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TWO-BODY GRAVITATIONAL INTERACTIONS
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Inspiral-Merger-Ringdown (M. Favata, SXS, K. Thorne)

There are three main analytical approximation methods for describing the
two-body dynamics during the inspiral phase

@ the post-Newtonian expansion valid for (v/c)? =~ Gy (m +m,)/(rc?) < 1

@ the post-Minkowskian expansion valid for weak field
Gy (my +m5)/(rc?) < 1 but all values of velocities

y =1/41—(v/c)? € [1,+00[
@ self-force expansion for small mass ratio v = m/M < 1 for all order in Gy

In this talk we will present two new formalism for the point @ and point @
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PosT-MINKOWSKIAN EXPANSION VS NUMERICAL GR
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fig 3 of Thibault Damour and Piero Rettegno [arXiv:2211.01399]

Perturbative methods from scattering amplitude can be apply directly
leading to new analytic results up to the 4th post-Minkowskian order (3-loop)
[Bern et al.; Bjerrum-Bohr et al.; Damgaard et al.; Plefka et al.; Porto et al.]

with excellent results when compared to numerical general relativity if one
includes radiation reaction (oamur, rettegnol
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TWO-BODY GRAVITATIONAL INTERACTIONS
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The post-Minkowskian expansion gives analytic expression valid from the
static case y =1 to the ultra-relativistic ACV regime ¥ — 00 ipanour; Heissenverq, di
Vecchia, Veneziano; Bjerrum-Bohr, Damgaard, Planté, Vanhove]

The match is obtain only if one includes gravitational radiation
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PosT-MINKOWSKIAN EXPANSION FOR THE BINARY SYSTEM
We want to compute gravitational interaction of two massive objects.

A relativistic Hamiltonian for the two body dynamics in centre-of-mass

Hpm(y, 1) \/P +mi+ \/P +m2+ZVL+1 V,7)

>0

L+1/.L+1
Gy /r

with a relativistic potential organised in a series of Newton’s constant Gy
which is the general relativity correction to Newton’s potential L = 0

Gy mim? . 1
N 2(27/2_1) _P1-pP2 _ >
E\E, r My ny

Vi(y,r)=-
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PosT-MINKOWSKIAN EXPANSION FOR THE BINARY SYSTEM
We want to compute gravitational interaction of two massive objects.

S~ Pulsar

A directions of gravity waves

The L + 1PM potential has polynomial mass dependence ivires et a1.; vanour]

GLH 2 2
N My ror
V(y,r) = Zirbrl Z Uy, () my my

L>0 1 +1’2:L

Consider its Fourier transform to momentum space

2 —iq-T- 3 G]L\]Jrlm%m% ror
Mra(y.q )ocJ-e TV (y,r)d rocqzi_L Z Vy oy () my
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CLASSICAL PHYSICS FROM QUANTUM LOOPS

THE GENERATION OF GRAVITATIONAL WAVES.
IV. BREMSSTRAHLUNG*t}

SANDOR J. KovAcs, JR.
AND
Kip S. THORNE
Received 1977 October 21 ;‘&ccepled 1978 February 28
g) The Feynman-Diagram Approach

Any classical problem can be solved quantum-mechanically ; and'sometimes the quantum solution'is easier than
Then is an extmmve hmamre on the Feynman. -dmmm quantum-mechanical treatment of gravita-
tional b ion (e.g., Fey 1961, 1963; Barker, Gupta, and Kaskas 1969; Barker and Gupta

We seek quantum gravity formalism where the classical limit 7 — 0 gives the
general relativity potential

Py P

lim — Mp(y,4%) = Vi (p,1)
1‘1—>0p -
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PERTURBATIVE GRAVITY
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We will be considering the pure gravitational interaction between massive
and massless matter of various spin g, = 11, + VGn/1,,

2
) 1 v
SEH:Jd4x \/_g[ 167Gy EZ( ay(f’aavql)a_mozqu)az)]
a=1

Evaluating the quantum scattering S-matrix

My -p2rg,h)= ) Gy Mupy-p2rg,h)
L>0
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ONE GRAVITON EXCHANGE : TREE-LEVEL (1PM)

2(py - p2)* —mim3 —[hq|*(py - p2)]

My =-16mGyh
0 LN |hﬂ|2

The % expansion of the tree-level amplitude

M)

+hdn GNPI %)
The relativistic classical Newtonian potential is obtained by taking the
Fourier transform

’7 ar Gymymd 2y?—1

_ L (-1) igr _
Vl(y’r)_J(znP iEE M e =T T

The higher order in g2 is the quantum contact interaction of order #
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CLASSICAL PHYSICS FROM LOOPS : ONE-LOOP (2PM)
The Klein-Gordon equation reads

m?c?

