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A new method of evaluating master integrals is based on
the use of dimensional recurrence relations and
analytic properties of Feynman integrals as functions of d.
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A new method of evaluating master integrals is based on
the use of dimensional recurrence relations and
analytic properties of Feynman integrals as functions of d.

Master integrals for three-loop form factors of the
photon-quark and the effective gluon-Higgs boson vertex
originating from integrating out the heavy top-quark loops.

Evaluating up to transcendentality weight six: ¢%, 75,. ..

The missing finite parts of Ag > and Ag 4
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Evaluating three-loop quark and gluon form factors
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Evaluating three-loop quark and gluon form factors
Completely analytic form of the results
An independent calculation

Also the subleading O(¢) terms for the fermion-loop type
contributions were calculated.

The evaluation of terms of transcendentality weight 8
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Ag 4 and lower master integrals

As 5 Ag 1
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Recursive evaluation.

The complexity level of a given master integral is the
maximal number of nested lower master integrals.

The diagrams of the first row can be expressed in terms of
gamma functions at general d (complexity level 0).

Start from the diagrams of the second row
(complexity level 1), then turn to the complexity level 2 etc.

For example, for Az 2, there are four lower master integrals,
Ay, A571, A5,2, and A6,3.

Ay, As1, As 2 are of complexity level 0.
For Ag 3, there is only one lower master integral, A,.
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# Derive a DRR for a given master integral
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Derive a DRR for a given master integral
Solve it up to a periodic function
Determine the periodic function
Expand the obtained series in ¢

© o o o 0

Evaluate numerically coefficients at powers of ¢ with a
high precision

e

Obtain analytic results using PSLQ
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Graph I' — dimensionally regularized Feynman integral

im (a+h(1—d/2)) /2 hd/2

(ar)
/ da; .. / da; H@al—1u—d/zeiV/L1—izm%al |

where a = ) a;

€

Fr(ay...,ar;d) =
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Graph I' — dimensionally regularized Feynman integral

im (a+h(1—d/2)) /2 hd/2

(ar)
/ doq / dO‘LHOéal 11/{ d/2 1V/Z/{ 1Zmzal’

where a = ) a;
For a Feynman integral with 1/(m? — k? — i0)“ propagators,

e!

Fr(ay...,ar;d) =

= Y o
trees T 1T
v = Y Tlef(d)

2_treesT I¢T
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Dimensional recurrencerelation

[O. Tarasov’'96]

d—d—2

z/{—d/Q N u—(d—2)/2: Z/{Z/{_d/2
Inserting o; — (—ia;)1"

Fr(al CLL, Z Hall+FF ..,CLL;d)

T 1¢T

For F' = A673:

1
F(1,1,1,1,1,1;d — 2) = = {F(1,1,1,2,2,2:d) + F(1,1,2,1,2,2: d)
70

+F@LZZLZ@+F(ZLZLZ@+FQZL&&h@
+F(1,2,2,1,1,2:d) + F(1,2,2,1,2,1;d) + F(1,2,2,2,1,1: d)

+F(2,1,1,2,1,2:d) + F(2,1,1,2,2,1;d) + F(2,1,2,1,1,2: d)

+F(2,1,2,1,2,1:d) + F(2,1,2,2,1,1;d)} s oot 0110 20 o



The integrals with raised indices are reduced to master
Integrals by IBP relations

FIRE [A. Smirnov] and R.Lee’s code
Ag 3 Is of complexity level 1.

