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Complexity = Volume, WdW Action, (Almost) Anything … 

[Susskind’14,Stanford,Susskind’14,Brown et al.’15,Belin et al.’21]
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“Complexity”?



Spread/Krylov Complexity 

Map the unitary evolution into a 1d chain 

Complexity = distance from the origin

| (t)i = e�iHt | 0i =
X

n

�n(t) |Kni
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Krylov basis coefficients => probability distribution

…. [Parker et al. ’19]  ….  [Balasubramanian,PC,Magan,Wu ’22]….

Spread complexity

X

n

|�n(t)|2 ⌘
X

n

pn(t) = 1
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CK(t) = hn(t)i =
X

n

n pn(t)
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construct a basis           recursively (Lanczos algorithm, GS):

{| 0i , H | 0i , ..., Hn | 0i , ...}
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B. Complexity as the exponential of an entropy

It is natural to quantify the spread of the wavefunc-
tion as the exponential of the entropy of the probability
distribution of weights in an orthonormal basis B. This
provides an alternative definition of complexity

CSB = eSB , (12)

where

SB(t) = �
X

n

pB(n, t) log pB(n, t) (13)

is the Shannon entropy of the basis weight distribution.
Complexity defined in this way measures the minimum
Hilbert space dimension required to store the probability
distribution of basis weights.

We can again eliminate the basis ambiguity by defin-
ing quantum state complexity as the minimum over all
choices of basis. In fact, this entropic definition of com-
plexity is also minimized in the Krylov basis. To show
this, suppose that B does not contain the entire Krylov
basis. Then for some N , the first N elements of the
Krylov basis are in B, up to a phase factor, and the
(N +1)th element is not present. Since the entropy func-
tion is independent of the order of the basis, we can let
these be the first N elements of the basis. Therefore, for
n < N we have have pB(n, t) = pK(n, t) for all t. So to
see the di↵erence between the entropies we just need to
analyze pB(n, t) for n > N .

Now, by Lemma 1, for n � N , the first 2N derivatives

of the probability vanish. More concretely p(m)

B
(n, 0) =

dmpB(n, 0)/dtm = 0 for n � N and m < 2N . Expanding
pB(n, t), for n � N as a Taylor series in t around t = 0,
the first non-vanishing term is

pB(n, t) =
p(2N)

B
(n, 0) t2N

(2N)!
+O(t2N+1) . (14)

The di↵erence in entropy between two bases that agree in
the first N Krylov vectors lies in the sum �

P
n
pn log pn,

for n � N . So we now introduce the expansion (14) in
the entropy sum �

P
n�N

pn log pn, and split the logarithm

of pn to obtain two sums, the first involving log(t2N ) and

the second involving log(p(2N)

B
(n, 0)/(2N)!).

The first sum, after dropping terms of O(t2N+1 log t)
coming from the corrections in (14), is

� t2N log(t)

(2N � 1)!

X

n�N

p(2N)

B
(n, 0) . (15)

From the proof of Lemma 2 above, Eq. 8 shows thatP
n�N p(2N)

B
(n, 0) =

P
n�N

�
2N
N

�
hX|Bni hBn|Xi where

|Xi / |KN i is the component of HN | i orthog-
onal to the first N elements of the Krylov basis.
Hence |Xi is also orthogonal to |Bn<N i. Thus we

can extend the sum above to get
P

n�N p(2N)

B
(n, 0) =

P
n�0

�
2N
N

�
hX|Bni hBn|Xi. By completeness of the ba-

sis we can then write
P

n�N p(2N)

B
(n, 0) =

�
2N
N

�
hX|Xi.

Hence this first term in the sum will not be a↵ected by
the remaining elements of the basis beyond the first N
elements that were assumed to be the same as those of
the Krylov basis.
The second sum is

� t2N
X

n�N

p(2N)

B
(n, 0)

(2N)!
log

 
p(2N)

B
(n, 0)

(2N)!

!
. (16)

For this sum, note that � x
(2N)!

log
⇣

x
(2N)!

⌘
is a strictly

convex function for x > 0. Since the probability is always
positive, and for n � N , pB(n, 0) = 0, the leading order

term in the Taylor expansion in (14), p(2N)

B
(n, 0) must

be positive. Since the sequence (
�
2N
N

�
hX|Xi , 0, 0, . . .)

majorizes any sequence of positive numbers that sum to�
2N
N

�
hX|Xi, Karamata’s inequality implies that the coef-

ficient of t2N in the expansion will always be larger than

or equal to the case where p(2N)

B
(n, 0) = 0 for all n ex-

cept one particular n⇤ where p(2N)

B
(n⇤, 0) =

�
2N
N

�
hX|Xi.

Due to the strict convexity, this inequality is strict except
for the case when the previous two equations are exactly
satisfied, which can only happen if some element in the
basis were proportional to |Xi / |KN i.
Given two functions of the form f0(t) = ↵0 t2N +

O(t2N+1 log t) and f1(t) = ↵1 t2N + O(t2N+1 log t) with
↵0 < ↵1, there is some t0 such that for t < t0, f0(t) <
f1(t). Since the first sum (15) is the same for both the
Krylov basis and B, and the second sum (16) has the
form ↵ t2N+O(t2N+1 log t) there exists some t0 such that
SK(t) < SB(t) for t < t0.
We conclude that the Krylov basis also minimizes com-

plexity when defined in terms of the entropy of the spread
of the initial state over a basis.

