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Flavor puzzle-and.flavor symmetry

Modular flavor symmetry

Near-Critical Behavior.in‘SL(2, Z)_modular models
Near-Critical behavior:in Sp(4, Z) modular models

Summary and Outlook
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Parameters of the SM

”Pizza pie” of SM‘

SM + massive neutrinos ~ Neutrino may take
Dirac or Majorana masses

Quark
masses
and
mixing

Lepton
masses

and
mixing

my,

(a1, a31)

msr

QCD /A I’ Strong CP

Most of the SM parameters are in the flavor sector!

S 00 0O

S~

3 gauge couplings
2 Higgs parameters
1 QCD angle

12 fermions masses

8(+2) flavor mixing
parameters
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Flavor puzzle \ e

(see talk by Chang Omar ..

m What is the orlgln of the hierarchies in the masses of leptons & quarks ?

neutrinos NOorl0? de s@ pe
—
[ — ure ce te

_—

Lol ool o ool ool vl v vl Lo

) = i

3 < 3 5 & B

< < < <

m How to understand the flavor mixing patterns of leptons & quarks ?

1 2 3 d s b
e o= u [
U] =« M | Vi=c|m -
7|l B t .

o In SM, the fermion masses and flavor mixing are determined by Yukawa
coupling constants which are completely unconstrained

o No guiding principles
o Symmetries?

Xiang-Gan Liu (UCI) FLASY 2024 27 June 2024 5 /60



Theory of Flavor—Traditional flavor symmetry (\%

(see talk by Ramond and Ma)
m Flavor symmetry : Horizontal symmetry linking different families.

Flavour symmetry

o Flavor transformation :

)
Vel |VYu| |Vr g
—— L Leptons ¢ = pl9)y
gff; )z with g € G}, p(g) € Rep(G)).
symmetry U c t o Flavor group G'; can be Abelian or
— r Quarks non-Abelian, continuous Lie groups or
d S b discrete groups...

e.g.: (see talk by Chun, Mondragon and Chang)
| | Froggatt'Nielsen mOdelS: Gf = U<1)FN « (Froggatt and Nielsen 1979)

| | Non'Abelian ﬁnite ﬂaVOr Symmetry: Gf == 1447 S47 A5 «++ «(Feruglio and Romanino 2021)
R Hierarchical structure

® New game: Modular (flavor) symmetries {

Fixed flavor structure

27 June 2024 6/ 60
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Toy flavor model—discrete U(1)gn(Z5) (“%

m Flavor group G, = Z3
m Charged lepton diagonal, neutrino mass from Weinberg operator.
m One flavon ¢,: nontrivial singlet of Z; (singlet of SM)

m The irreps assignments of fields: p, ~ diag(1,w,w?) Py, ~w,pp~ 1

= neutrino mass Lagrangian

W, — % {(HL)f(%’;) (HL)] ..

1

= Neutrino mass matrix

2 2
ag aq9€ a13€ by byoe b€
2 3 2
19€°  Ugp€ Qg | + €| bge®  byge by |+ ...
2 2
ay3€ Qg3 Qg3€ bise bys  byge

where the VEV of flavon (¢, /A;) = € < 1.
Mass spectrum: mq : mqy : mg = O(1) : O(1) : O(1)

2

M, = —
v A
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Toy flavor model—A,

m Flavor group G, = 4,

m Charged lepton diagonal, neutrino mass from Weinberg operator.

m One flavon ¢,: triplet of A, (singlet of SM)

m The irreps assignments of fields: p, ~3,p, ~3.,py~1
= neutrino mass Lagrangian

W, = SUHL)HL)], +

= Neutrino mass matrix

2 1 0 0 3 2a —c —b
M, = K a0 0 1|+ Al 20 —a |+ ..
01 0 FA=b —a 2c

where the VEV alignment of flavon (¢,) = (a, b, c)T.
Take (9,) = (1,1,1)7:

B

A HLOHLL

Tri-bimaximal: Upyns = | —

Xiang-Gan Liu (UCI) FLASY 2024 27 June 2024 8/ 60
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Modular symmetry \ B

(Feruglio 2017)
In string theory, extra dimension compactification leads to target-space
Modular symmetery e ik by saui Ramos-sanchez)

Compactification

10D space-time

4D Minkowski x 6d Calabi-Yau
S:IJ'xdﬁy Lop éjd'xﬁlﬁ(ga, )

Example: Torus compactification (6D — 4D):

T With identification
@ - e
7 d

W4
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Modular symmetry \ B

m The shape of a torus is characterized by complex structure modulus
T=wy/wy, Im(7)>0

which is in the complex upper half plane # = (7 € C|Im(7) > 0).
m The lattice (torus) is left invariant by modular transformations

wy\ (a b w ) o _ar+b
W) e d w, T T v d
where v = (Z Z) € SL(2,2)
— (Target-space) Modular symmetry!

m The inequivalent moduli vacua: Fundamental domain 2 = % /SL(2,Z)

T

———\/— S

D S S
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Modular forms \ B
m SL(2,7) has two generators satisfying S* = (ST)? =1, 5?T = T'5?
0 1 1 1
=4 =6
5 T
They act on modulus by: 7— —1/7, 7= 7+1
m Principal congruence subgroup I'( V) < SL(2, Z)

(V) = {'y esL22) | 7= (é ‘f) mod N}

The quotients are finite modular groups: (rerugio 2017: Liv and bing 2019)
o Tny=SL(2,Z)/ +(N)=PSL(2,Zy): [y=S;, [y A,, Ty=S,, T'y=A;..

o IPN=SL(2,2)/T(N) = SL(2,Zy): Th=S8;, I,=T,T)=S5,, I't=AL..
m Modular forms (automorphic forms): holomorphic functions in & Uioo and

fi(ym) = (et +d)*fi(r) Yy eT(N)

m Modular forms can be regarded as the generalization of periodic functions

it +1) = fi(r),  fi(=1/7) = (=7)*f;(7)