Ags(d—2) = 8(=3+d)(—9 +_2fé(;;; 2d)(—10 + 3d) Ag5(d)
32(=3 + d)(=9 + 2d) (=7 + 2d)(—5 + 2d)(—10 + 3d)
T (=5 + d)(—4 + d)%(—16 + 3d)
% (=8 + 3d)(—32 + 7d) Ay(d)
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To solve this difference relation turn to g(d) = >(d)As.3(d),
where

X(d) = %32‘”‘g (g = g) sin (%W(d = 5)) sin (%w (d _ %4))
e (3)r (-3 (-9 (E-2)
Equation for g:
g(d —2) = g(d) + h(d)

with 1 CIrd\
h(d) = 3(d—5) 10247(32 — 7d) sin (7> sin(7d)

X cos (é(gﬂd—l—ﬂ)) r (7— %d> r (g _ 2)3
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(d + 2k)

ri(d)=—=>72oh(d—2k)and r_(d) = +> ,—; h(d + 2k) are
solutions.
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§re(d) + (1 = &)r—(d)

IS also a solution for any &
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§re(d) + (1 = &)r—(d)

IS also a solution for any &
However, r_(d) Is a divergent series (for Ag 3).
r4(d) converges very well because

h(d + 20k + 1)) /h(d + 2k) — —%, k — oo

V.A. Smirnov
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§re(d) + (1 = &)r—(d)

IS also a solution for any &
However, r_(d) Is a divergent series (for Ag 3).
r4(d) converges very well because

hM+%hHﬁMM+%W%—%,k—mm

The general solution:
g9(d) = r4(d) + w(d)

where w(d) = Q(e?) is a periodic function of period 2.
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The analytic structure of g(d) follows from the analytic
properties of Ag3(d). They can be obtained by

FIESTA [A. Smirnov and M. Tentyukov’'08, A. and V. Smirnovs and M. Tentyukov’'09]
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The analytic structure of g(d) follows from the analytic
properties of Ag3(d). They can be obtained by

FIESTA

SDAnalyze [U,F,h,degrees,dmin, dmax]

where U and F are the basic functions, h is the number of
loops, degrees are the indices, and dmin and dmax are
values of the real part of d that determine the basic stripe.
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The analytic structure of g(d) follows from the analytic
properties of Ag3(d). They can be obtained by

FIESTA [A. Smirnov and M. Tentyukov’'08, A. and V. Smirnovs and M. Tentyukov’'09]

SDAnalyze [U,F,h,degrees,dmin, dmax]

where U and F are the basic functions, h is the number of
loops, degrees are the indices, and dmin and dmax are
values of the real part of d that determine the basic stripe.

For Ag3, FIESTA says that in the band (3, 5] there can be
simple poles at d = 10/3,4,14/3, 5.
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Analyzing behaviour at infinity (Imd — 4oo) with the help of

the alpha representation provides the following Ansatz for
Q(z), with z = €7
a a
aop + ! 2
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Analyzing behaviour at infinity (Imd — 4oo) with the help of

the alpha representation provides the following Ansatz for
Q(z), with z = €7
a a
aop + ! 2

which corresponds to the following Ansatz for w(d):

1 1 10
b() + bl cot (57'('(61 — 4)) + bQ cot (57'(' (d — ?>>

The constants b; are fixed by using an MB representation
for A6’3

1 1 1
512437 1/2 cot <§7r (d - ;)) — 512743712 cot <§7r(d - 4))

V.A. Smirnov Atrani, October 07-10, 2011 — p.15



Result:

Ag3(d)

V.A. Smirnov

k=0
46911-3d 3md md
—sin(rd)g(d) T2 csc( 5 )csc 2_21
(3d —10)I' (d - 3) I' (%
e 3
(7d — 18)sin (Z4) T (4 — 1
3r2(d —3)I" (3¢ — 3



PSLQ

IS an algorithm that provides the best approximation of a
given numerical number as a linear combination, with
rational coefficients, of a given set of transcendental
numbers.
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PSLQ

IS an algorithm that provides the best approximation of a
given numerical number as a linear combination, with
rational coefficients, of a given set of transcendental
numbers.

Typically, an accuracy of at least seven digits per
transcendental number is needed.

