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• 1st lecture: Kinematics

➡ What are the kind of functions that can appear in loop 
computations?

• 2nd lecture:

• How to deal with these functions?

➡ The functions satisfy complicated identities, and we 
need/want to know ALL of them, e.g., to simplify 
expressions.

➡ What are the arguments of the special functions?
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The six-point remainder function
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The six-point remainder function

[Goncharov, Spradlin, 
Volovich, Vergu]

the expression should provide encouragement and guidance as we seek deeper understanding

of SYM at loop level.

We present our new expression for R(2)
6 in the next section and then describe the algorithm

by which it was obtained.
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• The square roots turn out to ‘cross ratios’ in twistor space!

in P1 (with an SL(2,C) redundancy) via

u1 =
z23z56
z25z36

, u2 =
z16z34
z14z36

, u3 =
z12z45
z14z25

, (8)

where zij = zi − zj . One virtue of these coordinates is that ∆ becomes a perfect square, so

that the u±
jkl are rational functions of the zij . (The v±jkl completely drop out as explained in

the following subsection.)

We anticipate that for general n the best variables for studying the remainder function

will be the momentum twistors of [17]. Indeed the z variables may be thought of as a

particular simplification of momentum twistors which is valid for the special case n = 6 via

the relation 〈abcd〉 ∝ zabzaczadzbczbdzcd. In terms of momentum twistors

u1 =
〈1234〉〈4561〉
〈1245〉〈3461〉, x+

1 = −〈1456〉〈2356〉
〈1256〉〈3456〉 , etc. (9)

B. The Symbol of a Transcendental Function

We define a function Tn of transcendentality degree n as one which can be written as an

n-fold iterated integral

Tn =

∫ b

a

d logR1 ◦ · · · ◦ d logRn, (10)

where a and b are rational numbers, Ri are rational functions with rational coefficients and

the iterated integrals are defined recursively by
∫ b

a

d logR1 ◦ · · · ◦ d logRn =

∫ b

a

(∫ t

a

d logR1 ◦ · · · ◦ d logRn−1

)

d logRn(t). (11)

The integrals are taken along paths from a to b. The issue of local path independence, or

homotopy invariance, is important (see [28]), and we have checked that the symbol of R(2)
6

has this property.

A useful quantity associated with Tk is its symbol, an element of the k-fold tensor product

of the multiplicative group of rational functions modulo constants (see [28, sec. 3]). The

symbol of the function shown in (10) is defined by

symbol(Tn) = R1 ⊗ · · ·⊗ Rn. (12)

The group property for rational functions Ri modulo constants implies that

R1 · · ·⊗ (RaRb)⊗ · · ·Rk = R1 · · ·⊗ Ra ⊗ · · ·Rk +R1 · · ·⊗ Rb ⊗ · · ·Rk, (13)

R1 · · ·⊗ (cRa)⊗ · · ·Rk = R1 · · ·⊗ Ra ⊗ · · ·Rk, (14)

5
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The one-mass hexagon in D=6
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+

log2H1 - uH2, 5LL HlogH-y2p H1 - uH2, 5LLL - logH-y2m H1 - uH2, 5LLLL

uH4L Hy2m H1 - uH2, 5LL - y2p H1 - uH2, 5LLL
-

logH1 - uH2, 5LL HLi2Hy2m H1 - uH2, 5LL + 1L - Li2Hy2p H1 - uH2, 5LL + 1LL

uH4L Hy2m H1 - uH2, 5LL - y2p H1 - uH2, 5LLL
+

-
1

2
logHy2m H1 - uH2, 5LL + 1L log2H-y2m H1 - uH2, 5LLL - log2HuH2, 5LL logH-y2m H1 - uH2, 5LLL -

log 1 +
1

y2m
logHy2m H1 - uH2, 5LL + 1L logH-y2m H1 - uH2, 5LLL + log 1 +

1

y2m
logHuH2, 5LL

logH-y2m H1 - uH2, 5LLL + logHy2m H1 - uH2, 5LL + 1L logHuH2, 5LL logH-y2m H1 - uH2, 5LLL +

logH1 - uH2, 5LL logHuH2, 5LL logH-y2m H1 - uH2, 5LLL +
1

2
logHy2p H1 - uH2, 5LL + 1L log2H-y2p H1 - uH2, 5LLL +

logH-y2p H1 - uH2, 5LLL log2HuH2, 5LL + log 1 +
1

y2p
logHy2p H1 - uH2, 5LL + 1L logH-y2p H1 - uH2, 5LLL -

log 1 +
1

y2p
logH-y2p H1 - uH2, 5LLL logHuH2, 5LL - logHy2p H1 - uH2, 5LL + 1L logH-y2p H1 - uH2, 5LLL

logHuH2, 5LL - logH1 - uH2, 5LL logH-y2p H1 - uH2, 5LLL logHuH2, 5LL + logH1 - uH2, 5LL Li2Hy2m H1 - uH2, 5LL + 1L -

logH1 - uH2, 5LL Li2Hy2p H1 - uH2, 5LL + 1L - logH1 - uH2, 5LL Li2
y2m H1 - uH2, 5LL + 1

uH2, 5L
+

logH1 - uH2, 5LL Li2
y2p H1 - uH2, 5LL + 1

uH2, 5L
- Li3 1 +

1

y2m
- Li3 -

1

y2m
+ Li3 1 +

1

y2p
+

Li3 -
1

y2p
+ Li3Hy2m H1 - uH2, 5LL + 1L - Li3Hy2p H1 - uH2, 5LL + 1L - Li3

y2m H1 - uH2, 5LL + 1

uH2, 5L
+

Li3 -
y2m H1 - uH2, 5LL + 1

y2m uH2, 5L
+ Li3

y2p H1 - uH2, 5LL + 1

uH2, 5L
- Li3 -

y2p H1 - uH2, 5LL + 1

y2p uH2, 5L
-

Li3
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+ Li3 -
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+

Li3
-y2p H1 - uH2, 5LL + uH2, 5L - 1

uH2, 5L
- Li3 -

-y2p H1 - uH2, 5LL + uH2, 5L - 1

y2p H1 - uH2, 5LL uH2, 5L
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Ilog2H-y2pL - log2H-y2mLM logH1 - uH2, 5L uH6, 2LL