III. COMPUTING COMPLEXITY

Following Corollary 1, to calculate complexity we must
derive the Krylov basis K. We can do this via the
Lanczos algorithm [13], which recursively applies the
Gram–Schmidt procedure to | ni = Hn| (0)i to gen-
erate an orthonormal basis K = {|Kni : n = 0, 1, 2, · · ·}:

|An+1i = (H � an)|Kni � bn|Kn�1i, |Kni = b�1

n |Ani .
(17)

The Lanczos coe�cients an and bn are defined as

an = hKn|H|Kni, bn = hAn|Ani1/2 , (18)

with b0 ⌘ 0 and |K0i = | (0)i being the initial state.
Observe that the Lanczos algorithm (17) implies that

H|Kni = an|Kni+ bn+1|Kn+1i+ bn|Kn�1i . (19)
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B. Complexity as the exponential of an entropy

It is natural to quantify the spread of the wavefunc-
tion as the exponential of the entropy of the probability
distribution of weights in an orthonormal basis B. This
provides an alternative definition of complexity

CSB = eSB , (12)

where

SB(t) = �
X

n

pB(n, t) log pB(n, t) (13)

is the Shannon entropy of the basis weight distribution.
Complexity defined in this way measures the minimum
Hilbert space dimension required to store the probability
distribution of basis weights.

We can again eliminate the basis ambiguity by defin-
ing quantum state complexity as the minimum over all
choices of basis. In fact, this entropic definition of com-
plexity is also minimized in the Krylov basis. To show
this, suppose that B does not contain the entire Krylov
basis. Then for some N , the first N elements of the
Krylov basis are in B, up to a phase factor, and the
(N +1)th element is not present. Since the entropy func-
tion is independent of the order of the basis, we can let
these be the first N elements of the basis. Therefore, for
n < N we have have pB(n, t) = pK(n, t) for all t. So to
see the di↵erence between the entropies we just need to
analyze pB(n, t) for n > N .

Now, by Lemma 1, for n � N , the first 2N derivatives

of the probability vanish. More concretely p(m)

B
(n, 0) =

dmpB(n, 0)/dtm = 0 for n � N and m < 2N . Expanding
pB(n, t), for n � N as a Taylor series in t around t = 0,
the first non-vanishing term is

pB(n, t) =
p(2N)

B
(n, 0) t2N

(2N)!
+O(t2N+1) . (14)

The di↵erence in entropy between two bases that agree in
the first N Krylov vectors lies in the sum �

P
n
pn log pn,

for n � N . So we now introduce the expansion (14) in
the entropy sum �

P
n�N

pn log pn, and split the logarithm

of pn to obtain two sums, the first involving log(t2N ) and

the second involving log(p(2N)

B
(n, 0)/(2N)!).

The first sum, after dropping terms of O(t2N+1 log t)
coming from the corrections in (14), is

� t2N log(t)

(2N � 1)!

X

n�N

p(2N)

B
(n, 0) . (15)

From the proof of Lemma 2 above, Eq. 8 shows thatP
n�N p(2N)

B
(n, 0) =

P
n�N

�
2N
N

�
hX|Bni hBn|Xi where

|Xi / |KN i is the component of HN | i orthog-
onal to the first N elements of the Krylov basis.
Hence |Xi is also orthogonal to |Bn<N i. Thus we

can extend the sum above to get
P

n�N p(2N)

B
(n, 0) =

P
n�0

�
2N
N

�
hX|Bni hBn|Xi. By completeness of the ba-

sis we can then write
P

n�N p(2N)

B
(n, 0) =

�
2N
N

�
hX|Xi.

Hence this first term in the sum will not be a↵ected by
the remaining elements of the basis beyond the first N
elements that were assumed to be the same as those of
the Krylov basis.
The second sum is

� t2N
X

n�N

p(2N)

B
(n, 0)

(2N)!
log

 
p(2N)

B
(n, 0)

(2N)!

!
. (16)

For this sum, note that � x
(2N)!

log
⇣

x
(2N)!

⌘
is a strictly

convex function for x > 0. Since the probability is always
positive, and for n � N , pB(n, 0) = 0, the leading order

term in the Taylor expansion in (14), p(2N)

B
(n, 0) must

be positive. Since the sequence (
�
2N
N

�
hX|Xi , 0, 0, . . .)

majorizes any sequence of positive numbers that sum to�
2N
N

�
hX|Xi, Karamata’s inequality implies that the coef-

ficient of t2N in the expansion will always be larger than

or equal to the case where p(2N)

B
(n, 0) = 0 for all n ex-

cept one particular n⇤ where p(2N)

B
(n⇤, 0) =

�
2N
N

�
hX|Xi.

Due to the strict convexity, this inequality is strict except
for the case when the previous two equations are exactly
satisfied, which can only happen if some element in the
basis were proportional to |Xi / |KN i.
Given two functions of the form f0(t) = ↵0 t2N +

O(t2N+1 log t) and f1(t) = ↵1 t2N + O(t2N+1 log t) with
↵0 < ↵1, there is some t0 such that for t < t0, f0(t) <
f1(t). Since the first sum (15) is the same for both the
Krylov basis and B, and the second sum (16) has the
form ↵ t2N+O(t2N+1 log t) there exists some t0 such that
SK(t) < SB(t) for t < t0.
We conclude that the Krylov basis also minimizes com-

plexity when defined in terms of the entropy of the spread
of the initial state over a basis.

