2 _a5-ab -a7 - ep - 22]
Gammm[2-al-a2-ep+z2) Ganma[2-a4 -ab-a7-ep-23] Gamma[2 -a2 -a3 -ep +23]
Gamma (a7 -z4]) Gamma [-2 +ad4 +ab +a6 +a7 +ep -z4) Gamma [-2z2 - 23 -z4]
Gamma[-2 +al +a2 +a3 +ep +z4] Gamma (22 + z4) Gamma (23 + 24 Garma[a5+22+z3+z4])/

(Gamma [a4] Gamma[a5] Ganma[a6] Ganma [a7] Ganma[4 - a4 - a5 -a6 -a7 -2 ep]
Gamma (4 -al -a2-a3-2ep-z4) Gamma (a3 +z2 +z4] Gamma[al +z3 +z4])

inf261= % /. a2 -0

outpe)- (S*at-ad-ad-as-Ab-aT2el Gamm [2 - a5 - a6 - a7 - ep - 22]
Gamma (2 -al -ep+z2) Ganma[2-a4 -ab-a7 -ep-z3] Gamma[2 -a3 -ep + 23]
Gamma [a7 -z4]) Gamma [-2 + a4 +ab5 +a6 +a7 +ep -z4] Gamma [-z2 - z3 - z4]
Gamma -2 +al +a3 +ep +z4] Ganma (22 +z4] Ganma [z3 + z4] Gan“ma[a5+22+z3+z4})/
(Gamma [a4] Gama [a5] Gamma [a6] Gamma[a7] Gamma[4 - a4 -a5 -a6 -a7 -2 ep]
Gamma (4 -al-a3-2ep-z4]) Gamma[a3d +z2 +z4] Ganma[al +z3 +z4)])

(* a5-0; Gamma[a5+z2+z3+z4] Ganma[-z2-23-z4] *)
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n271:= -Residue[%, {z4, -z2-23}]

(stat-as-ad-as-ab-ar-2eb Gamm [2 - a5 - a6 - a7 - ep - z2] Ganma [-z2] Ganma [2 - al - ep +22]
Gamma (2 -a4-a5-a7-ep-z3)Gamua[-2+al+a3+ep-2z2-2z3] Gamma[-z3]
Gamm [2 - a3 - ep + 23] Ganma [a7 +z2 +z3] Ganma [-2 + a4 + a5 + a6 + a7 +ep +z2 +23]) /
(Gamma [a4] Gamma[a6] Ganma[a7] Ganma[4 - a4 - a5 -a6 -a7 -2ep]
Gamma [al -z2]) Gamma [a3 -z3] Ganma (4 -al -a3 -2ep +22 +23])

inf2g}= % /. a5 -0

Outpg)- (SH-al-ad-as-ab-ar-2ep Gapmm (2 - a6 - a7 - ep - z2] Gamma[-z2] Gamma [2 - al - ep + 22|
Gamma (2 -ad4-a7-ep-z3] Gamma[-2+al+a3+ep-22-23] Gamma[-z3]
Gamm [2 - a3 - ep + 23] Ganma [a7 +z2 +z3] Ganma [-2 + a4 + a6 +a7 +ep + 22 +23]) /
(Gamma [a4] Gamma[a6] Ganma[a7] Ganma [4 - a4 - a6 -a7 -2 ep]
Gamma [al -z2] Gamma [a3 -z3] Ganma (4 -al -a3 -2ep +22 +23]))

(* a7-0; Gamma[a7+z2+z3] Gamma[-z2]Gamma[-z3] *)
ino}= -Residue[%, {z3, 0}]

Outpg)- (S*at-ad-ad-ab-aT2el G [2 - a3 - ep] Gamma [2 - a4 - a7 - ep]
Gamma (2 -a6 -a7 -ep-z2]) Ganma[-2 +al +a3 +ep -z2] Gamma[-22]
Gamma (a7 +z2]) Gamma (2 -al -ep +z2] Gamra[—2+a4+a6+a7+ep+22})/
(Gamma [a3] Gamma [a4] Gammma[a6] Ganma[a7] Gamma [4 - a4 - a6 - a7 -2 ep]
Gamma[al -z2]) Gamma[4-al -a3 -2ep +22)])

inEo;= -Residue[%, {z2, 0}]
ouzo)- (S*at-ad-ad-ab-al2ed Ganmm[2 - al -ep] Gamma (2 - a3 - ep] Ganma [2 - a4 - a7 - ep]