H2 y2m - 2 y2pL uH4L HuH2, 5L - 1L
-

logH1 - uH2, 5LL HLi2Hy2m + 1L - Li2Hy2p + 1LL

Hy2m - y2pL uH4L HuH2, 5L - 1L
+
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+
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+
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+
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1

y2m
logH-y2m uH4LL logH1 - uH4LL +

logHuH4LL logH-y2m uH4LL logH1 - uH4LL - log 1 +
1

y2p
logH-y2p uH4LL logH1 - uH4LL -

logHuH4LL logH-y2p uH4LL logH1 - uH4LL + logH-y2m uH4LL logHy2m uH4L + 1L logH1 - uH4LL -
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The one-mass hexagon in D=6

such that

∆ =
(ux− y)2

(1− y)2(u− v)2
. (3.4)

We note in passing that the Jacobian of the parametrization (3.3) is non zero for generic

values of the parameters.

In a nutshell, the algorithm of Ref. [15] proceeds in two steps:

1. Given the symbol S(C) of the one-loop one-mass hexagon, construct a set of rational

functions {Ri(u, v, x, y)} such that, e.g., symbols of the form S(Lin(Ri(u, v, x, y)))

span the vector space which S(C) is an element of.

2. Once a suitable set of rational functions has been obtained, make an ansatz

C̃(u, v, x, y) =
∑

i

ci Li3(Ri(u, v, x, y)) +
∑

i,j

cij Li2(Ri(u, v, x, y)) lnRj(u, v, x, y)

+
∑

i,j,k

cijk lnRi(u, v, x, y) lnRj(u, v, x, y) lnRk(u, v, x, y) ,

(3.5)

where the ci, cij and cijk are rational numbers to be determined such that

S(C̃) = S(C) . (3.6)

As the objects appearing in this last equation are tensors (i.e., elements of a vector

space), the coefficients ci, cij and cijk can equally well be seen as coordinates in a

vector space, and the problem of finding the coefficients reduces to a problem of linear

algebra.

We have implemented the algorithm of Ref. [15] into a Mathematica code, which we have

applied to the function C(u, v, x, y). The result is discussed in the next section.

4. The one-mass hexagon revealed

We have found that in the regions where ∆ is negative or where all the u’s are smaller than

1, we can write the function (2.9) as

I6,m(u1, u2, u3, u4)

=
1√
∆

[

−
8
∑

i=1

2
∑

j=1

(

L3(x
+
i,j, x

−
i,j)−

1

6
!̄1(x

+
i,j, x

−
i,j)

3 −
π2

6
!̄1(x

+
i,j, x

−
i,j)

)

+1
2

(

!̄1(x
+
2,1, x

−
2,1) + !̄1(x

+
2,2, x

−
2,2)
)(

2!̄1(x
+
1,1, x

−
1,1) !̄1(x

+
1,2, x

−
1,2)

+!̄1(x
+
1,1, x

−
1,1) !̄1(x

+
3,1, x

−
3,1) + !̄1(x

+
1,1, x

−
1,1) !̄1(x

+
3,2, x

−
3,2) + !̄1(x

+
1,2, x

−
1,2) !̄1(x

+
3,1, x

−
3,1)

+!̄1(x
+
1,2, x

−
1,2) !̄1(x

+
3,2, x

−
3,2) + 2!̄1(x

+
3,1, x

−
3,1) !̄1(x

+
3,2, x

−
3,2)
)
]

, (4.1)

– 4 –

where

L3(x
+, x−) =

2
∑

k=0

(−1)k

(2k)!!
lnk(x+ x−)

(

!3−k(x
+)− !3−k(x

−)
)

,

!n(x) =
1

2
(Lin(x)− (−1)nLin(1/x)) , (4.2)

and

!̄n(x
+, x−) = !n(x

+)− !n(x
−) . (4.3)

In order to define the arguments of the logarithmic functions, we introduce the variables

x±1m =
u1 + u2 + u3 − u1u2u4 − 1±

√
∆

2u1u2u3(1− u4)
,

χ± = 2u1u2u3(1− u4)x
±
1m . (4.4)

As functions of the cross ratios, the arguments of the logarithmic functions are,

x±1,1(u1, u2, u3, u4) = u3 x
±
1m ,

x±2,1(u1, u2, u3, u4) =
(1− u3)χ± − 2u1u2u3u4
2u2u3(1− u3 − u1u4)

,

x±3,1(u1, u2, u3, u4) =
χ±

2u2u3
,

x±4,1(u1, u2, u3, u4) =
u4 (χ±(1− u1u4)− 2u1u3(1− u4))

2(1− u4)(1 − u3 − u1u4)
,

x±5,1(u1, u2, u3, u4) =
χ± − 2u1(1− u4)

2u1u4(1− u2)
,

x±6,1(u1, u2, u3, u4) =
χ± − 2u1u2(1− u4)

2u1(1− u2)(1− u4)
,

x±7,1(u1, u2, u3, u4) =
(1− u1u4)χ± − 2u1u3(1− u4)

2u3(1− u1)
,

x±8,1(u1, u2, u3, u4) =
χ± − 2u1u3

2u1(1− u3 − u2u4)
, (4.5)

and x±i,2(u1, u2, u3, u4) are defined from x±i,1(u1, u2, u3, u4) by exchanging u1 and u2,

x±i,2(u1, u2, u3, u4) = x±i,1(u2, u1, u3, u4) , i = 1, . . . , 8 . (4.6)

Hence, under the Z2 symmetry, x±i,1 ↔ x±i,2, thus making Eq. (4.1) manifestly symmetric.

Furthermore, in the massless limit u4 → 0, we obtain

x±1,j → x±1 , x±2,1, x
±
3,1 → x±2 , x±2,2, x

±
3,2 → x±3 ,

x±4,j → 0, x±5,j → ∞ , x±6,1 → 1/x∓6,2 , x±7,j → 1/x∓8,j , (4.7)

with j = 1, 2, and where the massless hexagon variables are

x±i = ui x
±
0m , i = 1, 2, 3 , x±0m =

u1 + u2 + u3 − 1±
√
∆0

2u1u2u3
, (4.8)

– 5 –

and all the arguments are cross ratios of twistors.
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Symbols

Definition 
and properties

Dienstag, 11. Oktober 11



• Main idea: To each expression in terms of polylogarithms 
we associate a tensor.