III. COMPUTING COMPLEXITY

Following Corollary 1, to calculate complexity we must
derive the Krylov basis K. We can do this via the
Lanczos algorithm [13], which recursively applies the
Gram–Schmidt procedure to | ni = Hn| (0)i to gen-
erate an orthonormal basis K = {|Kni : n = 0, 1, 2, · · ·}:

|An+1i = (H � an)|Kni � bn|Kn�1i, |Kni = b�1

n |Ani .
(17)

The Lanczos coe�cients an and bn are defined as

an = hKn|H|Kni, bn = hAn|Ani1/2 , (18)

with b0 ⌘ 0 and |K0i = | (0)i being the initial state.
Observe that the Lanczos algorithm (17) implies that

H|Kni = an|Kni+ bn+1|Kn+1i+ bn|Kn�1i . (19)

Lanczos coefficients

Krylov subspace

i@t�n(t) = an�n(t) + bn�n�1(t) + bn+1�n+1(t)
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construct a basis           recursively (Lanczos algorithm, GS):

{| 0i , H | 0i , ..., Hn | 0i , ...}
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It is natural to quantify the spread of the wavefunc-
tion as the exponential of the entropy of the probability
distribution of weights in an orthonormal basis B. This
provides an alternative definition of complexity
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where
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is the Shannon entropy of the basis weight distribution.
Complexity defined in this way measures the minimum
Hilbert space dimension required to store the probability
distribution of basis weights.

We can again eliminate the basis ambiguity by defin-
ing quantum state complexity as the minimum over all
choices of basis. In fact, this entropic definition of com-
plexity is also minimized in the Krylov basis. To show
this, suppose that B does not contain the entire Krylov
basis. Then for some N , the first N elements of the
Krylov basis are in B, up to a phase factor, and the
(N +1)th element is not present. Since the entropy func-
tion is independent of the order of the basis, we can let
these be the first N elements of the basis. Therefore, for
n < N we have have pB(n, t) = pK(n, t) for all t. So to
see the di↵erence between the entropies we just need to
analyze pB(n, t) for n > N .

Now, by Lemma 1, for n � N , the first 2N derivatives

of the probability vanish. More concretely p(m)
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(n, 0) =

dmpB(n, 0)/dtm = 0 for n � N and m < 2N . Expanding
pB(n, t), for n � N as a Taylor series in t around t = 0,
the first non-vanishing term is

pB(n, t) =
p(2N)
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(n, 0) t2N

(2N)!
+O(t2N+1) . (14)

The di↵erence in entropy between two bases that agree in
the first N Krylov vectors lies in the sum �
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for n � N . So we now introduce the expansion (14) in
the entropy sum �
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pn log pn, and split the logarithm

of pn to obtain two sums, the first involving log(t2N ) and

the second involving log(p(2N)
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The first sum, after dropping terms of O(t2N+1 log t)
coming from the corrections in (14), is
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From the proof of Lemma 2 above, Eq. 8 shows thatP
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|Xi / |KN i is the component of HN | i orthog-
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Hence |Xi is also orthogonal to |Bn<N i. Thus we

can extend the sum above to get
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sis we can then write
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(n, 0) =
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Hence this first term in the sum will not be a↵ected by
the remaining elements of the basis beyond the first N
elements that were assumed to be the same as those of
the Krylov basis.
The second sum is
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For this sum, note that � x
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⇣
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⌘
is a strictly

convex function for x > 0. Since the probability is always
positive, and for n � N , pB(n, 0) = 0, the leading order

term in the Taylor expansion in (14), p(2N)

B
(n, 0) must

be positive. Since the sequence (
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2N
N
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hX|Xi , 0, 0, . . .)

majorizes any sequence of positive numbers that sum to�
2N
N
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hX|Xi, Karamata’s inequality implies that the coef-

ficient of t2N in the expansion will always be larger than

or equal to the case where p(2N)

B
(n, 0) = 0 for all n ex-

cept one particular n⇤ where p(2N)
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(n⇤, 0) =
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hX|Xi.

Due to the strict convexity, this inequality is strict except
for the case when the previous two equations are exactly
satisfied, which can only happen if some element in the
basis were proportional to |Xi / |KN i.
Given two functions of the form f0(t) = ↵0 t2N +

O(t2N+1 log t) and f1(t) = ↵1 t2N + O(t2N+1 log t) with
↵0 < ↵1, there is some t0 such that for t < t0, f0(t) <
f1(t). Since the first sum (15) is the same for both the
Krylov basis and B, and the second sum (16) has the
form ↵ t2N+O(t2N+1 log t) there exists some t0 such that
SK(t) < SB(t) for t < t0.
We conclude that the Krylov basis also minimizes com-

plexity when defined in terms of the entropy of the spread
of the initial state over a basis.

III. COMPUTING COMPLEXITY

Following Corollary 1, to calculate complexity we must
derive the Krylov basis K. We can do this via the
Lanczos algorithm [13], which recursively applies the
Gram–Schmidt procedure to | ni = Hn| (0)i to gen-
erate an orthonormal basis K = {|Kni : n = 0, 1, 2, · · ·}:

|An+1i = (H � an)|Kni � bn|Kn�1i, |Kni = b�1

n |Ani .
(17)

The Lanczos coe�cients an and bn are defined as

an = hKn|H|Kni, bn = hAn|Ani1/2 , (18)

with b0 ⌘ 0 and |K0i = | (0)i being the initial state.
Observe that the Lanczos algorithm (17) implies that

H|Kni = an|Kni+ bn+1|Kn+1i+ bn|Kn�1i . (19)
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Due to the strict convexity, this inequality is strict except
for the case when the previous two equations are exactly
satisfied, which can only happen if some element in the
basis were proportional to |Xi / |KN i.
Given two functions of the form f0(t) = ↵0 t2N +

O(t2N+1 log t) and f1(t) = ↵1 t2N + O(t2N+1 log t) with
↵0 < ↵1, there is some t0 such that for t < t0, f0(t) <
f1(t). Since the first sum (15) is the same for both the
Krylov basis and B, and the second sum (16) has the
form ↵ t2N+O(t2N+1 log t) there exists some t0 such that
SK(t) < SB(t) for t < t0.
We conclude that the Krylov basis also minimizes com-

plexity when defined in terms of the entropy of the spread
of the initial state over a basis.

