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• Last time we saw that the coefficients of 
special functions are the residues of integrals 
in Feynman parameter space

• Actually, they are residues also in the original 
momentum space

• These residues are computed by turning the 
integration region into a T^4L

• These leading singularities are the simplest 
information about a loop integral
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• With several complex variables, a residue is 
defined as follows:

• If in local coordinates the measure is

• then                             .

• The residue is alternating in the a’s:

da1da2 · · · dan

a1a2 · · · an

Res(a1, . . . , an) = +1

Res(a2, a1, . . . , an)
da1da2 · · · dan

a1a2 · · · an
= −1.
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• Consider a general form

• A residue is defined for every discrete 
solution a’ for setting the fi to 0:

• Note there is no absolute value

• This is called the “Poincaré residue”
(Griffiths & Harris)

da1da2 · · · dan

f1f2 · · · fn
g

Resa′(f1, f2, . . . , fn)
da1da2 · · · dan

f1f2 · · · fn
g ≡ 1

Det( ∂fi

∂ai
(a′))

g(a′)
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• Computing a leading singularity takes two 
steps: 
  1. Find the solution(s)
  2. Evaluate the Jacobian

• Momentum twistors are useful for both

• In momentum twistor space, the loop 
variable is a line AB

• Schubert’s problem: given four lines, find a 
fifth one, AB, which intersects all four
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• Consider a “2-mass easy” box
∫

d4ZAd4ZB

π2vol(GL(2))
1

〈AB12〉〈AB23〉〈AB45〉〈AB56〉

(the two ‘wedges’ define
two different planes)

1

2

3 4

5

6
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• The two solutions:

1

2

3 4

5

6

1

2

3 4

5

6

(AB)R = (123) ∩ (456)

(AB)L = 25
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• To computing the residue at AB=25, write:

where alpha and beta are small.

• The measure:

ZA = Z2 + ! 1Z1 + ! 2Z3

ZB = Z5 + " 1Z4 + " 2Z6

∫
d4ZAd4ZB

vol(GL(2))
≡

∫
〈ABd2ZA〉〈ABd2ZB〉

→ 〈1235〉〈4562〉
∫

d2αd2β
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• The denominators:

• Thus, near the leading singularity,

• The other residue is equal and opposite

• The unit-leading singularity integral is thus:

〈AB12〉〈AB23〉 → 〈1235〉2α1α2,

〈AB45〉〈AB56〉 → 〈2456〉2β1β2

∫

AB

1
〈AB12〉〈AB23〉〈AB45〉〈AB56〉 ≈ 1

〈1235〉〈2456〉

∫
dα1dα2dβ1dβ2

α1α2β1β2

∫

AB

〈1235〉〈2456〉
〈AB12〉〈AB23〉〈AB45〉〈AB56〉
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• The 4-mass box revisited

• There are always two solutions.  Why?

• Finding these solutions requires solving a 
quadratic equation. The residue turns out to be:

X1 X2
X3 X4

±1
x2

13x
2
24

√
(1−u−v)2 − 4uv (c.f. Britto,Cachazo

&Feng, 2005)
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• Note: the arguments of the dilogarithms,

 have a nice interpretation in twistor space:

• A,B,C,D are four point on the same line, 
we can take cross-ratios:

• This is the case for all 1-loop dilogarithms

X1 X2
X3 X4

A B C D

α± =
〈AB〉〈CD〉
〈AC〉〈BD〉

I4m = 2Li2(1− α+)− 2Li2(1− α! ) + log v log
α+

α!
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• Note: some integrals have no leading singularities

• Cutting all 7 propagators leaves

• Instead of poles, this integral has periods

AB CD

1

3

56

8

10

∫
dτ√

quartic in τ
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• Note: some integrals have no leading singularities

• Note: any degeneration will remove the elliptic 
integral

• 4-point case analyzed by (K.Larsen & D. Kosower)

AB CD

1

3

56

7

9

∫
dτ

(τ − τ0)
√

quadratic in τ
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• Consider some crazy, but conformal, double-
hexagon integral (this looks academic, but in a 
second, we will learn something about 5- and 6-pt)

• By homogeneity, it will have a numerator quadratic in 
AB and quadratic in CD

Integral reduction at two-loops

AB CD

12

3

4 5

Arkani-Hamed et al, “Local integrands
for Planar Scattering Amplitudes”

Monday, October 10, 2011



• We can expand the AB numerators into a 
basis of                       where

similar to what we used at 1-loop.

• (Why can’t we use CD?)

• Every AB numerator then removes some 
denominator, except

• To remove this one, there is a wonderful 
21-term identity

X1, . . . , X5, X̃,

〈ABX̃〉〈ABX̃〉

X̃ = εii1···i5Xi1
1 · · · Xi5

5 ,
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• 21-term identity:

• (Why does that exist?)