Gammma [2 - a6 -a7 -ep] Gamma[-2 +al + a3 +ep] Garmn[72+a4+a6+a7+ep])/
(Gamma[al] Gamma[a3] Ganma[ad4] Ganma[a6] Ganma (4 -al -a3 -2ep) Gamma[4 -a4 -a6 -a7 -2ep])

n(31= % /. a7 -0
ouat)- (S*at-a3-a4-a6-2eP Gamm [2 - al - ep] Gamma (2 - a3 - ep] Ganma [2 - a4 - ep]

Gamma (2 -a6 -ep] Gacmma[-2 +al +a3 +ep] Gamra[72+a4+a6+ep])/
(Gamma[al] Gamma[a3] Ganma[ad4] Ganma[a6] Ganmma (4 -al -a3 -2ep]) Gamma[4 -a4 -a6 -2ep])

in[321= Gl[al, a3, S] G[a4, a6, S] /%

ou32)= 1

(* a horizontal check: shrink horizontal |ines,
al, a3, a4, a6-0
*)

n[33= B2[al, a2, a3, a4, a5, a6, a7, 0]

Ouza= (Shatraz-ad-ad-as-ab-ar-2ep-zl 721 Gapmm [-z1) Ganma (a2 + z1) Ganma [2 - a5 - a6 - a7 -ep - z1 - 22]
Gamma[2-al-a2-ep+z2) Ganma[2-a4-a5-a7-ep-z1-23] Ganma[2-a2 -a3 -ep +23]
Gamma (a7 +z1 -z4) Ganma[-2 +a4 +a5+a6 +a7 +ep +z1-z4]) Gamma [-2z2 - 23 - 24
Gamma[-2 +al +a2 +a3 +ep +z4] Gamma (22 + z4) Gamma [z3 + 24 Garma[a5+zl+22+23+z4})/

(Gamma [a2] Gamma[ad] Gamma[a5] Ganma[a6] Ganma[a7] Ganma (4 - a4 - a5 -a6 -a7 -2ep]
Gamma (4 -al-a2-a3-2ep+z1-z4]) Gamma[a3 +z2 +z4) Gamma[al +z3 +z4])

Gamma[-2+ad4+ab+ab6+a7 +ep+z1-z4] Ganmu[2 -a4 -a5-a7-ep-2z1-23] Ganma[z3 +z4]
-2+a4+ab5+ab+a7+ep+z1-z4+2-a4-a5-a7-ep-2z1-23+23+24

a6
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n471:= Residue[B2[al, a2, a3, a4, a5, a6, a7, 0], {z3, -z4}]

outf47]= <S4—a1—a2—a3—a4—a5—a6—a7—2 ep-z1 Tzl Garmfa[le] Garma[az i Zl]
Gamma[2-a5-a6-a7-ep-z1-z2) Ganma[-z2]) Gamma (2 -al -a2 -ep +z2] Gamma[ab +z1 +22]
Gamma[2 - a2 -a3 -ep -z4] Gamma (a7 +z1 -z4) Gamma[-2 +a4 +a5 + a6 +a7 +ep +z1 - z4]
Gamma[-2+al+a2+a3+ep+2z4]) Gamma[2 -ad4 -ab-a7 -ep-z1+2z4) Gamm[22+z4])/
(Gamma [al] Gamma[a2] Ganma [a4] Ganma [a5] Gamma [a6] Ganma [a7]
Gamma (4 -a4-a5-a6-a7-2ep) Ganma(4-al-a2-a3-2ep+2z1-24) Gamma[a3 +z2 +2z4])

in4s)= -Residue[%, {z4, -2+ad4 +ab+ab+a7+ep+z1}]

out[48]= (S47a17a27a37a47a57a67a772 ep-z1 Tzl Gamma [2 _ad -a5-ab - ep}
Gammma (4 -a2-a3-a4-ab-a6-a7-2ep-z1] Gamma [-z1]
Gamma[a2 +z1) Gamma[-4 +al +a2 +a3 +ad4 +ab+ab +a7 +2ep+z1]
Gamma (2 -a5-a6-a7-ep-z1-2z2) Ganma[-z2]) Gamma (2 -al -a2 -ep +22]
Gamma (a5 +z1 +22] Garma[—2+a4+a5+a6+a7+ep+zl+22])/