III. COMPUTING COMPLEXITY

Following Corollary 1, to calculate complexity we must
derive the Krylov basis K. We can do this via the
Lanczos algorithm [13], which recursively applies the
Gram–Schmidt procedure to | ni = Hn| (0)i to gen-
erate an orthonormal basis K = {|Kni : n = 0, 1, 2, · · ·}:
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(17)

The Lanczos coe�cients an and bn are defined as

an = hKn|H|Kni, bn = hAn|Ani1/2 , (18)
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Observe that the Lanczos algorithm (17) implies that

H|Kni = an|Kni+ bn+1|Kn+1i+ bn|Kn�1i . (19)

|Kni

<latexit sha1_base64="YWYKHMKwabVf7KRO4zr9k03dqRU=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0ZMUvQheKtgPaELYbDft0s0m7E4KJfafePGgiFf/iTf/jds2B219MPB4b4aZeWEquAbH+bZKK6tr6xvlzcrW9s7unr1/0NJJpihr0kQkqhMSzQSXrAkcBOukipE4FKwdDm+nfnvElOaJfIRxyvyY9CWPOCVgpMC2PcEieLoPpKd4fwDXgV11as4MeJm4BamiAo3A/vJ6Cc1iJoEKonXXdVLwc6KAU8EmFS/TLCV0SPqsa6gkMdN+Prt8gk+M0sNRokxJwDP190ROYq3HcWg6YwIDvehNxf+8bgbRlZ9zmWbAJJ0vijKBIcHTGHCPK0ZBjA0hVHFzK6YDoggFE1bFhOAuvrxMWmc197x28XBerd8UcZTRETpGp8hFl6iO7lADNRFFI/SMXtGblVsv1rv1MW8tWcXMIfoD6/MHm5iTpg==</latexit>

| ni ⌘

<latexit sha1_base64="AU+9Bb1dbYEoTT2OD+9AUpADUlI=">AAACAnicbVA9SwNBEN2LXzF+Ra3E5jAIVuFOIlpJ0MYygvmAXAh7m7lkyd7euTsXCDHY+FdsLBSx9VfY+W/cJFdo4oOBx3szzMzzY8E1Os63lVlaXlldy67nNja3tnfyu3s1HSWKQZVFIlINn2oQXEIVOQpoxApo6Auo+/3riV8fgNI8knc4jKEV0q7kAWcUjdTOH3gCAnzwKpq3pad4t4eXHtwnfNDOF5yiM4W9SNyUFEiKSjv/5XUiloQgkQmqddN1YmyNqELOBIxzXqIhpqxPu9A0VNIQdGs0fWFsHxulYweRMiXRnqq/J0Y01HoY+qYzpNjT895E/M9rJhhctEZcxgmCZLNFQSJsjOxJHnaHK2AohoZQpri51WY9qihDk1rOhODOv7xIaqdFt1Q8uy0VyldpHFlySI7ICXHJOSmTG1IhVcLII3kmr+TNerJerHfrY9aasdKZffIH1ucP5jmXww==</latexit>

4

B. Complexity as the exponential of an entropy

It is natural to quantify the spread of the wavefunc-
tion as the exponential of the entropy of the probability
distribution of weights in an orthonormal basis B. This
provides an alternative definition of complexity

CSB = eSB , (12)

where

SB(t) = �
X

n

pB(n, t) log pB(n, t) (13)

is the Shannon entropy of the basis weight distribution.
Complexity defined in this way measures the minimum
Hilbert space dimension required to store the probability
distribution of basis weights.

We can again eliminate the basis ambiguity by defin-
ing quantum state complexity as the minimum over all
choices of basis. In fact, this entropic definition of com-
plexity is also minimized in the Krylov basis. To show
this, suppose that B does not contain the entire Krylov
basis. Then for some N , the first N elements of the
Krylov basis are in B, up to a phase factor, and the
(N +1)th element is not present. Since the entropy func-
tion is independent of the order of the basis, we can let
these be the first N elements of the basis. Therefore, for
n < N we have have pB(n, t) = pK(n, t) for all t. So to
see the di↵erence between the entropies we just need to
analyze pB(n, t) for n > N .

Now, by Lemma 1, for n � N , the first 2N derivatives

of the probability vanish. More concretely p(m)

B
(n, 0) =

dmpB(n, 0)/dtm = 0 for n � N and m < 2N . Expanding
pB(n, t), for n � N as a Taylor series in t around t = 0,
the first non-vanishing term is

pB(n, t) =
p(2N)

B
(n, 0) t2N

(2N)!
+O(t2N+1) . (14)

The di↵erence in entropy between two bases that agree in
the first N Krylov vectors lies in the sum �

P
n
pn log pn,

for n � N . So we now introduce the expansion (14) in
the entropy sum �

P
n�N

pn log pn, and split the logarithm

of pn to obtain two sums, the first involving log(t2N ) and

the second involving log(p(2N)

B
(n, 0)/(2N)!).

The first sum, after dropping terms of O(t2N+1 log t)
coming from the corrections in (14), is

� t2N log(t)

(2N � 1)!