Xiang-Gan Liu (UCI) FLASY 2024 27 June 2024 12 /60



Modular forms \ e

m Some examples of modular forms
H H _ ,l/24 770 _.n B __ 2miT
o Dedekind eta function n(7) = ¢"/** [~ (1—¢") withg=e

o Eisenstein series £y, (1) = 330 (m7 +n) " with ged(m,n) = 1

m Complex Arg plot for E, and Ej;

Imt

AN AN

.. Ret e e e e e M U

m Modular forms span a finite dimensional vector space M, (I'(IV)), which is
actually the representation space of finite modular group Fg,):

filyr) = (er +d)*p;;(v)f5(r), Vv €SL(2,2)

where p(7) € Rep(')) (ker(p) = I'(N),Im(p) == SL(2, Z) / ker(p))

Xiang-Gan Liu (UCI) FLASY 2024 27 June 2024 13 /60



Framework: Modular invariant SUSY | (“%

As the low energy effective field theory of string compactification, the
N =1 SUSY theory is a non-linear o-model which contains moduli
superfield 7 and matter superfields ¢;.

| | The aCﬁOn: (Ferrara et al. 1989: Feruglio 2017)
§= /d4xd29d2§ K(ppopnT,T) + /d4xd20 W(ps,7)+ hec.

where
o Kahler potential (in minimal form):

K(pp, @37, 7) = —hA?log(—it +i7) + Y (=it +i7) 1o [?
I

o Superpotential (in power series of ¢):

W(er, T ZYH I, 8011 P,

Xiang-Gan Liu (UCI) FLASY 2024 27 June 2024 14/ 60



Framework: Modular invariant SUSY 1l \ e

m The modular (flavor) transformation of superfields are non-linear (.uer. s, and

Nilles 1989; Feruglio 2017) :

P v (Z 2) € SL(2,7)
or = (et +d) F1pi(y)ey,

where
ok : modular weight of matter field ¢,

o [py @ unitary irreps of ' ( or I'y) (Feruglio 2017 Liu and Ding 2019)

® Modular invariance of W requires Yukawa couplings

e
Y 1, () — Y g (y7) = (T + d)kYPY(’Y)YII...In (1),

Wlth kY:kll+"'+kIn7 py®pll®®pln 91.

= Yukawa couplings are modular forms ! Y, ; (1) € M, (I'(N))

Xiang-Gan Liu (UCI) FLASY 2024 27 June 2024 15/ 60



Bottom-up flavor model building \ B

B Freedom of model building: ¢;, k;, p; (FS:,))

m For the given £y and py, the modular forms space is finite-dimensional:
Only a finite number of possible Yukawa couplings !

e.g.: (Liu and Ding 2019)
] , Modular forms multiplets
N | M (T(N) | Ty O3 = i - P . o
2 | k/2+1(k€even) | S, (S,) — v —
3 k+1 A () || v v, v, v
4 2k + 1 s [ v [ty [Py
5 5k + 1 Ay Ay | v [ v v v [ v Y Y

(...: Kobayashi, Tanaka, and Tatsuishi 2018; Feruglio 2017; Penedo and Petcov 2019; Novichkov et al. 2019a; Ding, King, and Liu 2019; Liu and Ding

2019; Liu, Yao, and Ding 2021; Novichkov, Penedo, and Petcov 2021a; Wang, Yu, and Zhou 2021; Yao, Liu, and Ding 2020)
m All higher-dimensional operators in 7 are completely determined
m No additional flavons other than the modulus 7

B Modular symmetry is spontaneously broken by modulus VEV (r) which is
treated as a free parameter in bottom-up approach.

Xiang-Gan Liu (UCI) FLASY 2024 27 June 2024 16 / 60



An example model — Group theory

m Finite modular group: I'; = A, = (S,T|S5?=(ST)3=1T2=1)

m lrreps: 1, 17, 1”7, 3

m Irreps matrices of generators (w = €27/3):
1: p(8)=1, p(T) =1
1 p(S)=1, p(T) =
17 p(S) =1, p(T)

w
:wz
1 -1 2 2 1 0 0
3: p(S):§ 2 -1 2 |,pM=[0 w 0
2 2 - 0 0 w?

m Tensor product:
33=10101"03,93,

S~

17 / 60
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An example model — All possible modular forms", @

m There are only one triplet modular forms at lowest weight 2:

i (n/(r/s) + 7 ((r+1)/3) + n((r+2)/3) _ 27n’<3r>)
n

Y, ar \ntr/3) T wmrrn/3) T w3 < nGn
@ _ | S (@ e (@rE) i (42)/3)
Y3 (1) = ? = = (n(r/:s) T A T Y /e )
s i (@), (08 2 (r+2)/3)

= (n(f/3) TWs TY n<<r+2>/3)>

® Modular forms of higher weight can be constructed by tensor product:

Y =Y? 4 2n,Y,
Y(4) _ 1/32 + 21/11/2

1
b= V2 -V,
= vi-vY,
Y2 - VY,
k=6

Xiang-Gan Liu (UCI) FLASY 2024 27 June 2024 18 /60



An example model \ e

In this toy model, we assume ergio 2017)
m Charged lepton diagonal, neutrino mass from Weinberg operator.
m BasedonI'y; > A,.
m The assignments of weights and irreps: p;, ~ 3, py ~ 1k, =1, ky =0.
1
= Modular invariant superpotential W, = X[(HuL)Yéz) ()(H,L)]y
=> Neutrino mass matrix
(2&4 (1) —Y(7) —Y2(7)>

M, =3 | ~Y(r) 2Y(r) —Yi(7)
=Yo(r) —Yi(r) 2Y;3(7)