• Conjecture: ALL the complicated functional equations 
among polylogarithms correspond to algebraic relations in 
the tensor algebra

• In other words, if we have a complicated expression, and if 
we can find another expression that has the same symbol, 
then there are functional equations that bring you from one 
to the other (they are not necessarily equal!)

Aim
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Example (1)
�Li2(z)� ln z ln(1� z) = Li2(1� z)� ⇡2

6
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Example (1)

• Let us define a linear map:

S(Li2(z)) = �
h
(1� z)⌦ z

i

�Li2(z)� ln z ln(1� z) = Li2(1� z)� ⇡2

6

S(ln z ln(1� z)) = z ⌦ (1� z) + (1� z)⌦ z
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Example (1)

• Let us define a linear map:

S(Li2(z)) = �
h
(1� z)⌦ z

i

�Li2(z)� ln z ln(1� z) = Li2(1� z)� ⇡2

6

S(ln z ln(1� z)) = z ⌦ (1� z) + (1� z)⌦ z

• The lhs becomes
�S(Li2(z))� S(ln z ln(1� z))
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Example (1)

• Let us define a linear map:

S(Li2(z)) = �
h
(1� z)⌦ z

i

�Li2(z)� ln z ln(1� z) = Li2(1� z)� ⇡2

6

S(ln z ln(1� z)) = z ⌦ (1� z) + (1� z)⌦ z

• The lhs becomes
�S(Li2(z))� S(ln z ln(1� z))

= (1� z)⌦ z � [z ⌦ (1� z) + (1� z)⌦ z]
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Example (1)

• Let us define a linear map:

S(Li2(z)) = �
h
(1� z)⌦ z

i

�Li2(z)� ln z ln(1� z) = Li2(1� z)� ⇡2

6

S(ln z ln(1� z)) = z ⌦ (1� z) + (1� z)⌦ z

• The lhs becomes
�S(Li2(z))� S(ln z ln(1� z))

= (1� z)⌦ z � [z ⌦ (1� z) + (1� z)⌦ z]

= �[z ⌦ (1� z)]
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Example (1)

• Let us define a linear map:

S(Li2(z)) = �
h
(1� z)⌦ z

i

�Li2(z)� ln z ln(1� z) = Li2(1� z)� ⇡2

6

S(ln z ln(1� z)) = z ⌦ (1� z) + (1� z)⌦ z

• The lhs becomes
�S(Li2(z))� S(ln z ln(1� z))

= (1� z)⌦ z � [z ⌦ (1� z) + (1� z)⌦ z]

= �[z ⌦ (1� z)]

= S(Li2(1� z))
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Example (1)

• Let us define a linear map:

S(Li2(z)) = �
h
(1� z)⌦ z

i

�Li2(z)� ln z ln(1� z) = Li2(1� z)� ⇡2

6

S(ln z ln(1� z)) = z ⌦ (1� z) + (1� z)⌦ z

• The lhs becomes
�S(Li2(z))� S(ln z ln(1� z))

= (1� z)⌦ z � [z ⌦ (1� z) + (1� z)⌦ z]

= �[z ⌦ (1� z)]

= S(Li2(1� z))
• Provided that                    . S(⇡2) = 0
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Motivation
S(Li2(z)) = �

h
(1� z)⌦ z

i
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Motivation

• Recall the definition of the dilogarithm as an iterated integral.

S(Li2(z)) = �
h
(1� z)⌦ z

i

Li2(z) = �
Z z

0

dt

t
ln(1� t) =

1X

n=1

zn

n2
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Motivation

• Recall the definition of the dilogarithm as an iterated integral.

S(Li2(z)) = �
h
(1� z)⌦ z

i

or equivalently

Li2(z) = �
Z z

0

dt

t
ln(1� t) =

1X

n=1

zn

n2

dLi2(z) = � ln(1� z) d ln z
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Motivation

• Recall the definition of the dilogarithm as an iterated integral.

S(Li2(z)) = �
h
(1� z)⌦ z

i

or equivalently

Li2(z) = �
Z z

0

dt

t
ln(1� t) =

1X

n=1

zn

n2

dLi2(z) = � ln(1� z) d ln z

• Similarly:

S(ln z ln(1� z)) = z ⌦ (1� z) + (1� z)⌦ z

d[ln(1� z) ln z] = ln z d ln(1� z) + ln(1� z)d ln z
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Consequences
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Consequences
• Each factor in a tensor ‘behaves as a logarithm’

. . .⌦ (a · b)⌦ . . . = . . .⌦ a⌦ . . . + . . .⌦ b⌦ . . .

. . .⌦ 1⌦ . . . = 0
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Consequences
• Each factor in a tensor ‘behaves as a logarithm’

• As a consequence:

. . .⌦ (a · b)⌦ . . . = . . .⌦ a⌦ . . . + . . .⌦ b⌦ . . .

. . .⌦ 1⌦ . . . = 0

0 = . . .⌦ 1⌦ . . . = . . .⌦ (�1)2 ⌦ . . . = 2[. . .⌦ (�1)⌦ . . .]
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Consequences
• Each factor in a tensor ‘behaves as a logarithm’

• As a consequence:

. . .⌦ (a · b)⌦ . . . = . . .⌦ a⌦ . . . + . . .⌦ b⌦ . . .

. . .⌦ 1⌦ . . . = 0

0 = . . .⌦ 1⌦ . . . = . . .⌦ (�1)2 ⌦ . . . = 2[. . .⌦ (�1)⌦ . . .]

) . . .⌦ (�1)⌦ . . . = 0
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Consequences
• Each factor in a tensor ‘behaves as a logarithm’

• As a consequence:

. . .⌦ (a · b)⌦ . . . = . . .⌦ a⌦ . . . + . . .⌦ b⌦ . . .

