
Exploring thermal CFTs
Elli Pomoni 

Eurostrings 2024 
Southampton 03/09/24

[2306.12417 & 2312.13030 Marchetto, Miscioscia, EP]

[2407.14600 Barat, Fiol, Marchetto, Miscioscia, EP]



Motivation

  Quantum critical points: nonzero temperature in the lab.


  Study of Black Holes through AdS/CFT.


 Study CFTs on non-trivial manifolds.
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Thermal QFTs

Thermal effects are captured by placing the QFT on a circle


With periodic boundary conditions for the bosons 


and anti-periodic for the fermions.

S1
β × ℝd−1 β =

1
T
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Thermal CFTs
In this talk assume we know the zero temperature CFT data: 

Δ𝒪 , f𝒪1𝒪2𝒪3

and are interested in computing new finite temperature data:
the non-zero thermal one-point functions: 

⟨𝒪(x)⟩β =
b𝒪

βΔ𝒪

for neutral scalar operators.


And more generally for all traceless symmetric tensors: 

⟨𝒪μ1…μJ(x)⟩β =
b𝒪J

βΔ𝒪J
(eμ1⋯eμJ − traces)



Thermal CFTs

𝒪1(x) × 𝒪2(0) = ∑
𝒪

f𝒪1𝒪2𝒪 |x |Δ𝒪−Δ𝒪1
−Δ𝒪2

−J xμ1
…xμJ

𝒪μ1…μJ (0)

We can still use the OPE: 

But now the radius of convergence is finite: |x | < β

[Iliesiu, Kologlu, Mahajan, Perlmutter, Simmons-Duffin 2018]

φ φ

Figure 1: The OPE on S1

�
⇥Rd�1 is valid if the two operators lie inside a sphere. The largest

possible sphere has diameter �, wrapping entirely around the S1 such that it is tangent to
itself. Here, we illustrate such a sphere (blue) in d = 2.

and f��O is the three-point coe�cient
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We often normalize O so that cO = 1. Note that because descendants have vanishing
one-point functions, we need only the leading (non-derivative) term in the OPE for each
multiplet. Plugging (2.5) into (2.8), the index contraction is given by a Gegenbauer poly-
nomial,11

|x|�J(xµ1 · · · xµJ )(e
µ1 · · · eµJ � traces) =

J !

2J(⌫)J
C(⌫)

J
(⌘), (2.11)

where ⌫ = d�2

2
, (a)n = �(a+n)

�(a)
is the Pochhammer symbol, and ⌘ = ⌧

|x|
. Thus, we obtain

g(⌧,x) =
X

O2�⇥�

aO
��

C(⌫)

J
(⌘)|x|��2�� , where

aO ⌘
f��ObO
cO

J !

2J(⌫)J
. (2.12)

We can think of |x|��2��C(⌫)

J
(⌘) as a two-point conformal block on S1

⇥ Rd�1.12

2.1.1 Free energy density

One of the most important thermal one-point coe�cients is bT , associated to the stress
tensor T µ⌫ . This is related to the free energy density of the thermal CFT as follows. From

11When the operators in the two-point function have spin, the appropriate generalization of the
Gegenbauer polynomial is described in [54].

12Note that aO is independent of the normalization of O. We sometimes quote values for the combination
bO/

p
cO, which changes sign under a redefinition O ! �O. We usually fix this ambiguity by choosing a

sign for some OPE coe�cient f��O involving O.
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|x | = r2 + τ2



Thermal CFTs
The two-point function of identical scalars, using the OPE

⟨ϕ(τ, r)ϕ(0)⟩β = ∑
𝒪

a𝒪

βΔ𝒪 ( r2 + τ2)
Δ𝒪−2Δϕ

C(ν)
J ( τ

τ2 + r2 )
a𝒪 = b𝒪 f𝒪ϕϕ

J!
2J(ν)J

ν =
d − 2

2

⟨ϕ(τ, r)ϕ(0)⟩β = ∑
𝒪

fϕϕ𝒪 ( r2 + τ2)
Δ𝒪−2Δϕ−J

xμ1
…xμJ

⟨𝒪μ1…μJ⟩β

and the definition of the Gegenbauer polynomials: 

(ν)J =
Γ(ν + J )

Γ(ν)

New Finite Temperature data



Thermal CFTs
Periodicity of the two-point function is captured by 
the KMS condition:

⟨ϕ(τ, r)ϕ(0,0)⟩β = ⟨ϕ(τ + β, r)ϕ(0,0)⟩β

⟨ϕ(τ)ϕ(0)⟩β = ⟨ϕ(−τ)ϕ(0)⟩β

Variations of KMS:

[Kubo 1957]

[Iliesiu, Kologlu et al 2018]

⟨ϕ (β/2 + τ) ϕ(0)⟩β
= ⟨ϕ (β/2 − τ) ϕ(0)⟩β

[El-Showk, Papadodimas 2011]

[Martin,Schwinger 1959]

The OPE expression does not manifestly satisfy KMS, thus 
imposing it gives a nontrivial “thermal crossing equation”.