(Gamma [al] Gamma[a2] Ganma[a4] Ganma [a5] Gamma[a7]

Gamma[6-al-a2-a3-a4-a5-a6-a7-3ep] Ganma[4-a4 -a5-a6-a7-2ep]
Gamma[-2 +a3 +a4 +a5+a6 +a7 +ep+z1+22))

inf49)= % /. a6 >0

out[49]= <S4—a1—a2—a3—a4—a5—a7—2 ep-z1 Tzl Garma[z _ad - a5 - ep]
Gamma (4 -a2-a3-a4-ab-a7-2ep-z1) Gamma[-z1] Gamma a2 + z1]
Gamma[-4 +al +a2+a3+ad+ab+a7+2ep+z1)Gmua[2-a5-a7-ep-z1-2z22] Ganma[-2z2]
Gamma (2 -al -a2 -ep +z2] Gamma[ab +z1 +22] Gamm[—2+a4+a5+a7+ep+zl+22])/
(Gamma [al] Gamma [a2] Gama [ad4] Ganma [ab] Gamma[a7] Gamma [6 -al -a2 -a3 -a4 -a5 -a7 -3 ep]
Gamma (4 -a4-a5-a7-2ep) Gamma[-2+a3 +ad4+ab+a7 +ep+z1+22])

(» al, a3, a4-0 «x)

(* l et a4-0 *)

Gamma[-2 +a4 +a5+a7 +ep+z1+2z2] Gamma[2-a5-a7 -ep-z1-22]
-2+ad+ab+a7+ep+z1+22+2-a5-a7-ep-21-22

a4

o= -Residue[ %, {z2, 2-a5-a7-ep-2z1}]

ousoj- (S*at-az-ad-ad-as-ar-zepzl T2l Gamm [2 - a4 - a5 - ep] Gamma [2 - a7 - ep]
Gamma[4 -al-a2-a5-a7-2ep-z1] Gammua[4-a2-a3-ad4-ab5-a7-2ep-z1] Gamma[-z1]
Gamma (a2 +z1] Ganme[-2 +a5+a7 +ep+z1] Gamma[-4+al+a2+a3+ad4+ab+a7+2ep+2z1]) /
(Gamma[al] Gamma[a2] Ganma[a3 + a4] Gamma[a5] Gamma (a7 ]
Gamme [6 -al -a2-a3-a4-a5-a7-3ep] Gamma[4-a4-a5-a7-2ep])

inf51:= % /. a4 >0

oust)- (S*at-azrad-as-ar-zepzl T2l Gamm [2 - a5 - ep] Gamma [2 - a7 - ep]
Gamma (4 -al-a2-a5-a7-2ep-z1]) Gamma[4-a2-a3-a5-a7-2ep-z1] Gamma[-z1]
Gamma (a2 +z1]) Gamma[-2 + a5 +a7 +ep +z1] Gamm[74+a1+a2+a3+a5+a7+2ep+zl])/
(Gamma[al] Gamma[a2] Ganma [a3] Ganma [a5] Gamma [a7]
Gamme [6 -al -a2-a3-a5-a7-3ep] Gamma[4 -a5-a7 -2ep])

(x» al, a3-0 «)
(* let al-0 *)

Gamma[-4 +al+a2+a3+a5+a7+2ep+z1] Ganma[4-a2-a3-a5-a7-2ep-2z1]
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-4+al+a2+a3+a5+a7+2ep+z1+4-a2-a3-a5-a7-2ep-1z1

al
ns21= -Residue[ %, {z1, 4-a2-a3-a5-a7-2ep}]

Ousz)= (ST THa2-a3-a5-a7-2eb Gamma [-al + a3] Gamma[4 - a3 - a5 - a7 -2 ep] Gamma [2 - a2 - a3 - ep]
Gamma [2 - a5 - ep] Gamma [2 - a7 -ep] Gamma[-4 +a2 +a3 +a5+a7 +2ep]) / (Gamma [a2]
Gamma [a3] Gamma[a5] Gamma[a7] Ganma[6 -al -a2 -a3 -ab5-a7-3ep] Ganma[4 -a5-a7-2ep])