. . .⌦ 1⌦ . . . = 0

0 = . . .⌦ 1⌦ . . . = . . .⌦ (�1)2 ⌦ . . . = 2[. . .⌦ (�1)⌦ . . .]

) . . .⌦ (�1)⌦ . . . = 0

➡ The symbol does not see branch cuts!
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Consequences
• Each factor in a tensor ‘behaves as a logarithm’

• As a consequence:

. . .⌦ (a · b)⌦ . . . = . . .⌦ a⌦ . . . + . . .⌦ b⌦ . . .

. . .⌦ 1⌦ . . . = 0

0 = . . .⌦ 1⌦ . . . = . . .⌦ (�1)2 ⌦ . . . = 2[. . .⌦ (�1)⌦ . . .]

) . . .⌦ (�1)⌦ . . . = 0

➡ The symbol does not see branch cuts!

• Zeta values vanish under the symbol map.

S(⇣m) = 0
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Example (2)
Li2

✓
1� 1

z

◆
= �Li2(1� z)� 1

2
ln2 z
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Example (2)

• Proof via symbols:

Li2
✓

1� 1
z

◆
= �Li2(1� z)� 1

2
ln2 z
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Example (2)

• Proof via symbols:
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Example (2)

• Proof via symbols:

S
✓

Li2
✓
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◆◆
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z
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⌦

✓
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= �


1
z
⌦
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✓
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◆

Li2
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2
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Example (2)

• Proof via symbols:
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Example (2)

• Proof via symbols:

S
✓

Li2
✓

1� 1
z

◆◆
= �
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z

◆◆
⌦

✓
1� 1

z

◆�
= �


1
z
⌦

✓
1� 1
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◆�

= z ⌦
✓

z � 1
z

◆
= z ⌦ (z � 1)� z ⌦ z = z ⌦ (1� z)� z ⌦ z

Li2
✓

1� 1
z

◆
= �Li2(1� z)� 1

2
ln2 z
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Example (2)

• Proof via symbols:

S
✓

Li2
✓

1� 1
z

◆◆
= �

✓
1�

✓
1� 1

z

◆◆
⌦

✓
1� 1

z

◆�
= �


1
z
⌦

✓
1� 1

z

◆�

= z ⌦
✓

z � 1
z

◆
= z ⌦ (z � 1)� z ⌦ z = z ⌦ (1� z)� z ⌦ z

= S (�Li2(1� z))� S
✓

1
2

ln2 z

◆

Li2
✓

1� 1
z

◆
= �Li2(1� z)� 1

2
ln2 z
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Example (2)

• Proof via symbols:

• However, we are not done yet!! We could have missed 
imaginary parts and / or      .  

S
✓

Li2
✓

1� 1
z

◆◆
= �

✓
1�

✓
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z
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⌦
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z

◆�
= �


1
z
⌦

✓
1� 1

z

◆�

= z ⌦
✓

z � 1
z

◆
= z ⌦ (z � 1)� z ⌦ z = z ⌦ (1� z)� z ⌦ z

= S (�Li2(1� z))� S
✓

1
2

ln2 z

◆

⇡2

Li2
✓
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◆
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2
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Example (2)

• Proof via symbols:

• However, we are not done yet!! We could have missed 
imaginary parts and / or      .  

S
✓

Li2
✓

1� 1
z

◆◆
= �

✓
1�

✓
1� 1

z

◆◆
⌦

✓
1� 1

z

◆�
= �


1
z
⌦

✓
1� 1

z

◆�

= z ⌦
✓

z � 1
z

◆
= z ⌦ (z � 1)� z ⌦ z = z ⌦ (1� z)� z ⌦ z

= S (�Li2(1� z))� S
✓

1
2

ln2 z

◆

⇡2

• In this case however they are absent.  [Why?]

Li2
✓

1� 1
z

◆
= �Li2(1� z)� 1

2
ln2 z
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Example (3)
Li2(z2) = 2Li2(z) + 2Li2(�z)
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Example (3)

• Proof via symbols:

Li2(z2) = 2Li2(z) + 2Li2(�z)
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Example (3)

• Proof via symbols:

Li2(z2) = 2Li2(z) + 2Li2(�z)

S
�
Li2(z2)

�
= �[(1� z2)⌦ z2] = �2[(1� z)⌦ z + (1 + z)⌦ z]
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Example (3)

• Proof via symbols:

Li2(z2) = 2Li2(z) + 2Li2(�z)

S
�
Li2(z2)

�
= �[(1� z2)⌦ z2] = �2[(1� z)⌦ z + (1 + z)⌦ z]

= �2[(1� z)⌦ z + (1� (�z))⌦ (�z)]
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Example (3)

• Proof via symbols:

Li2(z2) = 2Li2(z) + 2Li2(�z)

S
�
Li2(z2)

�
= �[(1� z2)⌦ z2] = �2[(1� z)⌦ z + (1 + z)⌦ z]

= �2[(1� z)⌦ z + (1� (�z))⌦ (�z)]

= 2S (Li2(z)) + 2S (Li2(�z))
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Example (3)

• Proof via symbols:

Li2(z2) = 2Li2(z) + 2Li2(�z)

S
�
Li2(z2)

�
= �[(1� z2)⌦ z2] = �2[(1� z)⌦ z + (1 + z)⌦ z]

= �2[(1� z)⌦ z + (1� (�z))⌦ (�z)]

= 2S (Li2(z)) + 2S (Li2(�z))

• What about branch cuts and zeta values?
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Exercise

• Proof Abel’s identity (aka the five-term relation)

Limiting behavior
The following limits result from the various representations of the polylogarithm (Wood 1992, § 22):

Dilogarithm
See also: Spence's function

The dilogarithm is just the polylogarithm with s = 2. An alternate integral expression for the dilogarithm for arbitrary
complex z is (Abramowitz & Stegun 1972, § 27.7):

A source of confusion is that some computer algebra systems define the dilogarithm as dilog(z) = Li2(1−z).

In the case of real z ≥ 1 the first integral expression for the dilogarithm can be written as

from which expanding ln(t−1) and integrating term by term we obtain

The Abel identity for the dilogarithm is given by (Abel 1881)

for x ∉ ]1;∞[ and y ∉ ]1;∞[.