Plan of the talk

 Derive and test thermal Sum Rules. 


 Heavy operators: asymptotic OPE density.


 Setting up the numerical thermal bootstrap. 


 Temporal line defects (Polyakov loops).
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Sum Rules
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 Expand both sides of the El-Showk - Papadodimas formula using the OPE


∑
𝒪∈ϕ×ϕ

b𝒪 f𝒪ϕϕ Fℓ,n(h, J) = 0

Sum rules from KMS

h = Δ − J

Fℓ,n(h, J ) =
1

2h+J

h − 2Δϕ

2

n (
h + J − 2Δϕ − 2n

ℓ ) 3F2

1 − J
2 , − J

2 , h
2 − Δϕ + 1

h
2 − Δϕ − n + 1, − J − ν + 1

1

 Then further expand the result in powers of τ and r. 


 Use the definition of Gegenbauer polynomials and the binomial theorem.

⟨ϕ (β/2 + τ) ϕ(0)⟩β
= ⟨ϕ (β/2 − τ) ϕ(0)⟩β

(KMS is outside of OPE regime) 

n ∈ ℕ , ℓ ∈ 2ℕ + 1

Zero Temperature
Known data

Finite Temperature
New



We have an infinite set of linear equations for the combinations

Sum rules from KMS

a𝒪 ∝ b𝒪 f𝒪ϕϕ

The problem we are solving is simpler: we know the zero Temperature data.

∂2ℓ+1

∂τ2ℓ+1

∂n

∂rn
⟨ϕ(τ, r)ϕ(0,0)⟩β

τ= β
2 ,r=0

Difficulty: Thermal one-point functions not sign-definite.

Which is crucial for linear programming methods (standard numerical bootstrap).

Similar to the Gliozzi method in standard zero temperature conformal bootstrap:



Γ (2Δϕ + ℓ)
Γ (2Δϕ)

= ∑
Δ≠0

aΔ

2Δ

Γ (Δ − 2Δϕ + 1)
Γ (Δ − 2Δϕ − ℓ + 1)

ℓ ∈ 2ℕ + 1

The infinite set of linear equations for

Sum rules from KMS
a𝒪 ∝ b𝒪 f𝒪ϕϕ

 further simplify for r = 0  (zero spatial coordinates)

aΔ = ∑
𝒪∈ϕ×ϕ

a𝒪 C(ν)
J (1) for fixed Δ

Operators of same  but different J cannot be distinguished because of r=0.Δ
Generically this does not happen, only when there is extra symmetry like for free theory.



KMS sum rules: test & learn
4-dim free theory 

Observation: for small  only few light operators contribute. 


Bigger  the more operators we need.

ℓ

ℓ

Dashed straight lines: the LHS of the sum rule 
(identity contribution). The RHS plot adding operators.

Γ (2Δϕ + ℓ)
Γ (2Δϕ)

= ∑
Δ≠0

aΔ

2Δ

Γ (Δ − 2Δϕ + 1)
Γ (Δ − 2Δϕ − ℓ + 1)

 model at large N                       O(N)



Heavy 
Operators



Asymptotic OPE density

Consider the two-point function at r=0 (zero spatial coordinates):

⟨ϕ(τ)ϕ(0)⟩β = τ−2Δϕ ∑
𝒪∈ϕ×ϕ

a𝒪

βΔ𝒪
τΔ𝒪 = τ−2Δϕ ∫

∞

0
dΔ ρ(Δ)

τΔ

βΔ

ρ(Δ) = ∑
Δ′ 

δ(Δ′ − Δ)aΔvia introducing the spectral density

aΔ = ∑
𝒪∈ϕ×ϕ

a𝒪 C(ν)
J (1) for fixed . Δ

 Inspired by [Qiao, Rychkov 2017]

We want to bound the OPE density for .Δ → ∞
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⟨ϕ(τ)ϕ(0)⟩β
τ→kβ∼ (kβ − τ)−2Δϕ

The locations of the poles of the two-point function on the real axis: 