(5—7)47:0

The triangle with a massive leg p7 = p3 = m” reads

J~ G[Z\]‘M%dﬁl—kf
(€+p1)2(€2 = L) (0~ p)?
GIZ\] 2 me

~ 2t og % ) i

This one-loop amplitude contains (masai, torstein, vonognue, 8jecrun-tonr, Vannove]
> The classical 2nd post-Minkowskian correction G7/r* to Newton’s
potential of order 1/
> An infrared quantum correction of order 7"

finite part
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CLASSICAL PHYSICS FROM LOOPS : /I COUNTING (ALL PM)

The classical limit ## — 0 fixed g < m1y, m, of the amplitude (sjerrun-sonr, vangaara,

Vanhove, Planté]

(-1)
(2 - M (y)

Me(y,q° h) = -
1 D) gL D)

O(h°)

hmlql“

» A classical contribution of order 1/# from all loop orders

» The dimensional regularisation scheme gives a control of the IR
divergences fI'OIIl radiation [Veneziano et al.; Parra-Martinez et al.; Bjerrum-Bohr et al.]

» The computation is explicitly relativistic invariant
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CLASSICAL PHYSICS FROM LOOPS : 71 COUNTING

The connection between quantum scattering and classical gravitational
physics has forced to rethink the S matrix for dealing with the # expansion

[Damgaard, Planté, Vanhove] N j . il§7
S=01+_T=exp|—
doing the Dyson expansion with the conservative and radiation part

1 R
T=Gy) GyTL+Gy) Gip
L>0 L>0

L N
N=Gy) GyN.+GE) GRNp
L>0 [>0
The higher powers of 1/% are more singular than the classical contribution,

but are needed for the consistency of the full quantum amplitude and the
correct exponentiation of the amplitude

(-L-1) (=1)
M M
mL(%qz’h) = : L((Z/—)D) ot . E?:_)D) +O(h0)
£ hL+1|i|2+ > h|q|2_L+ 5
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CLASSICAL OBSERVABLES

The change in an observable O is given by the (.ot 0'coner) €xpression
(AO) := (out|O|out) — (in|Olin)

) dP (hq ! o .
(AOY(p1,parr) = J amp 222 -q—=12q*)5(2hp,-q+17q%)e p, p3|Olpy, p2)

which can be expanded using the N-operator

(AO) = (in|STOS - Olin) = Z (_’Z” (n|[N,[N,...,[N,0],...,]]lin)

n times

The 1 — 0 limit gives directly the classical answer ugura, prante, vanoves

%%<AO> _ Aoclassical(pllpz’ r) + O(h)

with the exponential representation all superclassical pieces cancel
automatically
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RELATION TO THE WORLDLINE APPROACHES
There is a direct equivalence with the word-line formalism

X X

The completeness relation induces velocity cuts delta-functions on the
massive line

d k1 2_ dez 2 2

dD 151 1 ab-le, 1

s lki, kas€1,ee s €L sk Kol

“2nh)D1 2, (2mh)P1 2E,
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TaE N OPERATOR UPTO 1PM AND 2PM
R iN S
§= eXP(g), N(y,4%) = (p1,p2INIp}, p5)

) D-2 N(y,q%) )4 21
N(y,J):= J (jﬂ)D?z V-4 : (P = mymy Ay
dmymy /y* -1 \/mf+m§+2m1m2y

with the result evaluated at tree-level and one-loop using dimensional
regularisation D = 4 —2¢

2 _
NlPM(%]):Glemz(ZV 1)1—~(_€)]2€

Wi

B 371Gi,m%m%(m1 + mz)(Sy2 -1)1

4y(p1+p2)? J
The 1PM (tree-level) and 2PM (one-loop) contributions are the same as for a
test mass in the Schwarzschild black hole of mass M = m; + m,.

NZPM(V,])
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THE N OPERATOR AT 3PM

. Gymim - s(64y° -120y%* + 6092 - 5)
N3PM(y, gy = SN 2V? X[ 4 y*+60y

s]? 3(y2-1)2
4dmymyy(14y? + 25) N 4mymy(3 + 122 — 4y*)arccosh(y)
3 /)/2,1

N 2mymy(2y% —1)2 ( 8 -5y N y(2y? —1)arccosh(y)
y2-1 3(y2-1) ()/2—1)%

At 3PM (two-loop) new phenomena arise

» The conservative part deviates from Schwarzschild as we have

contributions which depends (linearly) on the relative mass v = —"2

(my+my)?