Remarks:
o Modular flavor model is simple, complexity is hidden in modular form:s.
o It looks like traditional A, model, but each entry are correlated.

o 3 free parameters A, Re(7), Im(7) determine 9 observables:
3 neutrino masses + 3 lepton mixing angles + 3 CP phases

Xiang-Gan Liu (UCI) FLASY 2024 27 June 2024 19/ 60



Model predictions )i/

m Unfortunately, this model is unrealistic due to its prediction 6,5 too small:

NUFIT 5.2 (2022) < Best-fit value for 7

without SK atmospheric data

Inverted Ordering (Ax? = 2.3)

(r) = 0.0111 + 0.9946i

bfp £1o 30 range
sin® 12 0.30370012 0.270 — 0.341 o
B2/ 3341075 3131 — 35.74 < Model predictions:
sin? 63 0.57810:91¢ 0.412 — 0.623 sin2 6,5 = 0.295
e /© =+0.9 4 . e
03/ 49.57%9 39.9 = 52.1 sin? f,, = 0.651
2 +0.00060 .
sin® 03 0.02219% 5 00057 0.02047 — 0.02396 Sln2 913 =0.00447 ®
013/° 8577012 8.23 — 8.90
) Sop=279°
cp
Scp/° 286727 192 — 360 Am?
BMsol 0.0292
Am3, +0.21 Am?2 -
T ovr TR 6.82 — 8.03 atm
2
% 249879032 _9581 - —2.408

-Gan Liu (UCI) 27 June 2024 20/ 60



Some progress (2017 ~ 2024) e~

The original SL(2, Z) modular invariant theory has been extended to
Include the odd weight modular forms, and I'; = Ty i and oing 2019)

m Include the rational weight modular forms, and I'y — T e werat 200
m Reformulate in VWMFs, and Ty = I'/NOT @i anc ving 2022)

. . CcP
m Combine with the CP symmetry: 7 — —T™  (Baur et al. 2019 Novichkov et al. 2019b)

m Eclectic flavor symmetry: tradition flavor U modular flavor wites. ramossanchez and

Vaudrevange 2020; Nilles, Ramos-Sanchez, and Vaudrevange 2020)

Minimal model building:

®m The minimal lepton models (6 real input parameters). (ing. Liu. and vao 2023 Ding et al. 2023)

m The minimal quark models (8 real input parameters). ©ingetal. 2023

® The minimal lepton + quark models (14 real input parameters) inge:a. 2023

Other applications:
Applying to solve Strong CP problem. (ergio. strumia. and Titov 2023; petcov and Tanimoto 2024; penedo

and Petcov 2024)

Modular inflation. (Ding, Jiang, and Zhao 2024; King and Wang 2024)

Xiang-Gan Liu (UCI) FLASY 2024 27 June 2024 21/ 60
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Motivation

® Modular flavor models are elegant and simple, but also complicated.
“Make things as simple as possible, but no simpler.——-Albert Einstein”

B At present only numerical analysis, lack of (semi-)analytical understanding.

(M)

B The best-fit values of modulus shows a specific distribution : (ergio 20232)

2

Im(7)

m Are there any model-independent features?

FLASY 2024 27 June 2024
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Hint from data \ e

m There are no non-trivial residual flavor symmetries at low energy.
m Flavor observables close to a “special point” (in terms of flavor invariants)?

(Bento, Silva, and Trautner 2024)

0.2{" 7 e  Experimental value x  CKM=antiD, mu=md=mc=0, ms=mb
” % mu=mc=mt, md=ms=mb CKM=antiD, mu=md=0, ms=mb, mc=mt
01 Vi = CKM=1, mu=md=ms=mc=0 CKM=1, mu=md=0, ms=mb, mc=mt
S 00 o + CKM=antiD, mu=md=ms=mc=0 o 513=0, s23|=1, mu=md=ms=0, mc=mt/sqrt(2)
/ *  523=0, |s12|=1, mu=md=0, ms=mb, mc=mt/sqrt(2)
-0.1 ¥ o 513=0, s23|=1, mu=md=mc=0, ms=mb/sqrt(2)
o2 . CKM=1, mu=md=mc=0, ms=mb »  523=0, |s12|=1, mu=md=0, mc=mt, ms=mby/sqrt(2)
- +
-05 00 05
h
02{" 7~ 024" it
x «
01 K 01
g f &
S 00 3 & 001 e & .
4
—01{ O -011 & .
. .
-0.21, -02 .
-05 00 05 -02 00 02
it} ha
02 7 02 # 02 F
0.1 & 01 0.1
< V4 < <
0.0 = 0.0 £ 0.0 X
-0.1 I'd -0.1 -0.1 o
. . ' * o * *
-05 00 05 -02 00 02 -02 00 02




Mass matrix pattern near the fixed point \ e

m The modular form has g-expansion, and the first few terms are accurate
enough for numerical calculation.

Y, 14 12g + 36¢> + 12¢° + 84¢* + ... e 1
Y, | = | —6¢"3(1 +7q+8¢> 4+ 18¢° + 14¢* +..) | —— | —64¢'/3

Y, —18¢*3(1+ 2 + 5¢° + 4¢° + 8¢* + ...) —18¢%3

where g = %77 = ¢ 27Im72miReT (therefore T — 00 = ¢ — 0.)
m Neutrino mass matrix :

— _ _ 2/3 _anl/3
27 —Ys Y\ 24 2 . 18q1 ; 6q o2
M,=|-Y; 2Y, Y| — |-18¢ /3 —124¢Y -1 L
-Y, -Y; 2Y; _6q1/3 1 —36q2/3

m Define the new variable ¢ := ¢/3 = ¢2™7/3 then

o2 2 —18¢2  —6¢ 24 36e? 42

M, = K K —18e2  —12¢ -1 ) + €3 ( 36e2  84e  —12 ) +}
—6e -1 —36¢ 42e  —12  —T72¢?