InG3= % /. al -0

Ouis= (T#32723725-a7"2¢P Garmm [4 - a3 - a5 - a7 - 2 ep] Ganma [2 - a2 - a3 - ep]
Gamma [2 - a5 - ep] Gamma [2 - a7 -ep] Gamma[-4 +a2+a3+a5+a7+2ep]) /
(Gamma[a2] Gamma[a5] Gamma[a7] Ganma [6 -a2 -a3 -a5-a7 -3 ep]) Gama[4-a5-a7-2ep])

Ins41:= % /. a3 >0

out[s4]= <T4—a2—a5—a7—2 eP Gama [2 a2 - ep}
Gamma [2 - a5 - ep] Gamma [2 - a7 -ep] Gamma[-4 +a2 +a5+a7 +2ep]) /
(Gamma[a2] Gamma[a5] Ganma[a7] Ganma [6 - a2 -a5 -a7 -3 ep])

nss)= Gl[a2, a7, 1] G[a2 +a7 +ep -2, a5, T] /%

outs5]= 1

(* In addition to the usual factor (I Pi~(d/2))"2,
let us pull out the factor

S4-a1-a2-a3-a4-a5-a6-a7-a8-2 ep

Let us turn to the variable x=T/S = t/s *)

ins6)= K2[al_, a2_, a3_, a4_, a5_, a6_, a7_, a8_] : =

(x”Ganma[-zl] Gammaf[a2 +z1] Gamma[2 -ab-a6 -a7 -ep -z1-122]
Gamma[2-al -a2-a8-ep+z2] Gamma[2-a4 -a5-a7 -ep-2z1-23]
Gamma[2 -a2 -a3 -a8 -ep +z3] Gamma[a7 +z1 -z4] Ganma[-2 +a4 +a5+ab +a7 +ep +z1 - z4]
Gamma[a8 -z2 -z3 -z4] Gamma[-z1 -22 -2z3 -z4] Ganma[-2 +al +a2 +a3 + a8 + ep + z4]
Gammm [z2 +z4] Gamma [23 + z4] Gamma[a5 + 21 + 22 + 23 + z4]) /

(Gammma [a2] Gamma[a4] Gamma[ab] Gamma[a6] Gamma[a7] Ganme[4 - a4 -ab -a6 - a7 -2 ep]
Gamma[4 -al -a2-a3-a8-2ep+1z1-124]
Gamma[a8 -z1 -22 -23 -z4] Gamma[a3 +z2 +z4] Ganma[al +z3 +z4])

(» The double box with the powers of the propagators equal to one x)
np7= B2 = x K2[1, 1, 1, 1, 1, 1, 1, 0]

ous7= (x**t Gamma[-z1) Gammma[1+2z1] Gamma[-1-ep - z1-2z2] Ganma[-ep +z2] Gamma[-1-ep - z1 - 23]
Gamma[-ep +z3] Gamma [l +z1 -z4]) Gamma (2 +ep +z1 -z4] Ganma [-z2 - z3 - z4]
Gamma [l +ep +z4]) Gamma [z2 +z4) Gamma [z23 + 24 ] Gamm[l+zl+22+23+z4])/

(Gamma [-2ep] Gamma [l -2ep +2z1-z4) Gamma [l +z2 +z4] Gamma [l +z3 +z4]))
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in[s8):= B2rul es = MBopti m zedRul es [B2, ep - 0, {}, {ep}]
MBrules::norules : no rules could be found to regulate this integral
MBrules::norules : no rules could be found to regulate this integral
MBrules::norules : no rules could be found to regulate this integral

General::stop : Further output of MBrules::norules will be suppressed during this calculation. >