X

n�N

p(2N)

B
(n, 0) . (15)

From the proof of Lemma 2 above, Eq. 8 shows thatP
n�N p(2N)

B
(n, 0) =

P
n�N

�
2N
N

�
hX|Bni hBn|Xi where

|Xi / |KN i is the component of HN | i orthog-
onal to the first N elements of the Krylov basis.
Hence |Xi is also orthogonal to |Bn<N i. Thus we

can extend the sum above to get
P

n�N p(2N)

B
(n, 0) =

P
n�0

�
2N
N

�
hX|Bni hBn|Xi. By completeness of the ba-

sis we can then write
P

n�N p(2N)

B
(n, 0) =

�
2N
N

�
hX|Xi.

Hence this first term in the sum will not be a↵ected by
the remaining elements of the basis beyond the first N
elements that were assumed to be the same as those of
the Krylov basis.
The second sum is

� t2N
X

n�N

p(2N)

B
(n, 0)

(2N)!
log

 
p(2N)

B
(n, 0)

(2N)!

!
. (16)

For this sum, note that � x
(2N)!

log
⇣

x
(2N)!

⌘
is a strictly

convex function for x > 0. Since the probability is always
positive, and for n � N , pB(n, 0) = 0, the leading order

term in the Taylor expansion in (14), p(2N)

B
(n, 0) must

be positive. Since the sequence (
�
2N
N

�
hX|Xi , 0, 0, . . .)

majorizes any sequence of positive numbers that sum to�
2N
N

�
hX|Xi, Karamata’s inequality implies that the coef-

ficient of t2N in the expansion will always be larger than

or equal to the case where p(2N)

B
(n, 0) = 0 for all n ex-

cept one particular n⇤ where p(2N)

B
(n⇤, 0) =

�
2N
N

�
hX|Xi.

Due to the strict convexity, this inequality is strict except
for the case when the previous two equations are exactly
satisfied, which can only happen if some element in the
basis were proportional to |Xi / |KN i.
Given two functions of the form f0(t) = ↵0 t2N +

O(t2N+1 log t) and f1(t) = ↵1 t2N + O(t2N+1 log t) with
↵0 < ↵1, there is some t0 such that for t < t0, f0(t) <
f1(t). Since the first sum (15) is the same for both the
Krylov basis and B, and the second sum (16) has the
form ↵ t2N+O(t2N+1 log t) there exists some t0 such that
SK(t) < SB(t) for t < t0.
We conclude that the Krylov basis also minimizes com-

plexity when defined in terms of the entropy of the spread
of the initial state over a basis.

III. COMPUTING COMPLEXITY

Following Corollary 1, to calculate complexity we must
derive the Krylov basis K. We can do this via the
Lanczos algorithm [13], which recursively applies the
Gram–Schmidt procedure to | ni = Hn| (0)i to gen-
erate an orthonormal basis K = {|Kni : n = 0, 1, 2, · · ·}:

|An+1i = (H � an)|Kni � bn|Kn�1i, |Kni = b�1

n |Ani .
(17)

The Lanczos coe�cients an and bn are defined as

an = hKn|H|Kni, bn = hAn|Ani1/2 , (18)

with b0 ⌘ 0 and |K0i = | (0)i being the initial state.
Observe that the Lanczos algorithm (17) implies that

H|Kni = an|Kni+ bn+1|Kn+1i+ bn|Kn�1i . (19)

Lanczos coefficients

Krylov subspace

i@t�n(t) = an�n(t) + bn�n�1(t) + bn+1�n+1(t)

<latexit sha1_base64="1VodID/pXwnaOf9rZHhn0oefnp8="></latexit>

| (t)i = e�iHt | 0i =
1X

k=0

(�it)k

k!
| ki ⌘

X

n=0

�n(t) |Kni

<latexit sha1_base64="Kg//ohbGbKiEOZps+hMXKzam4/8="></latexit>

S(t) ⌘ h (t)| (0)i = h 0|eiHt| 0i = �⇤
0(t)

<latexit sha1_base64="7LU7K8a9dyoMTqFVNtPaTLXwXkE="></latexit>

Moments of the return amplitude an, bn

<latexit sha1_base64="vDW63vwH2bt+HCs5ufSxpabLJUA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosevFYwX5AG8Jku2mXbjZhdyOU0h/hxYMiXv093vw3btsctPXBwOO9GWbmhang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kirImTUSiOiFqJrhkTcONYJ1UMYxDwdrh6G7mt5+Y0jyRj2acMj/GgeQRp2is1MZAXoSBDMoVt+rOQVaJl5MK5GgE5a9eP6FZzKShArXuem5q/Akqw6lg01Iv0yxFOsIB61oqMWban8zPnZIzq/RJlChb0pC5+ntigrHW4zi0nTGaoV72ZuJ/Xjcz0Y0/4TLNDJN0sSjKBDEJmf1O+lwxasTYEqSK21sJHaJCamxCJRuCt/zyKmldVr1a9eqhVqnf5nEU4QRO4Rw8uIY63EMDmkBhBM/wCm9O6rw4787HorXg5DPH8AfO5w/vx49R</latexit>

pn(t)

<latexit sha1_base64="SYvRT/UySEQ+fE+OvaWs3u+uM9g=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMevEYwTwgWcLsZDYZMzu7zPQKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrNZOeKuN5r1hyK+4cZJV4GSlBhnqv+NXtxyyNuEImqTEdz03Qn1CNgkk+LXRTwxPKRnTAO5YqGnHjT+bXTsmZVfokjLUthWSu/p6Y0MiYcRTYzoji0Cx7M/E/r5NieO1PhEpS5IotFoWpJBiT2eukLzRnKMeWUKaFvZWwIdWUoQ2oYEPwll9eJc2LiletXN5XS7WbLI48nMAplMGDK6jBHdShAQwe4Rle4c2JnRfn3flYtOacbOYY/sD5/AH8aI7A</latexit>

CK(t) =
X

n

npn(t)