It really mimics a traditional Z; flavor model in the vicinity of ioo!

(Notice that all the coefficients are fixed, not arbitrary, even not 0(1))

Xiang-Gan Liu (UCI) FLASY 2024 27 June 2024 25/ 60



Zy flavor symmetry in modular symmetry (v%

Question: What is the origin of the patterns of mass matrices?
Answer:  The linear sub-symmetry in modular flavor symmetry.

m Let us focus on the sub-symmetry Z7 = (T') € SL(2,7):

vy T
{7‘—> arth {T—>T+1
cT+d D)
~

T
or = (et +d)F1p(y) ¢r

or = pi(T) p;

m Change the field variable 7 u = e>™7/3; o, 1 o

e T
{u =273 S wu

T
or = pr(T)e;

The original sub-symmetry Z7 becomes a linear flavor symmetry

Fields L, L, Lq U
SU2) x ULy || (2,-1/2) | (2,=1/2) | (2,=1/2) | (1,0)
ZTcSL(2,2) 1 w w? w

Xiang-Gan Liu (UCI) FLASY 2024 27 June 2024 26/ 60



linearization and critical points | \ e

There are two other sub-symmetries in SL(2, Z) that can be linearized.
m Fixed points in moduli space and their stabilizer:

o [ o Fixed points (critical points) 7, are

invarinat under their stabilizers G ,:
YTo = To> % € Gy
— : J—

Fixed Point 7, | ¢ w 100
O Stabilizer G, | zy Z3Tx ZyT  ZTx 7y

Order of G, 4 6 00

N\

0 1

| | Field redeﬁnition and Iinearization Of GO: (Feruglio et al. 2021; Novichkov, Penedo, and Petcov 2021b)

T — 7T .
o ui=—2 &, :=(1—uwlip,, form=1iw.
T — T
0
. p2mit/N — =4
o ui=emmIN B =, for 7, = ico.

Xiang-Gan Liu (UCI) FLASY 2024 27 June 2024 27 /60



linearization and critical points Il \ e

Yo .
u —s ey
q Yo
D — Q) @

with
21 foryy =S i*1p,(S) for v, =S
0y =9 221 fory, = ST, Q= whki1p,(ST) fory, = ST
21 foryy =T p(T) foryy =T

_ , are still Reps of SL(2,Z), determined by (k,, p;). It is actually the Rep
decomposition of SL(2,Z) under G,,.

m We can expand M around the fixed point v =0 :

_ .0 (1), (2), 2 (3),3
M”(u) =my; +miu+mut +myu 4

B Invariance of mass matrices under G, (where ) := Qy Q,):
e.g.
M, (u) =5 M (e%u) = QM (u)Q

Xiang-Gan Liu (UCI) FLASY 2024 27 June 2024



Universal scaling behavior near critical point \ e

m The form of (); determine the hierarchy pattern of mass matrix M.

m In the vicinity of critical point, namely 0 & |u| < 1, only the leading term
dominates : Power law (scaling behavior)

o At the critical point u = 0 (i.e.,7 = 1), linear symmetry G|, is unbroken:
G,-symmetric phase, where the flavor data will be unrealistic.

A0

“hoo h
o Deviate a little bit from the critical point, u ~ 0, linear symmetry G, is broken:
G,-broken phase, where realistic flavor data can be reproduced.

& )‘c""' g
(M:Ll: K”)

Xiang-Gan Liu (UCI) FLASY 2024 27 June 2024 29/ 60



Decomposition of reps under G, \ B

From the representations of SL(2,Z), we can list all possible €2;

m In the case of G, = ZT (base point ico), there are too many possibilities for
Q(T') and there is no complete classification yet, so we ignore this case.

m In the case of G, = Z§ and G, = Z5T x Z5” (base points i and w), there are
only a few cases of decomposition:

o lrreducible “triplets” : (rerugiio 20235 Feruglio 2023b)

Q(S) =i*diag(1,—1,—1) ;
Q(ST) = diag(1,w,w?) .

Reducible "doublets + singlets™ : (chen et al. 20242)

o Q(8) = i*2diag(1, —1,0) + i*1diag(0,0, 1) ;
Q(ST) = w2diag(1,w, 0) + wrdiag(0,0,1) .

Xiang-Gan Liu (UCI) FLASY 2024 27 June 2024 30/ 60



Mass matrix patterns near the critical point ¢ \ e

] y g1
(s2:51) M, M, M
0~ 0) o - 0) o - 0)
my,  Umgy My myy @myy  myg myy Gimyy mag
(0,0) am m®  dim am mly) dim am mY  am.
g 12 tyg UMz 12 22 UMgy '12 22 23
0)  ~ (0) )~ (0) 0)  ~ (0)
My UMgs  May M3  UMgy Mgy Myz UMy My3
(U 0 - o -
m§ 1 um (%]2 0 m(1 1 amgy 0 m i1) Umy o 0
~ 0 -~ 0
0,1) dmy,  myy 0 @my,  myy 0 Wimy, by 0
0 0 my 0 0 dimg 0 0 dimg
0) ~ 0~ -~ 0~ =
my,  amg,  mgy my Umyy  amgg my  Umyy  amgy
(0,2) (0) (0) -~ (0) (0) - (0) (0)
’ UMy My Moy UMyp My Moy UMy Moy Moy
n (0) (0) - (0) (0)
33 Umyy Moy Myy Umyy Moz May
0 =, 0 ~
m(u‘ WMy 0 m(lﬁ timyy 0
~ ~ 0 =~ 0
(0,3) wmyy m;; 0 wmy o "lez) 0
33 0 0 imgs 0 0 wmgg
= 0] = [©
umyy My 0 umy; My, 0
\ ~ (0] ~ 0 ~
(1,0) mi; Umgy 0 7”(12) imyy 0
(0) (0
0 0 Mgy 0 0 Mgy _
(0) (0) = 0~ = 0 -~
myy 3 amyy oy, Umgg myy  myy  Umgg
(1,1) - - 0~ (0) 0)  ~ (0)
1) umyy Ly My UMy Moy Mg UMyy Moz
) m m® s ~ 0 o~
”LIIS 33 umy 3 IVL23 umgg umy g 7".23 umgs
0] = ) = O
myy “'7”1‘1 myy 0 umy; My, 0
) ~ (0] -~ 0 ~
(1,2) wmyy Myy  UMmgy 0 7”(12) fimgyy 0
( (0) (0
0 3 0 0 Mgy 0 0 Mgy _
(0) - = (0) (0) = (0) (0)
My 3 umyy o Myy Mgy umyyp Myp My
(1,3) i © 5 i 0 = -
,3) myy Myy  UMgy UMy myy  mgy  Umgg
~ 0, ~ ~ 0 ~ ~
Umy g ’”(13‘ Umgy  Wmgy m(] 3) UMy UMgy
~ (10) — (01)
where tim;; = um; " +umy; .
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Mass matrix patterns near the critical point w