3.1.1 Heuristic derivation

Let us consider a scalar, local operator �(⌧, ~x) and its thermal two-point function

h�(⌧, r)�(0, 0)i� , (3.1)

and consider the same two-point function in the limit of zero spatial coordinates

h�(⌧)�(0)i� ⌘ h�(⌧, 0)�(0, 0)i� . (3.2)

In the same limit, the thermal OPE expansion of the two-point function

h�(⌧)�(0)i� = ⌧
�2��

X

O2�⇥�

aO

��O

⌧
�O = ⌧

�2��

Z
1

0
d� ⇢(�)x� , (3.3)

where we introduced the spectral density ⇢(�)

⇢(�) =
X

O2�⇥�

aO �(���O) , (3.4)

and the dimensionless ratio x = ⌧/�. The thermal OPE does not converge everywhere, but

only in the open interval 0 < x < 1 [1]: this is due to the presence of an infinite number of

poles on the real ⌧ axis (see Fig.3). We can easily convince ourselves of this by observing

0 � 2� 3����2��3�

⌧

Figure 3: Location of the poles of the function h�(⌧)�(0)i� on the ⌧ real axis. Although

they do not appear in this picture, the presence of possible branch cuts is allowed.

that the KMS condition implies that

h�(⌧)�(0)i�
⌧!k�⇠ (k� � ⌧)�2�� , (3.5)

for any k 2 Z. Hence, recalling the equation (3.3) we can write

Z
1

0
d� ⇢(�)x�

x!1⇠ (1� x)�2�� . (3.6)

Now, we make the ansatz that the behavior of ⇢(�) in the limit � ! 1 is a power-law

behavior

⇢(�)
�!1⇠ A��↵+1

. (3.7)

This ansatz is justified in Section 3.1.2. Plugging it in the two-point function (3.3) we find

h�(⌧)�(0)i�
⌧!�⇠ A�(2� ↵)⌧�2��

✓
1� ⌧

�

◆
↵�2

, (3.8)

– 13 –

due to periodicity. 

Asymptotic OPE density
We will need:
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⟨ϕ(τ)ϕ(0)⟩β
τ→β∼ A Γ(2 − α)τ−2Δϕ (1 −

τ
β )

α−2

ρ(Δ) Δ→∞∼ AΔ−α

Doing the integral

Comparing with the poles of the two-point function α = − 2Δϕ + 2 , A =
1

Γ(2Δϕ)

ρ(Δ) Δ→∞∼
1

Γ(2Δϕ)
Δ2Δϕ−1

Asymptotic OPE density

Sensible due to 
Tauberian theory

Make an Ansatz for the asymptotic behaviour of the density



Interpretation: the asymptotic density of OPE of Heavy operators.

∫
Δ

0
ρ(Δ̃)dΔ̃ Δ→∞∼

Δ2Δϕ

Γ(2Δϕ + 1) (1 + 𝒪 ( 1
Δ ))

Keep in mind, the physical spectrum is discreet


More correctly: average density of OPE of Heavy operators 

ρ(Δ) Δ→∞∼
1

Γ(2Δϕ)
Δ2Δϕ−1

This result is the correct formal math result (Tauberian theorems) with an error.

Asymptotic OPE density

ρ(Δ) Δ→∞∼ ∑
Δ′ 

δ(Δ′ − Δ)aΔ



This was a heuristic derivation (nonetheless captures the intuition).

In the paper we give a rigorous derivation using Tauberian 
theorems under the assumptions:

 Unitarity (reality of the OPE coefficients) 

 Boundedness of the OPE from below (we proved) 

  which is correct because of unitarity Δϕ > 1/2

Asymptotic OPE density

Light

sector

Heavy

sector

O1

O2

O3

O4

O5

O6

O7

O8

�

a�

b�0

Figure 4: Schematic depiction of the expected behavior of the OPE coe�cients a�. The

cuto↵ conformal dimension b� is represented by a green square and dashed line, and it

divides the set of all the operators in the OPE �⇥� into two sectors. In the “light sector”,

represented in blue, we have a finite number of operators with � < b�, and the coe�cients

a� are allowed to be both positive and negative. In the “heavy sector”, represented in red,

we have an infinite number of operators with � > b�; in this work, it is argued that the

sign of the coe�cients a� is always the same (positive in the picture). An OPE spectrum

with a behavior similar to this pictorial representation ensures that the Tauberian theorem

holds. As a concrete example, a quantitative plot of the OPE spectrum was produced for

the O(N) model at large N (see Fig. 7b).