<latexit sha1_base64="Dv24yj+9qgku166qzlNJj31Mvnk=">AAACCHicbVDLSgMxFM34rPU16tKFwSLUTZmRim6EYjeCmwr2AZ1hyKRpG5pkhiQjlKFLN/6KGxeKuPUT3Pk3ZtpZaOuBwMk593LvPWHMqNKO820tLa+srq0XNoqbW9s7u/befktFicSkiSMWyU6IFGFUkKammpFOLAniISPtcFTP/PYDkYpG4l6PY+JzNBC0TzHSRgrsI48jPcSIpfVJcFvWp1eeSnggoIgDYb6BXXIqzhRwkbg5KYEcjcD+8noRTjgRGjOkVNd1Yu2nSGqKGZkUvUSRGOERGpCuoQJxovx0esgEnhilB/uRNE9oOFV/d6SIKzXmoanM1lbzXib+53UT3b/0UyriRBOBZ4P6CYM6glkqsEclwZqNDUFYUrMrxEMkEdYmu6IJwZ0/eZG0ziputXJ+Vy3VrvM4CuAQHIMycMEFqIEb0ABNgMEjeAav4M16sl6sd+tjVrpk5T0H4A+szx+fRZkU</latexit>

[Length basis in JT, Lin ’23, Successful in DSSYK/JT Rabinovici et al. ’23]

Evolution (Schrödinger) equation

 [Parker et al. ’19, Balasubramanian,PC,Magan,Wu ’22]Spread/Krylov Complexity 



Now that we have developed a precise definition of “Complexity” in CFTs,  
can we finally make progress on holographic complexity? 
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Setup: Local Operator Quench in AdS/CFT

| (t)i = N e�iHte�✏H
O(x) |0i

<latexit sha1_base64="anR+5syvm75AWuLMxLMJZU8komA="></latexit>

E =

Z
dxhT00i =

�

✏

<latexit sha1_base64="8S+9EFNzHvIfsq2ewG4atR/JhRs=">AAACIXicbVDLSgMxFM3UV62vqks3wSK4KjNSsZtC8QEuK/QFnVIy6Z02NJMZkoxYhvkVN/6KGxeKdCf+jOljoa0HAifn3Mu993gRZ0rb9peVWVvf2NzKbud2dvf2D/KHR00VxpJCg4Y8lG2PKOBMQEMzzaEdSSCBx6HljW6mfusRpGKhqOtxBN2ADATzGSXaSL18+a7iMqFx/wm7nIgBB1zvJbadunL2q7i+JDRxb4FrkiYuRIrxUKS4ly/YRXsGvEqcBSmgBWq9/MTthzQOQGjKiVIdx450NyFSM8ohzbmxgojQERlAx1BBAlDdZHZhis+M0sd+KM0z287U3x0JCZQaB56pDIgeqmVvKv7ndWLtl7sJE1GsQdD5ID/mWId4GhfuMwlU87EhhEpmdsV0SEwk2oSaMyE4yyevkuZF0SkVLx9Kher1Io4sOkGn6Bw56ApV0T2qoQai6Bm9onf0Yb1Yb9anNZmXZqxFzzH6A+v7B5iXo9g=</latexit>

� = h+ h̄

<latexit sha1_base64="9aekmnmDQe2ZGqZwaZVWitBoPNY=">AAAB+XicbVBNS8NAEN34WetX1KOXxSIIQkmkohehqAePFewHNKFstptm6WYTdieFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCAVXIPjfFsrq2vrG5ulrfL2zu7evn1w2NJJpihr0kQkqhMQzQSXrAkcBOukipE4EKwdDO+mfnvElOaJfIJxyvyYDCQPOSVgpJ5te/dMALmJzr2AqDya9OyKU3VmwMvELUgFFWj07C+vn9AsZhKoIFp3XScFPycKOBVsUvYyzVJCh2TAuoZKEjPt57PLJ/jUKH0cJsqUBDxTf0/kJNZ6HAemMyYQ6UVvKv7ndTMIr/2cyzQDJul8UZgJDAmexoD7XDEKYmwIoYqbWzGNiCIUTFhlE4K7+PIyaV1U3Vr18rFWqd8WcZTQMTpBZ8hFV6iOHlADNRFFI/SMXtGblVsv1rv1MW9dsYqZI/QH1ucPIzKTWg==</latexit>

ds2 = R2�dt2 + dx2 + dz2

z2

<latexit sha1_base64="ppq1EEvmkSA5DiJFliPQuDQjbQA=">AAACDXicbVDLSsNAFJ3UV62vqEs3wSoIYklCRTdC0Y3LKvYBbVImk0k7dDIJMxOxhv6AG3/FjQtF3Lp35984abPQ6oG5HM65lzv3eDElQprml1aYm19YXCoul1ZW19Y39M2tpogSjnADRTTibQ8KTAnDDUkkxe2YYxh6FLe84UXmt24xFyRiN3IUYyeEfUYCgqBUUk/f84Vrn127djfgEKVHvnTtQ/8uK/euPU6zUurpZbNiTmD8JVZOyiBHvad/dv0IJSFmElEoRMcyY+mkkEuCKB6XuonAMURD2McdRRkMsXDSyTVjY18pvhFEXD0mjYn6cyKFoRCj0FOdIZQDMetl4n9eJ5HBqZMSFicSMzRdFCTUkJGRRWP4hGMk6UgRiDhRfzXQAKpYpAowC8GaPfkvadoVq1o5vqqWa+d5HEWwA3bBAbDACaiBS1AHDYDAA3gCL+BVe9SetTftfdpa0PKZbfAL2sc3MhqaYg==</latexit>