> And the important Radiation-reaction terms for the correct high-energy
behaviour [Bjerrum-Bohr et al., Para-martinez et al.; Damour; Veneziano et al.]
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THE RADIAL ACTION

Applying the previous formalism to the momentum kick OF = PI” gives in the
COl’lServative SeCtOI‘ [Bjerrum-Bohr, Damgaard, Planté, Vanhove|

] ]

with the angular momentum

~ 1y 4 _ ’
APl} (y’r)|cons = Poo” Sln(_aN()/ ])

+pa L (cos(—aN;;/']) ) - 1)

_ mimyy (py —py) + m3py — mipy

LH:
(mymy)?(y2-1)

this shows that in the conservative sector the N(y,]) is the radial action used
BY (tandau, Litsnit; nanur) fOr computing the scattering angle in classical GR

ION(y,]) _ i(Glemz )L+1 (L+1)

X(Vr]) = Xcons (7/)
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STRONG FIELD REGIME: SELF-FORCE EXPANSION

The self-force expansion is a expansion in
v ~m/M < 1 for m; = m < m, = M but to all
order in Gy

We reorganise the double summation according to the mass-ratio order

M3V2 !
N == ) V' cr(y)
9 r>0
We have shown in (rougiakakos, vamovel that the cubic formulation of gravity of (cheuns,

remen cOUPled to the worldline allows to construct the exact spacetime (all Gy
order) from a scattering amplitudes approach
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SELF-FORCE EXPANSION

We consider a binary system of a heavy body of mass M and a light body of
mass 1 interacting gravitationally

S:SEH+S[+SH,

with the gothic inverse metric of the Landau-Lifschits formulation
gab _ \/jggab _ qab _ mhab

and the cubic formulation introduced by (cueun, nemen)

Az o + A7 0,9,

1
167Gy S = —dix((AﬁcAgd -5

and the wordline actions for the light and heavy body

g"v,v M 9" Ve, VHy
S,:fﬂ dr 7“:+1, Sy=—— | dry 7}‘;
( ,—_9)sz

’ (v5)™” ’

Notice that the auxiliary field A does not couple to the matter field.
] s



SELF-FORCE EXPANSION: EFFECTIVE ACTION

Integrating-out the graviton and the auxiliary field we have the effective
action

eiscﬁ[xl:xH] — JDh DA eiSEH[}'I,A]+f8(;p'[}'l}+1’$1[,\‘1,]’l]+1’$1.1 [XH,h]'

The self-force effective action has an expansion in powers m/M < 1

n+1

M v = m
Seff == JdTU """ v vey, + M Zdez (M) Ly[xi1(t), xp(th)]
n=0

where the leading is the worldline action for the heavy body. We parametrize
the trajectory of the light body as

© n 0 n
xf(rl) =xM(1) = Z(%) Sx"MH (1), XIZ(TH) = uﬁrH + Z(;—/II) (SXSW(TH),

n=0 n=1

Finally, we should note that we haven’t specified the kinematics of the system,
therefore the formalism is suitable both for the bound and the scattering
problem
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SELF-FORCE EXPANSION: EXACT METRIC

The off-shell currents for gravition emission from the heavy source M

,327'ZGN]1;:3(X) :J‘dD]X eikx ];’L)(k), 327_(GNAZC(”)<X) :Jlex eik-x Y;C(H)<k)’

is given by sums of cubic graphs only, therefore presenting a recursive nature

m /\ /\ /\
(n—m) (n—m) (n—m)

allowing the sum all loop orders and lead to a non-perturbative resummation
given the exact Schwarzschild metric in D dimensions
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SELF-FORCE EXPANSION: GEODESIC (0SF)

The geodesic equation for the light mass m is obtained by a double infinite
resummation:

@ loop for generating the Schwarzschild metric from the heavy mass M

@ the loops for the graviton coupling between the background generated by
the heavy mass and the light mass

Lolx!(t), ulyty] = o+ +/\+ [\ + :E: o

This gives a totally consistent self-force formalism without any need to
introduce an external metric.
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SUMMARY

@ The amplitude computations have led to analytic formulz for the two
body scattering (with no spin) to 4PM. To this order, there is an excellent
match with numerical GR when radiation is included.

@ The amplitude approach and the exponential formalism gives a clean
and streamlined approach to classical gravitational radiation.

© This provides a natural organisation of the classical # — 0 limit for the

two body system. We have here an example of Bohr’s correspondance
principle

The leading idea (Bohr’s correspondence principle, 1923) may be
stated broadly as follows.[... ] In other words, it must be demanded that,
for the limiting cases of large masses and of orbits of large dimensions, the
new mechanics passes over into classical mechanics. (Max Born Atomic
Physics)

© We have presented a cubic formalism for the self-force formalism which
is valid for in the scattering and bound regime and in any dimensions
With this formalism the heavy mass background metric is not inserted by
hand but derived within the formalism.
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