out[58]= Hepef%}, {2147%, 22»7%, 23»7; z4 > 1%}}

in[s9]:= B2cont = MBconti nue [B2, ep - 0, B2rules];
Level 1

Taking -residue in z2 = -1-ep-12z1

Taking +residue in z2 = ep

Taking -residue in z3 = -1-ep-12z1

Taking +residue in z3 = ep

Level 2
Integral {1}
Taking -residue in z3 = -1-ep-2z1

Taking +residue in z4 = 1+ep+2z1
Integral {2}
Taking -residue in z1 = -1-2ep

Taking -residue in z3 = -1-ep-2z1

Taking -residue in z4 = -ep-12z3

Integral {3}

Taking +residue in z4 = 1+ep+2z1
Integral {4}

Taking -residue in z1 = -1-2ep

Taking -residue in z2 = -1-ep-2z1

Taking +residue in z2

ep

Taking -residue in z4 = -ep-22
Level 3

Integral {1, 1}

Taking +residue in z4 = 1+2ep+2z1

Taking +residue in z4 l+ep+2z1

Integral {1, 2}
Integral {2, 1}
Taking -residue in z4 = -2ep

Taking -residue i

>

z4 = -ep-2z3

Integral {2, 2}



Taki ng +residue in
Integral {2, 3}
Integral {3, 1}
Integral {4, 1}
Taking -residue in

Taki ng -residue i

>

Integral {4, 2}
Taki ng +residue in
Integral {4, 3}
Taking -residue in
Taking -residue in
Integral {4, 4}
Level 4

Integral {1, 1, 1}
Integral {1, 1, 2}
Integral {2, 1, 1}
Taki ng +residue in
Taking +residue in
Integral {2, 1, 2}
Integral {2, 2, 1}
Integral {4, 1, 1}
Taki ng +residue in
Taki ng +residue in
Integral {4, 1, 2}
Integral {4, 2, 1}
Integral {4, 3, 1}
Taking -residue in
...no contribution
Taking -residue in
Integral {4, 3, 2}
Level 5

Integral {2, 1, 1,
Integral {2, 1, 1,
Integral {4, 1, 1,
Integral {4, 1, 1,

Integral {4, 3, 1,

z4

z4

z4

z4

z1

z4

z3

z3

z2

z2

z4

z4

1}
2}
1}
2}

1}

l+ep+2z1

-2ep

-ep-z2

1l+ep+2z1

-1-2ep
-2ep

3ep
2ep

3ep
2ep

-4ep

-2ep

2box.nb |7
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30 integral (s) found
ineo;:= B2sel ect = MBpresel ect [B2cont, {ep, 0, 0}1;

ine1]:= B2exp = Si mplify [MBexpand [B2sel ect, E” (2 Eul er Gamma ep), {ep, 0, 0}1]

1
out[61]= {I\/Bi nt {74 x1?l Gamma[-1-2z1]%2 Gamma[-z1] Gamma [1 + 2112 Gamma [2 + z1]
ep
(-1 +epEulerGamma +4 ep Pol yGamma [0, -1 -2z1] -3 ep PolyGama [0, 2 +2z1]),

1 1
{{epAO}, {zleff}H, MBi nt [7—2x1*21Gamm[71721}2Garrrm[le]
2 ep

Ganmma [l +z1]2 Ganma[2 +z1] (-1 +ep Eul er Ganma + 4 ep Pol yGamma [0, -1 -2z1] +

1
2epPolyGamma [0, 1+z1] -5ep Pol yGanma [0, 2 +z1]), {{ep»O}, {21»77}}],

2

1
MBi nt [7(72+84ep2n2+59 ep* n* + 24 ep? (6 + 7 ep? ) Log [x]? - 96 ep® Log [x]° +
288 ep?
48 ep” Log [x]* + 96 ep® Pol yGamm [2, 1] - 24 ep Log [x] (6 + 7 ep? * + 8 ep® Pol yGanma [2, 1])),

2 ne 177 ( 4 8 Log[x]3
+

({ep >0}, (}}], MBint [-— - — - ~ 22| Logx]? e ——
ep? 3ep

4 272 28

4Log[x]* 14 PolyGamm[2, 1
907 Y 2 2 +?P0|yGamm[2, 17|, {{ep -0}, {}}},

+Log [Xx]

3 3ep ep® ep
_ 2 Ganmma [-z3]2 Ganmma [z3]° 3
MBI nt{ p———. , {{epeO}, {239—5}”,
1
MBi nt{
12 ep?