S = �mR

Z
dt

p
1� z0(t)2

z(t)

<latexit sha1_base64="UVkIsa8DqoMDlrUevupXlx8v+hw=">AAACEnicbZC7TgJBFIZn8YZ4W7W02UiMUEB2CUYbE6KNJV4AExbJ7DALE2Yvzpw1gc0+g42vYmOhMbZWdr6Nw6VQ8E8m+fKfczLn/E7ImQTT/NZSC4tLyyvp1cza+sbmlr69U5dBJAitkYAH4tbBknLm0xow4PQ2FBR7DqcNp38+qjceqJAs8G9gENKWh7s+cxnBoKy2nr8+LXhXNvPB6IDtCkxiW94LiK3C8DAH+btSksRDBUlbz5pFcyxjHqwpZNFU1bb+ZXcCEnnUB8KxlE3LDKEVYwGMcJpk7EjSEJM+7tKmQh97VLbi8UmJcaCcjuEGQj2129j9PRFjT8qB56hOD0NPztZG5n+1ZgTuSStmfhgB9cnkIzfiBgTGKB+jwwQlwAcKMBFM7WqQHla5gEoxo0KwZk+eh3qpaJWLR5flbOVsGkca7aF9lEMWOkYVdIGqqIYIekTP6BW9aU/ai/aufUxaU9p0Zhf9kfb5A+c4nQE=</latexit>

x

<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

z

<latexit sha1_base64="mBNsSck29HYD+UA8I7CdsBnbA5A=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOvZjQY=</latexit>

✏

<latexit sha1_base64="t9crvzoG65g98NZIVz8LGCR91JM=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVL+9rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPaZAo</latexit>

z(t) =
p
✏2 + t2

<latexit sha1_base64="2x1ijLFreyX3y6KmTuYwONZ++WQ=">AAACA3icbVBNS8NAEN34WetX1JtegkWoCCUpFb0IRS8eK9gPaNKy2W7bpZtN3J0INRS8+Fe8eFDEq3/Cm//GbZuDtj4YeLw3w8w8P+JMgW1/GwuLS8srq5m17PrG5ta2ubNbU2EsCa2SkIey4WNFORO0Cgw4bUSS4sDntO4PrsZ+/Z5KxUJxC8OIegHuCdZlBIOW2ub+Qx6OL1x1JyFxaaQYD0WreAKt4qht5uyCPYE1T5yU5FCKStv8cjshiQMqgHCsVNOxI/ASLIERTkdZN1Y0wmSAe7SpqcABVV4y+WFkHWmlY3VDqUuANVF/TyQ4UGoY+LozwNBXs95Y/M9rxtA99xImohioINNF3ZhbEFrjQKwOk5QAH2qCiWT6Vov0scQEdGxZHYIz+/I8qRULTqlwelPKlS/TODLoAB2iPHLQGSqja1RBVUTQI3pGr+jNeDJejHfjY9q6YKQze+gPjM8fcB2XZg==</latexit>

mR = �

<latexit sha1_base64="zbvhaxKocrGJ742S1dOC+MZwGxg=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKohchqAePUcxDkiXMTjrJkJndZaZXCEu+wosHRbz6Od78GyfJHjSxoKGo6qa7K4ilMOi6305uaXlldS2/XtjY3NreKe7u1U2UaA41HslINwNmQIoQaihQQjPWwFQgoREMryd+4wm0EVH4gKMYfMX6oegJztBKj+r+sn0DElmnWHLL7hR0kXgZKZEM1U7xq92NeKIgRC6ZMS3PjdFPmUbBJYwL7cRAzPiQ9aFlacgUGD+dHjymR1bp0l6kbYVIp+rviZQpY0YqsJ2K4cDMexPxP6+VYO/CT0UYJwghny3qJZJiRCff067QwFGOLGFcC3sr5QOmGUebUcGG4M2/vEjqJ2XvtHx2d1qqXGVx5MkBOSTHxCPnpEJuSZXUCCeKPJNX8uZo58V5dz5mrTknm9knf+B8/gBXFpAe</latexit>

[Nozaki,Numasawa,Takayanagi’13,PC,Nozaki,Takayanagi’14]
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| (t)i = N e�iHte�✏H
O(x) |0i

<latexit sha1_base64="anR+5syvm75AWuLMxLMJZU8komA="></latexit>

E =

Z
dxhT00i =

�

✏

<latexit sha1_base64="8S+9EFNzHvIfsq2ewG4atR/JhRs=">AAACIXicbVDLSgMxFM3UV62vqks3wSK4KjNSsZtC8QEuK/QFnVIy6Z02NJMZkoxYhvkVN/6KGxeKdCf+jOljoa0HAifn3Mu993gRZ0rb9peVWVvf2NzKbud2dvf2D/KHR00VxpJCg4Y8lG2PKOBMQEMzzaEdSSCBx6HljW6mfusRpGKhqOtxBN2ADATzGSXaSL18+a7iMqFx/wm7nIgBB1zvJbadunL2q7i+JDRxb4FrkiYuRIrxUKS4ly/YRXsGvEqcBSmgBWq9/MTthzQOQGjKiVIdx450NyFSM8ohzbmxgojQERlAx1BBAlDdZHZhis+M0sd+KM0z287U3x0JCZQaB56pDIgeqmVvKv7ndWLtl7sJE1GsQdD5ID/mWId4GhfuMwlU87EhhEpmdsV0SEwk2oSaMyE4yyevkuZF0SkVLx9Kher1Io4sOkGn6Bw56ApV0T2qoQai6Bm9onf0Yb1Yb9anNZmXZqxFzzH6A+v7B5iXo9g=</latexit>