This is immediately seen to hold for either x = 0 or y = 0, and for general arguments is then easily verified by
differentiation ∂/∂x ∂/∂y. For y = 1−x the identity reduces to Euler's reflection formula

where Li2(1) = ζ(2) = 1⁄6 π2 has been used.

In terms of the new variables u = x/(1−y), v = y/(1−x) the Abel identity reads

Polylogarithm - Wikipedia, the free encyclopedia http://en.wikipedia.org/wiki/Polylogarithm

10 von 14 09.10.11 19:57
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Symbols
• Assume you have a function                        that satisfiesF (x1, . . . , xn)

dF (x1, . . . , xn) =
X

i

Fi(x1, . . . , xn) d lnRi

Then the symbol of F is defined by
S(F ) =

X

i

S(Fi)⌦Ri

Dienstag, 11. Oktober 11



Symbols
• Assume you have a function                        that satisfiesF (x1, . . . , xn)

dF (x1, . . . , xn) =
X

i

Fi(x1, . . . , xn) d lnRi

Then the symbol of F is defined by
S(F ) =

X

i

S(Fi)⌦Ri

• Multiple polylogarithms satisfy the differential equation 
(for generic arguments):

where we recall that d log x = dx/x. Indeed, writing

d log
⇣

1� ↵

�

⌘

=
dy � d�

y � �

�

�

�

↵

y=0

(3.18)

the left-hand side of eq. (3.17) becomes

dy � db

y � b

�

�

�

x

y=0

^ dy � da

y � a

�

�

�

x

y=0

� dy � db

y � b

�

�

�

x

y=0

^ dy � da

y � a

�

�

�

b

y=0

+
dy � da

y � a

�

�

�

x

y=0

^ dy � db

y � b

�

�

�

a

y=0

(3.19)

and we find, e.g., that the coe�cient of dx ^ da is given by

1

x� b
· �1

x� a
� 1

x� b
· �1

b� a
+

1

x� a
· 1

a� b
= 0 . (3.20)

The coe�cients of dx ^ db and db ^ da vanish in a similar way.

Relationship to the symbol of ref. [60]. In ref. [60], the Goncharov, Spradlin,

Vergu and Volovich use the di↵erential equation for multiple polylogarithms recursively to

arrive at the definition of a symbol. More precisely, if F : Cn ! C denotes a complex

valued function depending on n complex variables xk, 1  k  n, the authors of ref. [60]

define the “symbol of the transcendental function” F in the following recursive way: if the

total di↵erential of F can be expressed in the form

dF =
X

i

Fi d logRi , (3.21)

where Fi and Ri are functions of the variables xk, and Ri are moreover rational functions,

then the symbol of F is defined recursively via

S(F ) =
X

i

S(Fi)⌦Ri . (3.22)

In the case where F is a multiple polylogarithm, we can write down the di↵erential of F in

an explicit form. For example, in the special case where all the arguments of the multiple

polylogarithm are generic (i.e., they are mutually di↵erent and do not take particular

values), we obtain [2]

dG(an�1

, . . . , a
1

; an) =
n�1

X

i=1

G(an�1

, . . . , âi, . . . , a1; an) d log

✓

ai � ai+1

ai � ai�1

◆

. (3.23)

The symbol of G(a
1

, . . . , an�1

; an) is then defined in the form

S(G(an�1

, . . . , a
1

; an)) =
n�1

X

i=1

S(G(an�1

, . . . , âi, . . . , a1; an))⌦
✓

ai � ai+1

ai � ai�1

◆

. (3.24)

The symbol we just obtained looks seemingly di↵erent from the definition we gave in

eq. (3.12), which consists in summing over all possible maximal sets of arrows of the

polygon P (a
1

, . . . , an�1

, an) associated to G(an�1

, . . . , a
1

; an). In the following we show

– 13 –

Dienstag, 11. Oktober 11



Symbols
• Assume you have a function                        that satisfiesF (x1, . . . , xn)
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Then the symbol of F is defined by
S(F ) =

X

i

S(Fi)⌦Ri

• Multiple polylogarithms satisfy the differential equation 
(for generic arguments):

where we recall that d log x = dx/x. Indeed, writing
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and we find, e.g., that the coe�cient of dx ^ da is given by

1

x� b
· �1

x� a
� 1

x� b
· �1

b� a
+

1

x� a
· 1

a� b
= 0 . (3.20)

The coe�cients of dx ^ db and db ^ da vanish in a similar way.

Relationship to the symbol of ref. [60]. In ref. [60], the Goncharov, Spradlin,

Vergu and Volovich use the di↵erential equation for multiple polylogarithms recursively to

arrive at the definition of a symbol. More precisely, if F : Cn ! C denotes a complex

valued function depending on n complex variables xk, 1  k  n, the authors of ref. [60]

define the “symbol of the transcendental function” F in the following recursive way: if the

total di↵erential of F can be expressed in the form

dF =
X

i

Fi d logRi , (3.21)

where Fi and Ri are functions of the variables xk, and Ri are moreover rational functions,

then the symbol of F is defined recursively via

S(F ) =
X

i

S(Fi)⌦Ri . (3.22)

In the case where F is a multiple polylogarithm, we can write down the di↵erential of F in

an explicit form. For example, in the special case where all the arguments of the multiple

polylogarithm are generic (i.e., they are mutually di↵erent and do not take particular

values), we obtain [2]

dG(an�1

, . . . , a
1

; an) =
n�1

X

i=1

G(an�1

, . . . , âi, . . . , a1; an) d log

✓

ai � ai+1

ai � ai�1

◆

. (3.23)

The symbol of G(a
1

, . . . , an�1

; an) is then defined in the form

S(G(an�1

, . . . , a
1

; an)) =
n�1

X

i=1

S(G(an�1

, . . . , âi, . . . , a1; an))⌦
✓

ai � ai+1

ai � ai�1

◆

. (3.24)

The symbol we just obtained looks seemingly di↵erent from the definition we gave in

eq. (3.12), which consists in summing over all possible maximal sets of arrows of the

polygon P (a
1

, . . . , an�1

, an) associated to G(an�1

, . . . , a
1

; an). In the following we show

– 13 –

• Some care is needed though for non generic arguments!
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Symbols
• Symbols of classical polylogarithms:

• Symbol of a generic multiple polylogarithm of weight 2:

the polygon approach has naturally built in the refined ‘d log-prescription’, because the

combinatorial nature of the construction does not make a distinction between constants as

e.g. “2” for which one might be typically tempted to define d log 2 = 0.