• Conclusion: hexagons are not needed at 2-loops 
in four dimensions

0 = 〈ABAB〉 =
∑

i,j

ci,j〈ABXi〉〈ABXj〉, (i, j = 1, . . . , 5,̃ )
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• Double pentagons require some choices for 
numerators. For instance:

• This picture is a shorthand for the numerator

• Desirably, a basis of ‘building blocks’ should 
have unit leading singularities

1

5AB CD

〈CDX1〉〈ABX5〉
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• A successful strategy for constructing such a 
basis is the following:

try set as many leading singularities to zero as 
possible

• The idea is that nonzero leading singularities 
are related to each other by residue theorems

• Each pentagon has four external propagators; 
the 6 natural numerators for one pentagon are 

X1, X2, X3, X4, (LS)1, (LS)2
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• Example: 

AB CD

needs to be massless. Moreover, it is clear that in order to write a special numerator

the two massless legs cannot be adjacent. The claim is that the following family of

integrals is (completely) chiral and pure.

i! 1 j" 1

j

j! 1

kk ! 1

i" 1

i

=

∫

AB

〈AB (i 1 i i+1)
⋂
(j 1 j j+1)〉〈i j k k+1〉

〈AB i 1 i〉〈AB i i+1〉〈AB j 1 j〉〈AB j j+1〉〈AB k k+1〉 (3.7)

In this case, the GRT can also be applied to show that all residues are the same.

In order to show that the normalization gives unit leading singularities, identities of

the form discussed at the end of this section are needed.

Next, let us give a six-point two-loop example. Consider the following integral

k

li

j

=






〈AB (i 1 i i+1)
⋂
(j 1 j j+1)〉〈i j k l〉

〈AB i 1 i〉〈AB i i+1〉〈AB j 1 j〉〈AB j j+1〉〈AB CD〉
× 〈CD (k 1 k k+1)

⋂
(l 1 l l+1)〉

〈CD k 1k〉〈CD k k+1〉〈CD l 1 l〉〈CD l l+1〉






This integral has the structure of two of the general pentagon integrals joined by

the all massive edge. Consider a residue of the full integral over C8 which computes

a residue of the pentagon on the left. The contour integral in ZA and ZB is the

same as before except that the normalization is different and therefore the residue

is not equal to one. The residue must then be the ration of the two normalizations,

i.e., 〈i j k l〉/〈i j CD〉. Plugging this in the integral over ZC and ZD we now find a

properly normalized integral and therefore the remaining part of residue computation

gives one.

One might be tempted at this point to think that all completely chiral integrals

are pure. In section 4, we describe in detail the example of a hexagon with a wavy

line and a dashed line in the numerator. This integral is in fact completely chiral

but it is not pure.

3.3 Evaluation of Pure Integrals

Evaluating integrals explicitly can be very hard and many techniques have been

developed for this purpose. At one-loop, all integrals appearing in the standard
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• Even in the 6 particles case, this integral is 
finite

• Why?

6

1

23

4

5
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• Example:

C. Box-Pentagon topologies

1. No legs attached

1

4
x2

abx
2
a+1,q

(

x2
a,b+1x

2
a−1,b − x2

abx
2
a−1,b+1

)

(60)

1

2
x2

a,a+2x
2
a+1,q

(

x2
a−1,a+2x

2
a,a+3 − x2

a−1,a+3x
2
a,a+2

)

(61)

2. One massless leg attached

1

4

(

x2
a−1,b+1x

2
ab − x2

a−1,bx
2
a,b+1

) (

x2
a+1,qx

2
a+2,b − x2

a+1,bx
2
a+2,q

)

(62)

1

4
x2

a−1,b

(

x2
abx

2
a+1,qx

2
b−1,b+1 + x2

a,b+1x
2
a+1,bx

2
b−1,q − x2

abx
2
a+1,b+1x

2
b−1,q

)

(63)

1

4

(

x2
a−4,ax

2
a−3,ax

2
a−2,qx

2
a−1,a+1 − x2

a−4,a+1x
2
a−3,ax

2
a−2,ax

2
a−1,q+

+ 2x2
a−4,ax

2
a−3,a+1x

2
a−2,ax

2
a−1,q − x2

a−4,ax
2
a−3,ax

2
a−2,a+1x

2
a−1,q

)

(64)

3. One massive leg attached

0 (65)

1

4

(

x2
aqx

2
a+1,b − x2

abx
2
a+1,q

) (

x2
bcx

2
b+1,c−1 − x2

b,c−1x
2
b+1,c

)

(66)

1

4
x2

a−1,a+1x
2
aq

(

x2
a+1,b−1x

2
a+2,b − x2

a+1,bx
2
a+2,b−1

)

(67)

18

(C. Vergu 0908.2394)

...