Then if a� is not going to zero, there will be a cuto↵ b� such that the correction O
⇣
1/b�

⌘

becomes negligible compared to ab�. As a consequence, all the heavy contributions a�

(� > b�) share the same sign. This conclusion can be explicitly checked and it is correct

in all the known examples, up to our knowledge. In particular, apart from the free scalar

theories and the two-dimensional theories discussed in this work, holographic computations

reproduce the correct behavior. The latter computations were done by considering the

geodesic approximation of a two-point function of heavy operators in [43]. Furthermore, as

a check, we also considered the three-dimensional O(N) model at large N : the two-point

function is known [1], and the results and details are provided in Section 3.2.5.

Let us stress that this does not imply the positivity of the OPE coe�cients a�, but rather

that all the OPE coe�cients of the operators in the heavy sector share the same sign.

They can be all negative or all positive, and this does not represent an obstacle to the

derivation of the Tauberian theorem (just by multiplying by a sign factor it is possible

to have a density bounded from below). In our exploration, we also checked non-unitary

models such as the Lee-Yang model in two-spacetime dimensions. This is one of the cases

in which the coe�cients corresponding to heavy operators are all negative. This was

expected since the left side of equation (2.9) is negative for any ` 2 2N+1 (recall that the

conformal dimension of the Virasoro primary field is � = �2/5). This could suggest that

the positivity of the heavy dimensional coe�cients depends on the unitarity of the theory.

– 16 –

aΔ ≥ − c19



⟨ϕ(τ)ϕ(0)⟩β = ( π
β )

2

csc2 ( π
β

τ)

Tauberian approximation:

⟨ϕ(τ)ϕ(0)⟩β ≃
∫

∞

0
dΔ

Δ2Δϕ−1

Γ(2Δϕ)
(β − τ)Δ−2Δϕ

βΔ
τ/β ≪ 1

∫
∞

0
dΔ

Δ2Δϕ−1

Γ(2Δϕ)
τΔ−2Δϕ

βΔ
τ/β ∼ 1

Free theory in 4d
The exact two-point function:

20



ℒ =
1
2

(∂ϕi)2 +
1
2

σϕ2
i −

σ2

4λ

Lagrangian description :
Hubbard-Stratanovich field 

The two-point function:

⟨ϕi(τ, r)ϕj(0,0)⟩β = δij

∞

∑
m=−∞

∫
d2k

(2π)2

e−i ⃗k ⋅ ⃗x −iωmτ

ω2
n + ⃗k 2 + m2

th

= δij

∞

∑
m=−∞

e−mth (τ + mβ)2 + r2

(τ + mβ)2 + r2

⟨σ⟩β = m2
th =

4
β2

log2 ( 1 + 5
2 ) [Iliesiu, Kologlu et all 2018]

[Sachdev, Ye 1992]

3d O(N) model at large N

d=3 non-trivial IR fixed point.

Wilson-Fisher expansion 

weakly coupled in large N: 

ϵ = 4 − d ≪ 1

λ* =
8π2

N + 8
ϵ



Planar 3d O(N) model 

⟨ϕi(τ)ϕj(0)⟩β = δij
emth(τ−β)

β − τ 2F1

1 , β − τ
β

2β − τ
β

e−mthβ +
e−mthτ

τ 2F1

1 , τ
β

β + τ
β

e−mthβ

Δϕi
=

1
2

+ 𝒪 ( 1
N )

Δσ = 2 + 𝒪 ( 1
N )

aΔ
Δ→∞∼ 2

Closed form for r=0:

aΔ
Δ→∞∼

Δ2Δϕ−1

Γ(2Δϕ)
δΔ



⟨ϕ(τ)ϕ(0)⟩β ≃
∫

∞

0
dΔ

Δ2Δϕ−1

Γ(2Δϕ)
(β − τ)Δ−2Δϕ

βΔ
τ/β ≪ 1

∫
∞

0
dΔ

Δ2Δϕ−1

Γ(2Δϕ)
τΔ−2Δϕ

βΔ
τ/β ∼ 1

The error is always 
less than 10%!

⟨ϕi(τ)ϕj(0)⟩β = δij
emth(τ−β)

β − τ 2F1

1 , β − τ
β

2β − τ
β

e−mthβ +
e−mthτ

τ 2F1

1 , τ
β

β + τ
β

e−mthβ

Planar 3d O(N) model 
Tauberian approximation:

Figure 6: Exact OPE coe�cients a� in the case of a free scalar theory in four dimensions,

or a GFF in one dimension with �� = 1. Each one is represented by a blue dot. The plot

should be compared with the Tauberian prediction, represented as a continuous red line.

exact two-point function

τ ≈ β Taub. approx.