) ) y -1
(52,51) Me. M, M,
© - (10) (0] 0) (10) © () 7 (01)
"LII U”llz "LIS ’”Lll U.”le 7”13 "111 M7VL12
_(10) (0) (10) (10) (01) (10) — (01 (i0)
(0,0) umyy Mgy UMy umyy UMy, UMy UMy, UMy,
(0) (10) (0) (0) {10) (0) 0 - {01
Mz  UMsy 33 Mz  UMag M3z Mz  UMag
[} (10) (10) (] (10) (10) 0) —o1)
My o UMyt UM My UMy UM i1 UMy
1 —(01) (0) (0) (10) - (01) - (01) = (01) (10)
(0, ) Um12 m22 mm Ule ’U,m22 1“7?,23 U.m12 um22
= (01) (0) (0) (10)  ~  (01) (01) = (01) (10)
Umyy My Mgy umyy’  UMgy UMgy Umyg’ UMy
0) 10) - (01 O 10) - (01 0 01
0,2) 771(”) um(lz] 'um(,x) m“) um(lz] um[,x) m') um(,Q
i (01) (0) (10) (10) - (01) (0) = (01)  (10)
(1,0) um;p Mgy UMgy Umyy — UMgy Mo3 Umyy - UMgy
(2 Lo (10) - (01)  (0) ~(01) (0) (10) (10) (0) 710, (01)
s umyg Uy M3 umy My UMgg umyg Mgy  UMgg
0 (10 (0 = 01) (0) = 01 10 0 (10,
mY umly ) 7"13) u’m(“ bomlY) um(m) u.m(11 ) 9 umm)
- (01 0 — (01 ) 10 ) 0 — (01 0
(1,1) amy) my amby ) mY umly)  m) m  amby” o
(0) (10) (0) —(01) (0) = (01) (10) (0) (10)
Mg UMy Mgy umyg 03 UMggy umy g Mgy UMgy
(0) (10) (10) (01 (0) _(0) (10) (0) (0)
11 umyy  umyg wmyy myy myg umy, 12 myg
= (01) (0) (0) 0 (0) 21y (L0) (10) (0) =0 (01) - (01)
(1,2) umyy My, Mgy My UMy, UMy myy WMy, UMy
70 (01) ()} (0 o (0) (10) 1y (10) (0 Zo0(01) o (01)
H7VL13 "L23 77L33 ”LIS U.”L23 U,"L33 "L13 H7VL23 U”L33
0) (10) — _(10) (10) . _(01) — (01) = (01) (10) (10)
my umyy umig umyy UMy, Umag wmyy wmyy umyg
(01 (0) (0) —(01) (0) (0) (10) (0) (0)
(2,0) umy, My Mg umyy ' Mgy Mg UMy Mayy My3
i (01) (0) o (0) 7 (01) (0 1 (0) (10) (0) (0)
umy My M3 umy My M3 umy Mgy Mgy
—0) (10) (0) 10) — (01 (10) ——{0D) 10) -~ (01
myy  umy, myg wmyy UMy, umgg wmyy’  wmy, U
(2,2) S 0) o (01) S0 0) o (01) (10) © (10
3 H7VL12 "L22 U."le M77L12 "L22 um23 LL"L12 7”22 U”L23
(0) (10) 0) i) . (01 (i0) =01 1) - (01
7!L13 ’UTTZZS 77L33 717”,13 'U.TTL23 MTT133 lL"L13 ’MTVL23 u”l33




Viable patterns & Predictions \ B

P

Assuming the coefficients m<?b) are O(1), There is a viable mass matrix

pattern near ¢ and near w (Where ¢ = |u| < 1):
mass Amzl .2 .2 L2
T (s9,51) M, (0,0) —sob sin“ 619 sin“ 613 sin“ 6g3
ordering Amg
~i (1,1) singular NO 0(e3) $(1+0(e) 0(e2) (1)
~w 1,2) singular NO 0(3) L +oe) 0(e2) (1)

o The viable reducible case (1,1) around i is exactly the same as the successful
pattern found in irreducible case (s = 1 or 3).

o The viable reducible case (1,2) around w is almost the same as the behavior
of case (1,1) near 4. It does not exist in the irreducible case near w.
(ab)

o However, the assumption that m, ;" are O(1) is not always true. (crenet st 20240
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Mass hierarchy near ¢