The 2-loop MHV amplitude, n-particles, in N=4 SYM
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• Using the unit leading singularity basis, the 
same expression (actually, including also the 
parity-odd part) becomes:

• The reason this looks simpler, is all due to 
the choice of basis

while the 6-particle amplitude is

1

23

4
65

+

6

1

2

3

4
5

+

6

1

2

3
4

5

+

6

2

1

3

4

5

〈2345〉〈6123〉〈3412〉 〈3456〉〈4563〉
×〈AB|(561)

⋂
(234)〉

〈2345〉〈3462〉
×〈AB|(561)

⋂
(123)〉

〈3456〉〈4562〉
×〈AB|(561)

⋂
(123)〉

+

1

2
3

4

5
6

+

6

1

23

4

5

+ cyclic
(no repeat)

〈3456〉〈6123〉〈4512〉 〈6235〉
×〈AB|(234)

⋂
(456)〉

×〈CD|(561)
⋂

(123)〉

(47)

To be completely explicit, we have written the numerator factors accompanying a given term under
its corresponding picture.

What about higher-points? The parity-even part of the integrand has been computed in [30],
though the expressions are relatively lengthy. However, looking at the full integrand for 4-,5- and
6-particles in momentum-twistor space reveals a clear pattern, which would be impossible to see
looking only at the parity even part: the structure looks like the “square” of the 1-loop objects, with
double-box, pentagon-box and double-pentagon topologies. This motivates a natural conjecture for
all 2-loop MHV amplitudes:

+ +

〈n 1 2 3〉×
〈1 2 i i+1〉〈i 1 i i+1 i+2〉

2 < i < n

〈2 j i 1 i〉〈i 2 i 1 i i+1〉
×〈AB|(123)

⋂
(j 1 j j+1)〉

3 < i < j ≤ n

〈342 i j k〉
×〈AB|(123)

⋂
(k 1 k k+1)〉

×〈CD|(i 1 i i+1)
⋂

(j 1 j j+1)〉
2 < i < j − 1 < k − 1 < n

(48)

We have checked numerically that this matches the 2-loop MHV integrand as calculated by BCFW
for up to 13-particles. It is interesting to note that the näıvely “hardest” integrals that appear
here—the double pentagons—have a numerator structure rendering them completely finite.

26

Arkani-Hamed et al, 1008.2958 
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• Using the unit leading singularity basis, the 
same expression (actually, including also the 
parity-odd part) becomes:

• These integrals beg to be integrated....

while the 6-particle amplitude is

1
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4
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+

6

1

2

3

4
5

+

6

1

2

3
4

5

+

6

2

1

3

4

5
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4

5
6
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23

4
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To be completely explicit, we have written the numerator factors accompanying a given term under
its corresponding picture.

What about higher-points? The parity-even part of the integrand has been computed in [30],
though the expressions are relatively lengthy. However, looking at the full integrand for 4-,5- and
6-particles in momentum-twistor space reveals a clear pattern, which would be impossible to see
looking only at the parity even part: the structure looks like the “square” of the 1-loop objects, with
double-box, pentagon-box and double-pentagon topologies. This motivates a natural conjecture for
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2 < i < n

〈2 j i 1 i〉〈i 2 i 1 i i+1〉
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3 < i < j ≤ n

〈342 i j k〉
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(48)

We have checked numerically that this matches the 2-loop MHV integrand as calculated by BCFW
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26

Note: ∼ 1
ε4

∼ 1
ε!

Finite
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• So far, we haven’t used symmetrical 
integration

• In the non-conformal cases, we can have 
high powers of the infinity point downstairs

• To remove these, one has to remove terms 
which integrate to zero

• Integration by parts (IBP) identities:

∫

AB,CD

1
〈ABI〉2 · · ·

∫

!1,!2

(
vµ
1

∂

∂"µ
1

+ vµ
2

∂

∂"µ
2

)
· · · = 0
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• Important results on IBP identities at 
n=4,5,6 points were obtained by

• For instance, all pentaboxes can be reduced 
to 3 masters 

Gluza, Kajda& Kosower (2010)

VII. THE PENTABOX

FIG. 7: The pentabox P ∗∗
3,2.