Symbols for classical polylogarithms. The polygons attached to classical polylog-

arithms Lim(x) = �G( 0, . . . , 0
| {z }

m�1 terms

, 1;x), are given by decorations x (for the first side) and 0

(for the remaining non-root sides) as well as 1 (for the root side). Their attached symbol

consists of (the negative of) a single elementary tensor, in fact we have

S�Lim(x)
�

= � �

(1� x)⌦ x⌦ · · ·⌦ x
| {z }

m�1 factors

�

, (3.27)

where we have m factors (“weight” m) on the right hand side. (Note the parentheses which

separate the coe�cient, here �1, from the actual tensor, to avoid a misinterpretation as

(x� 1)⌦ x⌦ · · ·⌦ x.)

Such tensors have long been considered in connection with functional equations of

polylogarithms—in fact, Zagier [5, 58] has given a criterion for such equations built on

those tensors, which has been used (cf. ref. [59]) to find the first non-trivial equations for

Li
6

and Li
7

(beyond weight 7 none are known), and the corresponding expressions for

multiple polylogarithms are important already in Goncharov’s early work (e.g. [7]) where

he generalises the underlying tensor algebra considerably.

4. A simple example

The symbol attached to G(�1, 1;x). In this section we illustrate the fact that the

symbol calculus provides a convenient tool to detect functional equations among (multiple)

polylogarithms, on the example of G(�1, 1;x) (which happens to coincide with the HPL

�H(�1, 1;x)). Even though we could of course immediately apply eq. (2.13) to express

G(�1, 1;x) in terms of classical polylogarithms, we will derive a similar functional equation

using the tensor calculus introduced in the previous section. The multiple polylogarithm

G(�1, 1;x) is associated to a trigon,

G(�1, 1;x)  ! P (1,�1, x) =
x

�1

↵
↵
↵
↵
↵
↵

1 3
3
3
3
3
3•

. (4.1)

The dissection of the trigon can easily be translated into the tensor associated to the

polylogarithm,

x

�1

↵
↵
↵
↵
↵
↵

1 3
3
3
3
3
3•

#
x

�1

↵
↵
↵
↵
↵
↵

1 3
3
3
3
3
3

&& &&
NNNNN
•

+

x

�1

↵
↵
↵
↵
↵
↵

1 3
3
3
3
3
3 OOOO•

�
x

�1

↵
↵
↵
↵
↵
↵

1 3
3
3
3
3
3

xxxx
ppppp

•

#
µ
⇣

x•
�1

⌘

⌦ µ
⇣

�1•
1

⌘

+ µ
⇣

x•
1

⌘

⌦ µ
⇣

x•
�1

⌘

� µ
⇣

x•
1

⌘

⌦ µ
⇣

1•
�1

⌘

– 16 –

S (G(a, b; z)) =
⇣
1� z

a

⌘
⌦

⇣
1� a

b

⌘
+

⇣
1� z

b

⌘
⌦

⇣
1� z

a

⌘
�

⇣
1� z

b

⌘
⌦

✓
1� b

a

◆

• N.B.: Weight of the polylogarithm = rank of the tensor!
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Symbols
• Each factor behaves as a logarithm

. . .⌦ (a · b)⌦ . . . = . . .⌦ a⌦ . . . + . . .⌦ b⌦ . . .
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Symbols
• Each factor behaves as a logarithm

. . .⌦ (a · b)⌦ . . . = . . .⌦ a⌦ . . . + . . .⌦ b⌦ . . .

• Torsion:
. . .⌦ r ⌦ . . . = 0

where r is a root of unity.
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Symbols
• Each factor behaves as a logarithm

• Shuffles

. . .⌦ (a · b)⌦ . . . = . . .⌦ a⌦ . . . + . . .⌦ b⌦ . . .

• Torsion:
. . .⌦ r ⌦ . . . = 0

where r is a root of unity.

XX

October 9, 2011

S

(

G(!a; x)G(!b; y)
)

= S (G(!a; x)) S

(

G(!b; y)
)

(1)

1

where on the rhs we use the shuffle product in the space of 
symbols, e.g.,

XX

October 9, 2011

S

(

G(!a; x)G(!b; y)
)

= S (G(!a; x)) S

(

G(!b; y)
)

(1)

a b = a ⊗ b + b ⊗ a (2)

(a ⊗ b) c = a ⊗ b ⊗ +a ⊗ c ⊗ b + c ⊗ a ⊗ b (3)

1

XX

October 10, 2011

S

(

G(!a; x)G(!b; y)
)

= S (G(!a; x)) S

(

G(!b; y)
)

(1)

a b = a ⊗ b + b ⊗ a (2)

(a ⊗ b) c = a ⊗ b ⊗ c + a ⊗ c ⊗ b + c ⊗ a ⊗ b (3)

1
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Symbols

• Given a complicated expression in terms of (multiple 
polylogarithms), find a simpler function with the same 
symbol.
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Symbols

• Given a complicated expression in terms of (multiple 
polylogarithms), find a simpler function with the same 
symbol.

• In other words, so far we have only dealt with the question 
of how to obtain the symbol of a function. 
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Symbols

• Given a complicated expression in terms of (multiple 
polylogarithms), find a simpler function with the same 
symbol.

• In other words, so far we have only dealt with the question 
of how to obtain the symbol of a function. 

• Now, we also need to know how to integrate a symbol back 
to a function (which is in general much more 
complicated!).
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Symbols

Integration
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Integrability
• Given a tensor (symbol) 

can we always find a function whose symbol is equal to S? 

should be related in any compatible linear order in the same way, while if they are not

related in the partial order, there is no condition for how they should be related in that

linear order.) In the example, there are precisely two linear orders which are compatible

with the partial order, as the root vertex always comes first: (v
0

, v
1

, v
2

) and (v
0

, v
2

, v
1

).