In the vicinity of critical point i (where £ = |

=i
Q Q, Hierarchy
diag(i,—i,—1) diag(i,—i,—1)  (1,1,1)
diag(i,—i,i)  diag(i,—i,—i)  (1,1,1)
diag(i,—i,1)  diag(i, —i,1) (1,1,1)
diag(1,—1,—1) diag(1,—1,—1)  (1,1,1)
diag(l,—1,7)  diag(1,—1,—i) (1,1,1)
diag(1,—1,1) diag(1,—1,1) (1,1,1)
diag(i, —i,—i)  diag(i,—i,—i)  (e,1,1)
diag(i, —i,1) diag(i, —1,1) (e,1,1)
diag(i, —i,1) diag(i, —i,—1) (e,1,1)
diag(1,—1,—¢) diag(l,—1,—i) (e, 1,1)
diag(1,—1,%) diag(1,—1,1) (e,1,1)
diag(1,—1,1) diag(1,—1,—1) (e,1,1)
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Mass hierarchy near w (“%

In the vicinity of critical point w (where ¢ = | Z=%|):

Q Q, Hierarchy Q@ 2 Hierarchy
diag(l,w,1)  diag(l,w,w?)  (c,1,1) diag(l,w,1)  disg(?,1,1)  (1,1,1)
diag(l,w,w) diag(w,o?,w?)  (e,1,1) diag(l,w,w)  diag(w? 1,&?)  (1,1,1)
diag(l,w,w)  diagw? 1,1)  (,1,1) diag(l,w,w?)  diag(l,w,w?)  (L1,1)
diag(1l,w,w?)  diag(w,w? w) (e,1,1) diag(w,w? w) diag(w,w? w?)  (1,1,1)
diag(l,w,w?) diag(w?1,w?)  (s,1,1) diag(l,w,1)  diag(w,w?, w) (e,¢,1)

diag(w,w?,w?) diag(w,w? w?)  (g,1,1) diag(w?,1,w?) diag(w?,1,w?)  (g,¢,1)
diag(w? 1,1)  diag(w?,1,1) (s, 1,1) diag(l,w,1)  diag(lw,w)  (e2,e,1)
diag(1,w,1) diag(1,w,1) (e2,1,1) diag(1,w,1)  diag(w,w? w?) (e2,¢,1)
diag(1,w, 1) diag(w?, 1,w?)  (e%,1,1) diag(1,w,w) diag(w,w?, w) (e2,¢,1)
diag(1,w,w) diag(1,w,w?) (%, 1,1) diag(w, w?, w) diag(w?,1,1) (e2,e,1)
diag(l,w,w?) diag(w,w? w?) (e2,1,1) diag(w,w?,w?) diag(w? 1,w?)  (e2,¢,1)
diag(l,w,w?)  diag(w?1,1)  (2,1,1) diag(w?,1,1)  diag(w? 1,w?)  (e2,¢,1)
diag(w,w?,w)  diag(w,w? w) (%, 1,1) diag(1, w,w) diag(l w, w) (€2,¢2,
diag(w,w?,w) diag(w? 1,w?)  (e2,1,1) diag(w,w?,w?) diag(w? 1,1)  (c2,62,1)
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Sp(4, Z) symplectic modular invariance \ B

(Ding, Feruglio, and Liu 2021)

m String compactifications down to 4D natrually produce many moduli

m The natural generalization of SL(2, Z) modular invariance is Sp(2g, Z)
Symplectic modular invariance.

m (non-compact) Moduli space: Siegel upper half plane
H,= {r € GL(g,C) ‘ T =7, Im(7) > 0}
m (Siegel) symplectic modular group Sp(2g,Z) :
A B . 0 1
Sp(29,Z)={7=(C D)‘VTJW’:JW'thJ:(_H 6’)}

g

m Action of Sp(2g,Z) on Tand ¢;:

7= ~7= (AT + B)(CT+ D)™!
¢y — det(CT+ D) 1p (1),

Remark: At genus g = 1, Sp(2,7) = SL(2, 7).
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New features at genus g = 2 (“%

m Moduli (three components 7, 75, 73):

Hy = {T = ( T )‘ det(Im(r)) > 0, tr(Im(7)) > 0}

T3 T2

: o 13 = 0: H, =~ 2 factorized tori;
@ i o T3 # 0: H, ~ generic Riemann surface of genus 2;
m The simplest non-Abelian finite modular group is T'y 5 = Sg , which has no

3-d irreps to accommodate 3 families of fermions!

m Restrict to (invariant) subspace ¥ of 7, (Symmetry Sp(4,7) — N(H)):

T 0
3 o - » Tag > (S3x83)% 2,
© Two dimensional: 2
S [ T8 T3], Dy, S, x 2,
T3 T ’

< One dimensional:

IR B IR N (A B C R R Gy
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Fixed points in 7, \ e

(Ding, Feruglio, and Liu 2024)
m Unlike the SL(2, Z), the fundamental domain &, of the Sp(4, Z) is very
complicated and cannot be visualized.

m There six inequivalent fixed points in F,, four of which are also in the
subspace X,:

[#] Fixed points 7, | Residual symmetry in Sp(4,Z) [ G, = Residual symmetry in N(H) |
1. ( ¢ ch . CjCQf) Zuy _
2. (% o 1 5(177; 1>> GL(2,3) D, (rex,)
2 G 2797, {Fpmym ey
o () axanm | {0 CES
5. ? (? é) (Z x Zy) % Z, D, (1€,
6. (”5 ?) Zyo % Zy ZiyxZy (1€

where ¢ = e?™/5, = 1(1+1i2V2), w=—1/2 +iy/3/2. Unlike the case in
SL(2,7Z), the residual symmetry G, in Sp(4, Z) are all non-Abelian!
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Linearized G, symmetry in Sp(4, Z) (“%

m Field redefinition (A generalization from the case of g = 1):  ©ing, rerugiio, and tiu 2024)

w = e (1 — 7o) (T — Tp) 7t

B, = [det(1 — e'ou)]trp,,

where « is a constant.

m The new fields transform linearly under their respective stabilizer G,,.
E.g.: For fixed point #5: u := ( 22 Z;‘ ) =(r—1)(T—T) .
Under the generators a,b of Gy = D,:

a b
’
U, — —Uq, u; — +uq, u, ~ 17

a b
Ug — +us, Ug — +us, uzs~1,.