τ ≪ β Taub. approx.

0.0 0.2 0.4 0.6 0.8 1.0
0

5

10

15

20

25

τ/β

f(τ
)

(a) (b)

Figure 7: Exact two-point function h�(⌧)�(0)i
�
, represented as a dashed blue line, and its

Tauberian approximation, divided into an approximation from left (continuous red line),

and an approximation from right (continuous black line). We also present the relative

di↵erence between the exact two-point function and the Tauberian estimation, i.e. the

quantity (h�(⌧)�(0)iTaub.
�

� h�(⌧)�(0)iexact.
�

)/h�(⌧)�(0)iexact.
�

. Left panel (a) The case

of four dimensional free theory. The maximum of the absolute value of the relative er-

ror is, as expected, in ⌧/� = 1/2 and it is ⇠ 0.156. Right panel (b) The case of the

O(N) model at large N . The maximum of the absolute value of the relative error is, as

expected, in ⌧/� ⇠ 0.25 and it is ⇠ 0.07. See Section 3.2.5 for more details.
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Exact:



Setting up the 
Numerics

24



Our current approach (working well for all theories tested):

1.  Input: zero Temperature spectrum and Output:  &  . 


2. Truncate the sum + improved Tauberian asymptotic:


3.  Numerically minimize with “random” coefficients the square of the 
sum rules.

aΔ ci

f(ℓ) = ∑
Δ<ΔH

aΔF(Δ, ℓ) + ∑
Δ>ΔH

aT
Δ F(Δ, ℓ)

aT
Δ ∼

Δ2Δϕ−1

Γ(2Δϕ)
δΔ (1 +

c
Δ

+ …)

Numerical method for sum rules
 Inspired by  [Gliozzi 2013] [Poland, Prilepina, Tadic’ 2023] [W. Li 2023]

min ∑
ℓ≤ℓmax

rℓ f 2(ℓ) Random coefficients



 - - - Tauberian

x Numerical results

o Exact results

Free theory in 4d
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2D Ising ⟨σσ⟩β

 - - - Tauberian

x Numerical results

o Exact results
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Planar O(N) model

• Numerics

= d − 4

- - - Analytic

28



The Ising fixed points
Numerics
Monte Carlo
[Iliesiu et al 2018]

= d − 4
29



Temporal 
line defects

30



Polyakov loops are temporal Wilson loops wrapping the thermal circle

Polyakov loops

They were introduced as a criterion for confinement. [Polyakov 1978]

In the weak coupling using standard Feynman diagram techniques.


In the strong coupling using holography (early days of AdS/CFT).  

Can use the thermal bootstrap to compute them? 



⟨𝒪(τ, ⃗x )𝒫⟩β = ∑̂
𝒪i1…is

b�̂�μ𝒪�̂�
|x |Δ̂−Δ

βΔ̂

Zero temperature dataNew finite Temperature 
vevs of 1d defect CFT

𝒪(τ, ⃗x ) = ∑̂
𝒪i1…is

μ𝒪�̂� | ⃗x |Δ̂−Δ−s xi1…xis�̂�
i1…is(τ)OPE from bulk to defect

The line defects can be studied using “thermal” 1d defect CFT methods.

Temporal line defects

“Thermal” 1d defect CFT, non-perturbative exact result:

Zero temperature data

32



Sum rules from KMS

The sum rules obtained are of the form:

Defect thermal sum rules are very similar to their bulk counterparts.

Zero temperature data

∑
Δ, ̂Δ

̂b ̂𝒪 fϕϕ𝒪λ𝒪 ̂𝒪 (
Δ − 2Δϕ

n ) z ̂Δ −Δ

2Δ
= 0

⟨ϕ(β/2 − τ, ⃗x )ϕ(0, ⃗x )𝒫⟩β = ⟨ϕ(β/2 + τ, ⃗x )ϕ(0, ⃗x )𝒫⟩β

New finite Temperature 
vevs of 1d defect CFT



Where we currently are

 Derived and tested thermal Sum rules. 


 Heavy operators: asymptotic OPE density.


 Setting up the numerical bootstrap. 


 Temporal line defects (Polyakov loops).
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Where are we going?

 More theories 3D Ising,  N=4 SYM, …


 Study the  geometry. 


 Black holes, hydro and CFT data.


 Numerical approach for temporal line defects.

S1 × Sd−1
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Thank you!
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