For example, 54 x 7 = 378 digits.
Avallable In Matematica 8

FindIintegerNullVector(]

V.A. Smirnov Atrani, October 07-10, 2011 — p.17



PSLQ gives

e3¢ 1 72 35,
Ags(4—2¢) = T 9983
63(4 = 2€) u—4@u—3@u—2@{&3+86 6
774 4972 1 1141¢? 45176
_TTm7e o 97T<3_|_65<5 LB C3_9357T
2880 24 10

12 725760
-—54<713W2Q5—-511ﬂ4 9017g7> +_€5<623 5 .9

40 300" @t g

544 11195 202249378
6563 _ 7T>+O(E6)},

~ g $6-2 6 11612160
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After Ag 3 turn to Az o.
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After Ag 3 turn to Az o.
The dimensional recurrence relation gives

A7,2(d + 2) — C7,2(d)A7,2(d)
—|—C6,3(d)A6,3(d) -+ C5)2(d)A572(d) + C57l(d)A5,1(d) -+ C4(d)A4(d)

where ¢,, are rational functions.
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After Ag 3 turn to Az o.
The dimensional recurrence relation gives

A7,2(d + 2) — C7,2(d)A7,2(d)

—|—C6,3(d)A6,3(d) -+ C5)2(d)A572(d) + C57l(d)A5,1(d) -+ C4(d)A4(d)
where ¢,, are rational functions.
Turn to A, 2(d) = X(d) A7 .2(d)
where the summing factor >(d) is chosen as
(d — 3) cos (%d) COS (% — %d) COS (%d - %) I (%d — 9)
r(4-2)° |

> (d) =
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For A7 5(d), the recurrence relation is simpler:

~ ~

A72(d+2) = A7a(d) + Ags(d) + As2(d) + As5.1(d) + Au(d),

where A, (d) = 2(d + 2)c,(d) Ay (d).
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For A7 5(d), the recurrence relation is simpler:

~

A72(d+2) = A7a(d) + Ags(d) + As2(d) + As5.1(d) + Au(d),

where A,,(d) = X(d + 2)c,(d) An(d).
The general solution:

Mg

12172 |:A52 —2—2[)—|—f~15’1(d—2—2l)—|—A%’3(d—2—21)

[=0

—ZA63 (d +210) ZA63 (d+ 21 + 2k) —

|M8

2(d+20) +w(z),

where z = explind)].
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To fix w(z), we need information about analytical properties
In the basic stripe chosen as S = {d| Red € (4,6]}.

For A7 9, FIESTA says that there can be simple poles at
d=14/3,5,16/3,6

w(z) Is fixed up to the function

aq + ao cot (g(d — 6))
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To fix the two constants, an MB representation can be used

D (24— 2 —2 d
X (2 -1 )F(3——2’2—6>F(21—|—22—|—1)F<d—,21—22—5)

3d 3d
xI'(z9 + 1)2F (— — 21 — 29 — 6) I (—7 + 21 + 29 + 7) dzq1 dzs.
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To fix the two constants, an MB representation can be used

d d 2
A72(d)zr(§_ )F(ﬁ_l) //
’ I'(d—2)T (3 - 5)F 2d 7 (27i)? d—z —
(-2 -2)_/3d
XF(%d—zl—5)F(7_22_6>F<Zl+22+1)r(d_Z1_Z2_5)
d d
><F(z2—|—1)2F(%—zl—zg—G)F(—%+21+22—|—7>dz1dz2.

7°/?
1555ze + O( )» A7,2(5 — 26) = — 55 T 0(60)

Atrani, October 07-10, 2011 — p.22
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o T 7d o T  7d
w(z) = tan | — — — | — —=tan | = — —
205 10 2 36 6 2
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V.A. Smirnov

o T 7d o T  7d
w(z) = tan | — — — | — —=tan | = — —
205 10 2 36 6 2

3 . 7Td T N o . 7d N T
— an [ — — tan —
> "10) T3\ T TG

+—3 cot? (Wd) 1377 cot (KZ>

60 2 180 2

o T  wd o md T
T20v5 ¢ <_ B 7) 2075 " ( ! 5) |

A result is then expressed in terms of a double series with

factorized expressions. Calculating it with very high precision

and using PSLQ
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Aga(d—2e) =e 9P Q0 —— — — 4 |1