.
m The matter fields also transform linearly under G, : ®; = Q;(v) @5
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Triplet decomposition under G|,

m There are 168 irreducible triplets of N(H)

m Triplet decomposition (£2(vy,)) under respective G:

Fixed points #2 #3 #4 #5
Linearized G D, DyoZ, D, x Zy D,
1...01 &1
1, @1, 01,
1_el o1, 1, el _ el 1,.,01,,®&1, , 1_e1l, 01,
Triplet 1,01 1" 1 . e1, ®1, 1, ,®1, &1, , 1,e1 o1
decomposition 1. 0101 1, .®1 __ el __ 1,001 01, 1. 01 01
1 el o1, 1___ el _ . @®1,_ 1_,01__,®1__, 101,01,
1, e1,, &1,
1., ®1 , &1 .,

m We do not consider the other reducible representations such as “2 + 17.

m We consider the local V' = 1 SUSY, then the superpotential is allowed to be
modular covariant: W ~ singlets r,.
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Viable patterns

S~

m Near each critical point, the respective mass matrix patterns depends only
on 2 and r,. (Not sensitive to 2)

m In the vicinity of critical points # 2, # 3, and # 5, there is a common viable
lepton mass matrix pattern:

0
Y11 Y2 Yi3x
* 0 0

Y12 Yoo Yas )
* . 0 0

Yi3¥  Yas Y33

0 0

Lyl Tyo Li3
0

Tig Lol Tzl
0 .

Tiz Lozl T3l

M, (u,u) ~ MY (u,u) ~

where x = u; for #2, and x = u, for #3 & #5

m The predictions for neutrino oscillation parameters (where ¢, = |u;| < 1)

- rs M, (0,0) Or:::i‘ng AA‘:%% sin20,, sin20y5 | sin2093
~ (%m"?” %“'7 l') 1/ singular NO 0(e3) 11+0(e3) 0(e3) o(1)
~ (5 3) 1*** singular NO o) La+0ey) 0= o)
—4t
~ 3 (T ;) 1/ singular NO o) La+oe) 0(2) o)

m This viable pattern is the same as the one found in SL(2, 7).
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Summary \ B

® Modular flavor symmetry provides a very attractive solution for flavor
puzzle.

m Universal near-critical behavior exist for SL(2, Z) and Sp(4, Z) modular
invariant models.

¢ Those linearized symmetries determine the behavior of modular models near
the corresponding critical points.

¢ The near-critical behavior appears as power law for the flavor observables in
terms of linearized modulus (i.e., “order parameter™).

¢ There are only a few different near-critical patterns in a large number of

models (universality).

m Near-critical behavior provides a good description of flavor parameters in
SM.

m For lepton mass models, we identify a common viable mass matrix pattern
in SL(2, Z) and Sp(4, Z) modular-invariant models.
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Outlook (“%

? The classification of near-critical behavior can be extended to the case of 00
and also applies to the quark sector working in progress...

? What is the origin of near-critical ? (moduli stabilization)

? Beyond near-criticality: Observables as holomorphic modular invariants «cren

etal. 2024b) (See talk by Xueqi)
? Beyond SL<2, Z) (even Sp(29, Z)) modular Symmetr‘y. (Working in progress...)
? Get more insight from string theory. (s ik by sau

? Is there a “flavor moonshine” ?
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Flavor Moonshine ?

i~

m Monster moonshine: Modular functions < Monster group M.
J(7) = (1) g ' + 744 + (1 + 196883) ¢ + (1 + 196883 + 21296876) ¢* + ...

m Flavor parameters are directly related to modular forms. So is there
Flavor Moonshine ? (Monster behind Flavor?)

B Three types of “miracles” for mass hierarchy:

Type | Rank[M,(e = 0)] | Mass hierarchy | Possible asymptotic regions
| 1 BE™ : ceiicy T R 100
1l 2 Ccie™: Cy Cg T R 100, i
11 3 Cy: Cy: Cg T A 100, U, W

where ¢; come from (e-expansion coefficients of) modular forms and (C-G
coefficients of) finite modular group !

m A dream: Realistic modular flavor model with One-Parameter (7) ! woringin

progress...)

m Golden Mass Relation or Koide formula from Flavor moonshine? ¢ inin i by

Omar)
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Hint of Flavor moonshine <%

Flavor observables (RG-invariants) as some modular functions ! cuen et ai. 20240)
| | FerugliO’S A4 mOdel (also see talk by Xueqi)

M, = uv, diag(a, 3,7)

W) N BN
= (—iT +1i7) ) 2Y3(r) =Yi(7) f

M, Yy
Ya(r) —Yi(r) 2%(7)
= Upynsdiag(m,, m,, 77L££)UJMNS
m The RG invariants [,;(7) := M;\}JZ[“ T
Io(1) = -2

Is(r) = =2 (1 + 145 (m)°
s =20+ 4@ | _ 5 .
Lys(T) = 16 (1 ar %Jé(ﬂ)
where j;(7) = n(7/3)3>n(37)~3 is the Hauptmodul of I'(3).
® [,5(7) = 432q — 6480q¢% + 73872¢> — 725328¢* + 6503328¢° oL
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Where is the modular form \ B

“There are five elementary arithmetical operations: addition, subtraction,
multiplication, division, and . . . modular forms.” Martin Eichler

Modular forms appear almost everywhere:

As tools to solve problems in number theory.

Play a key role in proving Fermat’s last theorem.

As a bridge connecting various math structures: Langlands Program
Monster moonshine j(7) = ¢~ + 744 + 196884q + 21493760¢> + ...
Sphere-packing problem in dimension 8 and 24.