Our next example is one of the three basic topologies that arise in five-point computations:

the pentabox P ∗∗
3,2, shown in fig. 7. Here, we choose k1,2,3,5 as basis momenta, so the general

form (4.2) becomes,

vµi = c(!1)i !µ1 + c(!2)i !µ2 + c(1)i kµ
1 + c(2)i kµ

2 + c(2)i kµ
3 + c(5)i kµ

5 , (7.1)

where again each of the coefficients c(p) is a function of Lorentz invariants in the set of

symbols V32,

V32 = {!21 , !1 · !2, !
2
2 , !1 · k1 , !1 · k2 , !1 · k3 , !1 · k5 , !2 · k1 , !2 · k2 , !2 · k4 , !2 · k5 , s12} . (7.2)

There are three irreducible numerators, !1 · k5, !2 · k1, and !2 · k2.

For this integral, we have constructed vectors both analytically and numerically; the

numerical construction is much less memory-consuming. In both cases, the algorithms yield

six IBP-generating vectors with coefficients of engineering dimension four, and three vectors

with coefficients of dimension six. Their forms are too lengthy to display in the text, but are

provided in the companion Mathematica file. There are 76 nominally-irreducible integrals

in a gauge theory, involving powers of the three irreducible numerators,

k1 ·!2 , k2 ·!2 , k5 ·!1 . (7.3)

It suffices to use the six vector pairs of dimension four to generate all possible equations for

these integrals. We find 73 such equations, leaving us with three truly-irreducible master

42

integrals, which we can choose to be,

P ∗∗
3,2[1] , P

∗∗
3,2[k1 ·!2] , P

∗∗
3,2[k5 ·!1] . (7.4)

Examples of these reduction equations are,

P ∗∗
3,2[k2 ·!2] = −

(χ15 − 2χ23 + χ23χ34 + 2χ45 + χ15χ45 − χ34χ45)s12
4(χ15 − χ23 + χ45)

P ∗∗
3,2[1]

−
(1 + χ15 − χ23 − χ34)

χ15 − χ23 + χ45
P ∗∗
3,2[k1 ·!2] + simpler integrals ,

P ∗∗
3,2[k1 ·!2k2 ·!2] = χ15

(

1 + χ15 − χ34 − χ45 − χ15χ45 + χ23χ45 + χ34χ45

8(1− 2ε)(1− χ34 − χ45)

+
ε(1 + χ15 − χ23 − χ34)

8(1− 2ε)(χ15 − χ23 + χ45)(1− χ34 − χ45)

×(χ15(1− χ45) + (χ45 − χ23)(2− χ34 − 2χ45))
)

s212P
∗∗
3,2[1]

+
(

ε(χ15 + 2χ15χ23 − 2χ2
23 − χ23χ34 − χ15χ45 + 2χ23χ45 + χ34χ45)

2(1− 2ε)(χ15 − χ23 + χ45)

−
2 + 2χ15 − 3χ34 − χ15χ34 + χ2

34 − 2χ45 − 2χ15χ45 + χ23χ45 + 2χ34χ45

2(1− 2ε)(1− χ34 − χ45)

)

×s12P
∗∗
3,2[k1 ·!2]

−
(1 + 2ε)(1 + χ15 − χ23 − χ34)(1 + χ23 − χ45)

4(1− 2ε)(1− χ34 − χ45)
s12P

∗∗
3,2[k5 ·!1]

+ simpler integrals . (7.5)

These master integrals are independent when considered to all orders in ε. Unlike the

case of the double box, however, here we can find two linear relations between them, so

long as we truncate at O(ε0). These two relations arise from considering the following two

integrals,

P ∗∗
3,2

[

G
(

!1, 1, 2, 3, 5

!2, 1, 2, 3, 5

)]

and P ∗∗
3,2

[

k5 ·!1G
(

!1, 1, 2, 3, 5

!2, 1, 2, 3, 5

)]

(7.6)

both of which are of O(ε), as discussed in section III E. Setting the two to zero, and using the

reductions obtained from integration by parts, we find two equations relating the masters

in eq. (7.4). We can use these, for example, to eliminate the two integrals with non-trivial

numerators in favor of P ∗∗
3,2[1],

P ∗∗
3,2[k5 ·!1] =

χ15χ34χ45s12
−χ15 + χ23 − χ23χ34 + χ15χ45 + χ34χ45

P ∗∗
3,2[1] + simpler integrals +O(ε) ,

P ∗∗
3,2[k1 ·!2] =

χ15(χ15(1− χ45)2 + χ34(1− χ45)χ45 − χ23(1− χ45 − χ34(1 + χ45)))

4(1− χ34 − χ45)(χ15 − χ23 + χ23χ34 − χ15χ45 − χ34χ45)
s12P

∗∗
3,2[1]

+ simpler integrals +O(ε) . (7.7)

43
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• The theory we have just described applies to 
these masters

• Ii is important and nontrivial, to correctly 
estimate the “complexity” of an integral
(discuss the double-pentagon case)

• Discuss the pentabox with numerator example 
(divergent integral -> finite, unit LS integral)
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