04(d—2¢) = ¢ { 96— 9ed +[ " 108] el
N (109¢(3) N 14 N 53m2] 1

9 9 27 | €3

(608¢(3 31172 481741 1
L [608¢(3) . 3llx®  4Sim

9 108 12960 | €2

[ 949¢(3)  29757m2¢(3)  3463((5) 1172 857%] 1

_ _ 44+ 4 = | =
+_ 9 08 45 TR T8 | e

[P. Baikov, K. Chetyrkin, A. and V. Smirnovs, & M. Steinhauser'09]
[ G. Heinrich, T. Huber, D. Kosower and V. Smirnov’09]
434¢(3)  2997°¢(3)  3115(3 N 7868¢(5)
9 3 6 15
7T 25397 24761370

4 2592 466560

+ — 339

[R. Lee, A. and V. Smirnovs’10]
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Ay and lower master integrals
¢ Qo=

As
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[P. Baikov, K. Chetyrkin, A. and V. Smirnovs, & M. Steinhauser'09]

[ G. Heinrich, T. Huber, D. Kosower and V. Smirnov’09]

1516¢(3) 73772 (3) , 2783((5) 130
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master integralsfor 3-loop g — 2

G4

G5,3 G6,1 G6,2 G6,3 G6,4 G6,5 G6,6

[S. Laporta and E. Remiddi’'96-97]
[K. Melnikov and T. van Ritbergen’00]
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A pure numerical approach to evaluate 4-loop ¢ — 2:
[T. Kinoshita et al.’06-10]
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A pure numerical approach to evaluate 4-loop ¢ — 2:

IBP reduction to master integrals and numerical evaluation
of the master integrals:

A warm-up before 4-loop calculation: numerical evaluation
of 3-loop master integrals to higher orders in ¢:

Analytic evaluation of 3-loop master integrals up to
transcendentality weight 7:
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The coefficients in the e-expansion of planar massless
propagator diagrams up to five loops should be expressed
In terms of multiple zeta values, while the non-planar graphs

may contain, in addition, multiple sums with 6th roots of unity.
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Pull out another factor to kill terms with pure 72
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F. Brown (2008):

For the following three diagrams, every coefficient in the
Taylor expansion in ¢ Is a rational linear combination of
multiple zeta values and Goncharov’s polylogarithms with

6" roots of unity as arguments.

>

O<kri<...<k,

Liy,.. n.(21,...,2p)
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F. Brown (2008):

For the following three diagrams, every coefficient in the
Taylor expansion in ¢ Is a rational linear combination of
multiple zeta values and Goncharov’s polylogarithms with

6" roots of unity as arguments.

k1 k

x L] L] L] x /r.

. . 1 T
I—lnl,...,nr (x17 s 7377“) _ E knl k"n,r
1 L] L] L] /’n

O<kri<...<k,

e-expansions of four-loop master integrals for massless
propagators up to weight 7
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Conclusion

# The method is powerful :)

#® Results at general d are expressed in terms of multiple
well convergent series. They can applied at any d to
obtain Laurent expansions in € = (dg — d) /2.

# Higher powers of the expansion in ¢ can easily be
evaluated.

# Combination with other methods:
IBP reduction via Laporta algorithm,
PSLQ,
sector decomposition (FIESTA),
MB,

# to be further developed
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The full color dependence of the 4-loop 4-gluon amplitude
INn N=4 SUSY YM in terms of 50 4-loop 4-point integrals.

The critical dimension at which the amplitude first diverge.
For 4 loops, this is d=11/2.

The subleading-color parts of the divergence require the
three-loop propagator non-planar master integral.

V.A. Smirnov Atrani, October 07-10, 2011 — p.49



The full color dependence of the 4-loop 4-gluon amplitude
INn N=4 SUSY YM in terms of 50 4-loop 4-point integrals.

The critical dimension at which the amplitude first diverge.
For 4 loops, this is d=11/2.

The subleading-color parts of the divergence require the
three-loop propagator non-planar master integral.

—6.198399226750

V.A. Smirnov Atrani, October 07-10, 2011 — p.49



The full color dependence of the 4-loop 4-gluon amplitude
INn N=4 SUSY YM in terms of 50 4-loop 4-point integrals.