Everywhere in string theory and mathematical physics

Feynman integral

Flavor physics
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A minimal lepton mass model =

(Ding, Liu, and Yao 2023)
B Lepton mass model (neutrinos mass originate from the Type-1 seesaw)

m The matter fields content and their modular charges:

Fields Ef.3 Lia3 Nios Hyq
SUR), x UMy || (1,1) | (2,-1/2) | (1,0) | (2,+1/2)
VS 201’ 3 3 1
—k; 4 —1 1 0
® Modular invariant superpotential:

_ 3) ge (3) ge (3)
W, =a (Yé, EDL)1 Hy+ B (yﬁ E;,L)l Hy+~ (Yé EgL)l H,
2
W, = g(N°L), H, + A (Yz( ) (NCNC)ZS)l
m Charged lepton and neutrino mass matrices:

(3) (3) (3) (3) (3)
2aYé’,1 —aYg \/§ﬁY3 2 TV, ‘/g'BYé 3

oy 3 -(3) (3) -(3) (3)
M, 26}(;5),1 \/gayé/z(;; ’Byé 3 \/gayé/,?,(; ﬁyﬁz Yd
’YYQ,I 7Y3,3 7Y?},z
2
1 0 0 2Y;f,1) 0 0
o803 e[ o
0 -Y5 \/EYZ2
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A minimal lepton mass model—predictions \ B

m Light neutrino masses (M, = —MEMy'Mp):

1 g%2 m 1 g*v2 m 1 g?v2
= 2 ’ 2T 1,02 _ _mv@] A 3T 1,2, Av@] A
pyfl] V] A v A

my

m The product of charged lepton masses:
mom,m, = det [M,(7)] = 796\/61)37 (8% = 3a2) n'8(7)
B The numerical best-fit values of input parameters:

(r) = —0.193773 + 1.08321i, B/a = 1.73048 (~ V3), ~/a = 0.27031
av, = 244.621 MeV, g*v? /A = 29.0744 meV

m The lepton masses and flavor mixing parameters are predicted:

sin? 0, = 0.328920, sin?6,, = 0.0218499, sin®#f,, = 0.506956, J,p = 1.342567
ayy = 1.32868m,  aygy = 0.544383m, m,/m, = 0.00472633, m,/m, = 0.0587566

m, = 14.4007TmeV, m, = 16.7803meV, m4 = 51.7755meV
mg = 16.890TmeV, mgzs = 9.25333meV
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Irreducible representations of SL(2,7) -

The 1-d, 2-d and 3-d irreps (with finite image) of SL(2,Z):
SL(2,7Z) has 12 one-dimensional irreps

L py (S)=i?,  py (T)=eF7,

P P P

withp=0,...,11

SL(2,7Z) has 54 two-dimensional irreps with finite image, determined by
p(T) = diag(e2mr1,62mr2) (Mason 2008)
e.g.: (ry,7m9) = (3/4,1/4),(5/6,1/3),(0,1/2) ...

SL(2,Z) has > 156 three-dimensional irreps with finite image, also
determined by p(T) = diag(e?™"1, 22 ¢27irs)
eg (Tla T9s T‘3> = (07 1/37 2/3)5 (07 1/47 3/4)5 (1/77 2/7v 4/7>

The assignments of three generations of matter fields (e.g., e, u¢, 7¢) have
three structures: 3 or 2®1 or 11 1.
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General finite modular groups

The list of finite modular groups I'/Nor with order < 78:

Normal subgroups Finite modular groups I'/Nor
Index Label Additional relators Group structure GAP Id
6 T Sy 6,1]
12 S277 Zy 3 Zy = 2D, [12,1]
2T A, [12,3]

18 ST2ST" Sy X Zg [18,3]

TS ,

2 T T [24,3]
STt Sy [24,12]
Npaag) 57 (ST 1ST) A, X Zy [24,13]

36 Nize) S3T-25T? (ZyxZy) X Zg (36, 6]

N, TS, (ST-18)2TST-1ST?
[42,1]1 >

42 Noasir %, ST-TST(ST-TS)°T” ZynZs [42,1)
Nys.28) S2T7 20 [48, 28]
Nis 20| T8, STTST 1 GL(2,3) [48,29]
48 T'(4) = Nyg a0 T Ay x 2, = 5] (48, 30]
Nuss) (STT5T) A, % 2, [48,31]
Nis.a) S%(ST15T)? T X Zy 48,32

Nus.s3) T2 ST3ST3 ((Zy x Zy) x Zy) X Zy | [48,33]

54 Nisas) TS, (ST-1ST)? (Zy x Z3) X Zg [54,5]
60 +I'(5) = Nigo 51 S2.T° 5 [60,5]
72 Niraag) T2 STT5T Sy X Zs [72,42]
+T(6) = Nirpag | 55,15, (ST 'STST 18)°T A, xS, [72,44]

The group presentation: T'/Nor = (S, T | S* = (ST)? = “relators” = 1, S>T = T'S?).
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S

Canonical Kéhler potential and anti-holomorphic contribution (“%

m The general Kéhler potential:

K (7, 7) = —log(—i(r — 7)) + ) ¢'K (7, 7)¢

7
To — UT, - .
= —log (le (ﬁ)) + Zb:qﬂkq,(u, u)®
m Move to the canonical basis of Kéhler potential (i.e. kinetic terms ):

D= Zy(u,0)®  with Kg(u,@) = Zg(u, @) Zg (u, )"

Y0
where the matrix Z transform as Z, — Qq)Zd)Q:; under G,,.
v The mass matrices get the anti-holomorphic contribution:

M(U) = M(uv ﬁ) = ch (ua ﬁ)M(U)Z¢ (u7 /B‘)
v" The transformation law of new fields 5; remains unchanged .

m We can expand M around the fixed point v =0 :

M (u, @) = mO© 4 m0y 4 mOV g 4 m9y2 4 mWyy 4+ mO02y2 + ...
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