Gamma [-2z3]” Gama [23] Ganma [1 + 23] (6 + 12 ep Eul er Gamma + 12 ep? Eul er Gamma® + 4 ep? n° -
12 ep Log[x] - 24 ep? Eul er Gamma Log [x] + 12 ep? Log [x ]2 + 3 ep? Pol yGamm [0, -z3]2 +
6ep (1+2epcEul erGamma -2 ep Log[x]) Pol yGamma [0, z3] + 3 ep? Pol yGanma [0, z3]2 +
6 ep Pol yGamma [0, -z3] (1 +2epEulerGamma -2 ep Log[x] +ep Pol yGamma [0, z3]) +

3
3 ep? Pol yGanma [1, -z3] - 21 ep? Pol yGamma [1, 23]), {{epeO}, {23%——}}},
8
Gamma[-z3] Ganma [z3] Gamma [1 - z4] Ganmma [-z3 - z4] Gamma [z4] Gamra[z3+z4]2

MBI nt{ ,
Gamma [l +z3 +z4]

7

{{ep—>0}, {23 - _; z4 > E}H

MBI nt {6x1*21Gan‘rra[flle]zGamra[le} Ganma [1+ 2173, {{epaO}, {zla—i}}],
2

MBi nt {le*“ Ganmma[-1-z1] Gamma[-z1] Gamma ([l +z1]? Ganma[-1-z1 - z3]

1 3

Gamma [-z3] Ganma [z3] Ganma [2 +z1 +z3], {{epQO}, {Zle——, z3e——}H,
2 8
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MBi nt { (72 + 84 ep® n* + 59 ep® 1* + 24 ep® (6 + 7 ep® n*) Log [x]% - 96 ep® Log [x]° +

288 ep*
48 ep® Log [x]* + 96 ep® Pol yGamm [2, 1] - 24 ep Log [x] (6 + 7 ep? n* + 8 ep® Pol yGanma [2, 1])),
2 a2 17 a4 ( 4 8 Log[x]3

+

{({ep -0}, (}}], MBint [-— - — - _ " 22| Logx)2s —— 0
ep* ep? 60 ep? 3ep

4Log[x]* 14 PolyGamma[2, 1] 4 272 28
- +Log[x] + + —Pol yGamm [2, 1], {{ep -0}, {}}],
3 3ep epd® ep 3
2 Gamma[-2z2]2 Gamma [z2]°3 5 1
MBi nt , {{epﬁO}, {zzaf—}}], MBi nt[
Gama[1 +2z2] 16 12 ep?

Gamma [-z2)? Ganma [z2] Ganma [1 +2z2] (6 + 12 ep Eul er Ganma + 12 ep? Eul er Gamma® + 4 ep? 52 -
12 ep Log[x] - 24 ep? Eul er Gamma Log [x] + 12 ep? Log [x ]2 + 3 ep? Pol yGamma [0, -z2]2 +
6ep (1+2epEulerGamm -2epLlog[x]) Pol yGarma [0, z2] + 3 ep? Pol yGamma [0, z21%+
6 ep Pol yGamma [0, -z2] (1+2ep Eul erGamma -2 ep Log[x] +ep Pol yGanma [0, z2]) +

3 ep? Pol yGamma [1, -z2] - 21 ep® Pol yGama [1, z2]), {{epeO}, {22%—i}}],
16

Gamma[-z2] Ganma [z2] Gamma [l - z4]) Gamma [-z2 - z4] Gama [z4] Ganma [z22 +z4]2

MBI nt{ ,
Gamma [l +z2 +z4)
5 7
{ep >0}, 22 >5-—, 24 > — ,
{teps01. {225 -2 245 21}
1
MBi nt {6x1*21Garrrra[flle}zGarrrra[le} Gamma [l +z1]°%, {{epQO}, {21»77}}],
2
_ 9 172 4Log[x]3 12 72
MBi nt{ —_ - Log[x]?- ——— +Log[x]*+Log[x] |- + -33PolyGmma[2, 1]| +
ep? 6 ep ep® 3ep

1800 - 220 ep? 5% - 229 ep* n* + 4920 ep® Pol yGanma [2, 1]

, {{ep -0}, {}}|
240 ep*

1
MBi nt [7 Gamma [1 - z4] Ganma [-z4] Ganmma [z41° (1 + 4 ep Eul er Ganma +
2ep Gamma (1 + z4]

ep Pol yGanma [0, 1 -2z4] +4 ep Pol yGanma [0, z4] - ep Pol yGamma [0, 1 +2z4]),

7 1
{{ep -0}, {24 > —}H MBi nt [7—2x1*Zl Gamma[-1-z1]2Gamma[-z1] Gamma [l +z1]?
16 ep
Gamma[2 +z1] (1 +ep Eul erGanma -4 ep Pol yGanma [0, -1 -2z1] +
1
2epPolyGmma [0, 1+z1] +3epPolyGanmma [0, 2 +z1]), {{epQO}, {Zle——}}],
2