The critical dimension at which the amplitude first diverge.
For 4 loops, this is d=11/2.

The subleading-color parts of the divergence require the
three-loop propagator non-planar master integral.

—6.198399226750
confirmed by FIESTA (—6.1977)

V.A. Smirnov Atrani, October 07-10, 2011 — p.49



The full color dependence of the 4-loop 4-gluon amplitude
INn N=4 SUSY YM in terms of 50 4-loop 4-point integrals.

The critical dimension at which the amplitude first diverge.
For 4 loops, this is d=11/2.

The subleading-color parts of the divergence require the
three-loop propagator non-planar master integral.

—6.198399226750
confirmed by FIESTA (—6.1977)
We have

—6.1983992267494959168200925479819368763478987989679152 . . .
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Most complicated master integrals for the three-loop static
guark potential [A. and V. Smirnovs & M. Steinhauser'09]
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[A.V. Kotikov'91l, E. Remiddi'97, T. Gehrmann & E. Remiddi’'00]
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Method of differential equations

[A.V. Kotikov’'91, E. Remiddi'97, T. Gehrmann & E. Remiddi’'00]

An example

—_——

d?
Frian,a2) = / (m? — k2)a(—(q — k)?)

We imply that the reduction problem is solved.

Two master integrals, I = F(1,1) and I, = F(1,0).

V.A. Smirnov Atrani, October 07-10, 2011 —p.1



Method of differential equations

[A.V. Kotikov’'91, E. Remiddi'97, T. Gehrmann & E. Remiddi’'00]

An example

—_——

d?
Frian,a2) = / (m? — k2)a(—(q — k)?)

We imply that the reduction problem is solved.

Two master integrals, I = F(1,1) and I, = F(1,0).

V.A. Smirnov Atrani, October 07-10, 2011 —p.1



Let us evaluate I1 = f(m?).
Take a derivative in m?

0 1 1

0

OmZk2 —m2 (k2 — m2)2

V.A. Smirnov

om?

F(1,1) = F(2,1)
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Let us evaluate I1 = f(m?).
Take a derivative in m?

%, 1 1 0
om? k? —m?  (k? —m?)? om? (L, 1) (2,1)

The IBP reduction gives

! (1—26)F(1,1) — L—e

F(2,1) = F(1,0)
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Let us evaluate I1 = f(m?).
Take a derivative in m?

e, 1 1 o
PR —mE e et () = P2

The IBP reduction gives

1
m2 — g2

1 — ¢

F(2.1) =
(7) m2

(1—2e)F(1,1) —

F(1, 0)]

We obtain a differential equation

1

2y _
(m?) =

2 (1 207(n?) - 1y
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For y defined by f(m?) = in%2(m?)~¢y(m?), we have

;o m?(1 —¢€) — eq? I'(e)
y —_ = — .
m?(m? — ¢?) m2 — g2

The solution to the corresponding homogeneous equation
IS
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The variation of the constant —

f(m?) =

d/Z(m — g )1—26

O [ G

, )
dx ¢
+ Cl )

The constant ('; can be determined from the boundary
value f(0) which is a massless one-loop diagram. This

gives

f(m?)

—17Td/2(m —q )1—2€F<€)

€

(1 —¢)?

y /m2 der x~
0 (33—6]2)

292

['(2 —2€)(—¢*)"

Turn to an expansion in € and integrate term by term.
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# Take some derivatives of a given master integral in
masses or/and kinematic invariants
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General prescriptions

# Take some derivatives of a given master integral in
masses or/and kinematic invariants

#® EXxpress them in terms of Feynman integrals of the
given family with shifted indices

# Apply an IBP reduction to express these integrals in
terms of the given master integral and lower master
Integrals to obtain a differential equation

® Solve DE
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The first non-trivial application of the method of differential

equations:

massless double boxes with one leg off-shell, p? = ¢* # 0,

pF=0,i=23,4
b2

P1

P4

p3

X

Systematic evaluation of master integrals by differential

equations.
20HPL
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