Definition of a symbol. Now we are ready to give a complete definition of the symbol

attached to a (rooted decorated oriented) (n + 1)-gon P with decorations (t
1

, . . . , tn, x),

and then extend it by linearity and shu✏e product to any sum of (products of) polygons,

hence also for multiple polylogarithms:

S(P ) =
X

max sets A
of arrows in P

(�1)#{backward arrows of A}
X

linear orders �
compatible with (⌧A,�)

µ
�

⇡A,�
1

�⌦ · · ·⌦ µ
�

⇡A,�
n

�

,

(3.12)

where the 2-gons ⇡A,�
⌫ are determined by the maximal dissection A together with the linear

order � which is compatible with the partial order � on ⌧A, the dual tree of the dissection

A, in the manner given above in the second step of section 3.1 (i.e. for each 2-gon arising

from the dissection of A there is a vertex of ⌧A decorated by that 2-gon, and for any two

2-gons that are adjacent there is an edge in ⌧A connecting the corresponding vertices.

Integrability condition. A very useful property of the rooted decorated polygons,

found by the second author in collaboration with F. Brown and A. Levin, is that each

polygon (or rather its symbol) satisfies a certain integrability condition. Indeed, an arbi-

trary sum of elementary tensors does not necessarily lie in the image of the symbol map.

Instead, it was pointed out in ref. [90], making explicit in a special case the very general

approach of Chen [22], that a necessary and su�cient condition for a symbol

S =
X

I=(i1,...,im)

cI !i1 ⌦ · · ·⌦ !im (cI 2 Q) , (3.13)

to be integrable to a function is that
X

I=(i1,...,im)

cI !i1 ⌦ · · ·⌦ (!ij ^ !ij+1)⌦ · · ·⌦ !im = 0 for all 1  j  m, (3.14)

where !ij ^ !ij+1 denotes the usual exterior product of two di↵erential forms. We rewrite

this for our purposes as
X

I=(i1,...,im)

cI
⇥

d log!ij ^ d log!ij+1

⇤

!i1 ⌦ · · ·⌦ b!ij ⌦ b!ij+1 ⌦ · · ·⌦ !im = 0 , (3.15)

where the hats indicate that we omit the corresponding factors in the tensor product. As

an example, we indicate the statement for G(a, b;x), whose symbol

S�G(a, b;x)
�

=
⇣

1� x

b

⌘

⌦
⇣

1� x

a

⌘

�
⇣

1� x

b

⌘

⌦
⇣

1� b

a

⌘

+
⇣

1� x

a

⌘

⌦
⇣

1� a

b

⌘

(3.16)

satisfies

d log
⇣

1�x

b

⌘

^d log
⇣

1�x

a

⌘

� d log
⇣

1�x

b

⌘

^d log
⇣

1� b

a

⌘

+d log
⇣

1�x

a

⌘

^d log
⇣

1�a

b

⌘

= 0 ,

(3.17)
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Integrability
• Given a tensor (symbol) 

can we always find a function whose symbol is equal to S? 

• Answer: NO! This is only possible if S satisfies a certain 
integrability condition

should be related in any compatible linear order in the same way, while if they are not

related in the partial order, there is no condition for how they should be related in that

linear order.) In the example, there are precisely two linear orders which are compatible

with the partial order, as the root vertex always comes first: (v
0

, v
1

, v
2

) and (v
0

, v
2

, v
1

).

Definition of a symbol. Now we are ready to give a complete definition of the symbol

attached to a (rooted decorated oriented) (n + 1)-gon P with decorations (t
1

, . . . , tn, x),

and then extend it by linearity and shu✏e product to any sum of (products of) polygons,

hence also for multiple polylogarithms:
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compatible with (⌧A,�)
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�⌦ · · ·⌦ µ
�
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where the 2-gons ⇡A,�
⌫ are determined by the maximal dissection A together with the linear
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• Exercise: Prove the integrability of the multiple 
polylogarithm of weight 2, G(a,b;z).
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Integration
• Assume an integrable symbol S.

• Decide on the functions that should appear (‘basis 
functions’).

• Construct suitable arguments (most difficult step!)

• Write a linear combination of the basis functions in these 
arguments.

• Solve a linear system for the coefficients.

• Fix the remaining ambiguity.
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Example

• We have to decide on some weight two functions that could 
appear in the answer:

�(1� 2x)⌦ (1� x)� (1� x)⌦ (1� 2x)� (1 + x)⌦ x

The last line allows to read o↵ the symbol of G(�1, 1;x),

S(G(�1, 1;x))

=

✓

1� x

�1

◆

⌦
✓

1� �1

1

◆

+
⇣

1� x

1

⌘

⌦
✓

1� x

�1

◆

�
⇣

1� x

1

⌘

⌦
✓

1� 1

�1

◆

= (1 + x)⌦ 2 + (1� x)⌦ (1 + x)� (1� x)⌦ 2 .

(4.2)

Before turning to the question of how to attach a function to this symbol, let us

briefly comment on how this symbol could have been obtained by using the recursive

definition (3.24). Using eq. (3.23), we obtain

dG(�1, 1;x) = G(�1;x) d log
⇣

1� (�1)
⌘

+G(1;x) d log

✓

(�1)� x

(�1)� 1

◆

= G(�1;x) d log 2 +G(1;x) d log(1 + x)�G(1;x) d log 2 .

(4.3)

The three terms in the last line of this equation are in one-to-one correspondence with

the three terms in the symbol in eq. (4.2). Note, however, that we had to treat all the

arguments of the (three-variable) function G(•, •; •) as generic, and to use the refined ‘d log-

prescription’, i.e. d log 2 6= 0. Putting to zero all the d log 2 terms is equivalent to putting

to zero all elementary tensors in the symbol where a factor inside a tensor product is

constant [60]. As we will see below, we prefer to keep these terms as they provide us with

valuable information about the function that should be associated to the symbol.