MBint |2 x**?! Ganma[-1-2z1] Gamma[-z1] Gamma [l +z1]2 Gamma[-1 - z1 - z2]

Gama [-z2] Gamma [z2] Garma [2 + z1 + 22 ], {{ep»O}, {zl»—g, 22»77}}]}

in62):= B2expB = DoAl | Bar nes [B2exp] // MergeAl |
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ougez {MBint [8x1* Gamma [-1 - 2112 Gamma [-z1] Gamma [1 +21]°, {{ep - 0}, {21%_%}}],

MBI nt [—Garrma[l—z4} Gamma [-z4] Ganma [24]2
(2 Eul er Ganma Pol yGanma [0, 1 +2z4] + 2 Pol yGanma [0, -z4] Pol yGanma [0, 1 +2z4] +
2 Pol yGanma [0, z4] Pol yGamma [0, 1 +z4] - Pol yGamma [0, 1 +2z4]? -

7
Pol yGamma [1, z4] + 3 Pol yGanma [1, 1+z4]), {{ep—>0}, {z4—> —}H
16
1
MBi nt | —4 x*? Ganmma[-1 -2z1]% Gamma [-z1] Gamma [1 +z1]% Gamma [2 + z1]
ep
(-1 +epEulerGammua +4 ep PolyGamma [0, -1-2z1] -

2 ep Pol yGamma [0, 1 +2z1] -ep PolyGamma [0, 2 +z1]), {{epAO}, {zlefi}H,
2

MBi nt | - ; (-2880 + 1800 ep? n* + 60 ep” Eul er Ganma® 7* + 1061 ep* n* + 3600 ep Log [X] -
720 ep*
3960 ep® 7% Log [x] - 1440 ep? Log[x]? + 4320 ep” 7% Log [x]? - 480 ep® Log [x]° +
960 ep” Log [x]* - 7800 ep® Pol yGamma [2, 1] - 3600 ep* Eul er Garma Pol yGamma [2, 1] +
10560 ep* Log [x] Pol yGamm [2, 1]), {{ep -0}, {}}|,
1

2 Gama [1 + z4]
(Pol yGama [0, 1 -z4] -4 Pol yGamma [0, -z4] - 12 Pol yGanma [0, z4] + 7 Pol yGamma [0, 1 +2z4]),

MBI nt [7 Gamma [1 - z4] Ganma [-z4] Ganmma [z4]°

{{epaO}, {Z4a %}H MBI nt [%Gann‘a[sz}zGamTa[zZ] Gama [1 +22]

(Pol yGamma [0, z2]° + Pol yGamma [1, -22] - 7 Pol yGamma [1, 22]), {{ﬂJ%O},{224>—£%}H}

ine3:= B2exp = Si nplify [MBexpand [B2sel ect, E” (2 Eul er Gamma ep), {ep, 0, -2}11;

in[e4]:= B2expB = DoAl | Bar nes [B2exp] // MergeAl |

-8+5ep?n®+10epLlog[x] -4ep?Llog(x]?
. {tep >0}, (11}

outfe4]= {MBi nt | -
u { { 2 ep4
ines)= Apart [%[[111[[1]1, ep]

4 5Log[x] -5n%+4Llog[x]?
out[es}= —— — +

ep? ep? 2 ep?

in[e6l:= B2cont = MBresol ve [B2, ep, Optini zeNow -» True]
in67):= B2sel ect = MBpresel ect [B2cont, {ep, 0, 0}1;

in[es]:= B2exp = Si nplify [MBexpand [B2sel ect, E” (2 Eul er Gamma ep), {ep, 0, 0}11;
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in[eo]:= B2expB = DoAl | Bar nes [B2exp] // MergeAl |

Outesl= {NBi nt {’4X1+Zl Gamme [-1-2z1]% Gamma [-z1] Gama[1+21)°, {{ep»O}y {21»*%}}],

1
MBi nt {E Ganma [l -z4] Ganma[-z4] Ganma[z4]2

(Pol yGama [0, 1 -24]2 -4 Eul er Ganma Pol yGamma [0, 1 +2z4] -

4 Pol yGanma [0, -z4] PolyGamma [0, 1 +2z4] -4 Pol yGanma [0, z4] Pol yGama [0, 1 +2z4] +
2 Pol yGanmma [0, 1 +2z4]2+PolyGamma[1, 1-z4] -8 Pol yGanma [1, -z4] +

7 Pol yGamma [1, z4] - 6 Pol yGamma [1, 1 +24]), {{ep%O}: {24%%}}]'

1
MBi nt {——Gamm[l—z4] Gamma [-z4] Ganma [z4 ]2 (Garma[z4] Pol yGammma [0, 1 -2z4] -
2Gamm [l +z4]
4 Gamma [z4] Pol yGanmma [0, -z4] - 12 Ganma [z4] Pol yGanma [0, z4] +
7 Ganma [z4] Pol yGamma [0, 1 +2z4] +4 x?* Garma [-z4] Gamma [1 + 2412 Pol yGamma [0, 1+z4]),
1 1
{{ep 50}, {24 N 7}}] MBI nt [72 x1721 Ganma [-1 - 2112 Ganma [-z1] Gamma [1 + z1]2
2 ep
Gamma [2 +z1] (-1 +epEul erGamma + 4 ep Pol yGamma [0, -1 -2z1] -
26
2epPolyGamma [0, 1 +2z1] -ep PolyGamua [0, 2 +2z1]), {{epQO}, {zle——}H,
79

MBi nt | -

——— (-576 + 360 ep? 5 + 12 ep* Eul er Ganma® 7% + 115 ep n* + 720 ep Log [X] -
144 ep*

648 ep® 7% Log [x] + 144 ep* Eul er Ganma 7% Log [x] - 288 ep? Log [x]? + 576 ep* 7% Log [x]? -
48 ep® Log[x]°% + 48 ep” Eul er Ganma Log [x ]2 + 120 ep* Log [x]* - 1560 ep® Pol yGamma [2, 1] -
576 ep* Eul er Ganma Pol yGanma [2, 1] + 1824 ep” Log [x] Pol yGamma [2, 1]), {{ep >0}, {}}/|,

MBI nt [12 x** Gamma [1 - 4] Ganma[-z4]2 Gama [241°, {{ep > 0}, {z4 > E}H
2

1
MBi nt {—2 xZ* Gamma [1 - z4] Gamma [-z4]2 Ganma [z4]° Garma [1 + z4 ]
ep

(-1 +ep Eul erGamma + 4 ep Pol yGamma [0, -z4] -2 ep Pol yGamma [0, z4]),
{tep0), {24%,;”}

in7o;:= B2exp = Si nplify [MBexpand [B2sel ect, E” (2 Eul er Ganma ep), {ep, 0, -2}]1]

in[711:= B2expB = DoAl | Bar nes [B2exp] // MergeAl |

_ -8+5ep?n?+10eplog(x] -4ep?log[x]?
out[71]= {NBI nt {-

" . (lep >0}, (11]}

in[72= Apart [%[[1]1[[11], ep]

4 5Log[x] -5n+4Llog[x]?
+

out[72]=
ep* eps 2 ep?
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(* the result *)

4 5Log[x] -5n%+4Log[x]?
1/X|—- +
ep? ep® 2 ep?

+

1
P (837 Log [x] +4 Log [x]®-12 n° Log[1 +x] - 12 Log[x]* Log [l +X] -
ep

24 Log[x] Pol yLog[2, -x] +24 PolyLog[3, -x] -130 Zeta[3]) +

1
% (-29 »* - 180 n° Log [x]% - 40 Log [x]* + 100 n* Log [x] Log[1 +x] + 80 Log[x]® Log[1 +X] -

30 7 Log[1 +x]12-30Log[x]?Log[l+x]2-200 2 PolyLog[2, -x] -60Log[x]?
Pol yLog[2, -x] -120 Log[x] Log[1l +x] Pol yLog[2, -x] + 720 Log[x] Pol yLog[3, -Xx] +
120 Log[1l +x] Pol yLog[3, -x] -1320 Pol yLog[4, -x] -120 Log[x] PolyLog[1l, 2, -x] +

120 Pol yLog [2, 2, -x] +880 Log[x] Zeta[3] - 120 Log[1 +x] Zeta[3])