Attaching a function to a symbol. Since every multiple polylogarithm of weight two

can be expressed as a combination of classical polylogarithms, we make the ansatz that

G(�1, 1;x) can be written, up to an additive constant, in the form

X

i

ci Li2(fi(x)) +
X

j,k

cjk log(gj(x)) log(hk(x)) , (4.4)

such that the tensor associated to this expression corresponds to the tensor in eq. (4.2),

where ci and cjk are rational numbers and fi, gj and hk 2 Q(x) are rational functions. We

subdivide this problem into smaller ones by postulating that we can distinguish between the

three di↵erent contributions in eq. (4.2). By using a procedure suggested in ref. [60, 75]

we can distinguish the first sum from the second by projecting the respective symbols

onto their symmetric or alternating parts: each term in the second sum will give zero

contribution for the latter one, while each summand in the first sum will give a non-zero

contribution. Indeed the tensor associated to a product of logarithms is totally symmetric,

and hence its contribution to the tensor vanishes if we project onto the antisymmetric

component of the tensor in eq. (4.2).

Preparatory steps: decomposing tensors into symmetric and antisymmetric

parts. We recall that, for a vector space V (over C, say, or more generally over a field of

characteristic 6= 2) there is a direct sum decomposition V ⌦ V = (V � V )� (V ^ V ) (other

notations, as used e.g. in refs. [5] or [7], are V � V = Sym2(V ), and V ^ V =
V

2 V ), and

V � V is generated by a� b (for some a, b 2 V ), while V ^ V is generated by a ^ b where

– 17 –

• Next we should find the potential arguments of the 
polylogarithms. This is the most difficult step.

• If we have this, we can equate the symbol of our ansatz to 
the original symbol, and solve for the coefficients.

• It turns out that here this is not even needed...
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Example

• Recall that for a product of logarithms:

�(1� 2x)⌦ (1� x)� (1� x)⌦ (1� 2x)� (1 + x)⌦ x

S(ln a ln b) = a⌦ b + b⌦ a
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Example

• Recall that for a product of logarithms:

�(1� 2x)⌦ (1� x)� (1� x)⌦ (1� 2x)� (1 + x)⌦ x

• Hence, is we focus on the antisymmetric part of this tensor, 
we get rid of the products!

S(ln a ln b) = a⌦ b + b⌦ a

�(1� 2x) ^ (1� x)� (1� x) ^ (1� 2x)� (1 + x) ^ x = �(1 + x) ^ x

with                                   .a ^ b = a⌦ b� b⌦ a
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Example

• Recall that for a product of logarithms:

�(1� 2x)⌦ (1� x)� (1� x)⌦ (1� 2x)� (1 + x)⌦ x

• Hence, is we focus on the antisymmetric part of this tensor, 
we get rid of the products!

S(ln a ln b) = a⌦ b + b⌦ a

�(1� 2x) ^ (1� x)� (1� x) ^ (1� 2x)� (1 + x) ^ x = �(1 + x) ^ x

with                                   .a ^ b = a⌦ b� b⌦ a

• But this is nothing but the imaginary part of                    ! S(Li2(�x))
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Example
• Next, subtract off the contribution you have found:

S � S(Li2(�x)) = �(1� 2x)⌦ (1� x)� (1� x)⌦ (1� 2x)
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Example
• Next, subtract off the contribution you have found:

• The remaining symbol is totally symmetric, and thus 
corresponds to a product of logarithms!

S � S(Li2(�x)) = �(1� 2x)⌦ (1� x)� (1� x)⌦ (1� 2x)

S � S(Li2(�x)) = S(� ln(1� 2x) ln(1� x))
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Example
• Next, subtract off the contribution you have found:

• The remaining symbol is totally symmetric, and thus 
corresponds to a product of logarithms!

• Finally:

S � S(Li2(�x)) = �(1� 2x)⌦ (1� x)� (1� x)⌦ (1� 2x)

S � S(Li2(�x)) = S(� ln(1� 2x) ln(1� x))

S = S(Li2(�x)� ln(1� 2x) ln(1� x))
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Example
• Next, subtract off the contribution you have found:

• The remaining symbol is totally symmetric, and thus 
corresponds to a product of logarithms!

• Finally:

S � S(Li2(�x)) = �(1� 2x)⌦ (1� x)� (1� x)⌦ (1� 2x)

S � S(Li2(�x)) = S(� ln(1� 2x) ln(1� x))

S = S(Li2(�x)� ln(1� 2x) ln(1� x))

• Note however that the symbol does not uniquely fix the 
function, because we could add terms with vanishing 
symbol (zeta values, branch cuts, etc.)
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Indecomposable functions
• For the integration process, it is good to know which 

functions of a given weight are (a priori) independent.

• ‘Mathematical Folklore’: Only polylogarithms where no 
index is equal to 1 are independent.
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Indecomposable functions
• For the integration process, it is good to know which 

functions of a given weight are (a priori) independent.

• ‘Mathematical Folklore’: Only polylogarithms where no 
index is equal to 1 are independent.

➡ Weight 1: ln,Li1

➡ Weight 2: Li2,Li1,1

➡ Weight 3: Li3,Li2,1,Li1,2,Li1,1,1

➡ Weight 4: Li4,Li3,1,Li1,3,Li2,2,Li2,1,1,Li1,2,1,Li1,1,2,Li1,1,1,1
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Indecomposable functions
• For the integration process, it is good to know which 

functions of a given weight are (a priori) independent.

• ‘Mathematical Folklore’: Only polylogarithms where no 
index is equal to 1 are independent.

➡ Weight 1: ln,Li1

➡ Weight 2: Li2,Li1,1

➡ Weight 3: Li3,Li2,1,Li1,2,Li1,1,1

➡ Weight 4: Li4,Li3,1,Li1,3,Li2,2,Li2,1,1,Li1,2,1,Li1,1,2,Li1,1,1,1

• Consequence: Multiple polylogarithms become important 
for the first time at weight 4.
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Summary of lecture 3
• We have defined symbols of multiple polylogarithms, and 

discussed their properties.

• We also briefly discussed the problem of integrating 
symbols, i.e., finding a function whose symbol matches a 
given tensor.

• Question: Can we obtain the symbols of Feynman integrals 
without having to do the integrals? [See Caron-Huot’s lecture]
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