� = h+ h̄

<latexit sha1_base64="9aekmnmDQe2ZGqZwaZVWitBoPNY=">AAAB+XicbVBNS8NAEN34WetX1KOXxSIIQkmkohehqAePFewHNKFstptm6WYTdieFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCAVXIPjfFsrq2vrG5ulrfL2zu7evn1w2NJJpihr0kQkqhMQzQSXrAkcBOukipE4EKwdDO+mfnvElOaJfIJxyvyYDCQPOSVgpJ5te/dMALmJzr2AqDya9OyKU3VmwMvELUgFFWj07C+vn9AsZhKoIFp3XScFPycKOBVsUvYyzVJCh2TAuoZKEjPt57PLJ/jUKH0cJsqUBDxTf0/kJNZ6HAemMyYQ6UVvKv7ndTMIr/2cyzQDJul8UZgJDAmexoD7XDEKYmwIoYqbWzGNiCIUTFhlE4K7+PIyaV1U3Vr18rFWqd8WcZTQMTpBZ8hFV6iOHlADNRFFI/SMXtGblVsv1rv1MW9dsYqZI/QH1ucPIzKTWg==</latexit>

ds2 = R2�dt2 + dx2 + dz2

z2

<latexit sha1_base64="ppq1EEvmkSA5DiJFliPQuDQjbQA=">AAACDXicbVDLSsNAFJ3UV62vqEs3wSoIYklCRTdC0Y3LKvYBbVImk0k7dDIJMxOxhv6AG3/FjQtF3Lp35984abPQ6oG5HM65lzv3eDElQprml1aYm19YXCoul1ZW19Y39M2tpogSjnADRTTibQ8KTAnDDUkkxe2YYxh6FLe84UXmt24xFyRiN3IUYyeEfUYCgqBUUk/f84Vrn127djfgEKVHvnTtQ/8uK/euPU6zUurpZbNiTmD8JVZOyiBHvad/dv0IJSFmElEoRMcyY+mkkEuCKB6XuonAMURD2McdRRkMsXDSyTVjY18pvhFEXD0mjYn6cyKFoRCj0FOdIZQDMetl4n9eJ5HBqZMSFicSMzRdFCTUkJGRRWP4hGMk6UgRiDhRfzXQAKpYpAowC8GaPfkvadoVq1o5vqqWa+d5HEWwA3bBAbDACaiBS1AHDYDAA3gCL+BVe9SetTftfdpa0PKZbfAL2sc3MhqaYg==</latexit>

S = �mR

Z
dt

p
1� z0(t)2

z(t)

<latexit sha1_base64="UVkIsa8DqoMDlrUevupXlx8v+hw=">AAACEnicbZC7TgJBFIZn8YZ4W7W02UiMUEB2CUYbE6KNJV4AExbJ7DALE2Yvzpw1gc0+g42vYmOhMbZWdr6Nw6VQ8E8m+fKfczLn/E7ImQTT/NZSC4tLyyvp1cza+sbmlr69U5dBJAitkYAH4tbBknLm0xow4PQ2FBR7DqcNp38+qjceqJAs8G9gENKWh7s+cxnBoKy2nr8+LXhXNvPB6IDtCkxiW94LiK3C8DAH+btSksRDBUlbz5pFcyxjHqwpZNFU1bb+ZXcCEnnUB8KxlE3LDKEVYwGMcJpk7EjSEJM+7tKmQh97VLbi8UmJcaCcjuEGQj2129j9PRFjT8qB56hOD0NPztZG5n+1ZgTuSStmfhgB9cnkIzfiBgTGKB+jwwQlwAcKMBFM7WqQHla5gEoxo0KwZk+eh3qpaJWLR5flbOVsGkca7aF9lEMWOkYVdIGqqIYIekTP6BW9aU/ai/aufUxaU9p0Zhf9kfb5A+c4nQE=</latexit>

x

<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

z

<latexit sha1_base64="mBNsSck29HYD+UA8I7CdsBnbA5A=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOvZjQY=</latexit>

✏

<latexit sha1_base64="t9crvzoG65g98NZIVz8LGCR91JM=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVL+9rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPaZAo</latexit>

z(t) =
p
✏2 + t2

<latexit sha1_base64="2x1ijLFreyX3y6KmTuYwONZ++WQ=">AAACA3icbVBNS8NAEN34WetX1JtegkWoCCUpFb0IRS8eK9gPaNKy2W7bpZtN3J0INRS8+Fe8eFDEq3/Cm//GbZuDtj4YeLw3w8w8P+JMgW1/GwuLS8srq5m17PrG5ta2ubNbU2EsCa2SkIey4WNFORO0Cgw4bUSS4sDntO4PrsZ+/Z5KxUJxC8OIegHuCdZlBIOW2ub+Qx6OL1x1JyFxaaQYD0WreAKt4qht5uyCPYE1T5yU5FCKStv8cjshiQMqgHCsVNOxI/ASLIERTkdZN1Y0wmSAe7SpqcABVV4y+WFkHWmlY3VDqUuANVF/TyQ4UGoY+LozwNBXs95Y/M9rxtA99xImohioINNF3ZhbEFrjQKwOk5QAH2qCiWT6Vov0scQEdGxZHYIz+/I8qRULTqlwelPKlS/TODLoAB2iPHLQGSqja1RBVUTQI3pGr+jNeDJejHfjY9q6YKQze+gPjM8fcB2XZg==</latexit>

mR = �

<latexit sha1_base64="zbvhaxKocrGJ742S1dOC+MZwGxg=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKohchqAePUcxDkiXMTjrJkJndZaZXCEu+wosHRbz6Od78GyfJHjSxoKGo6qa7K4ilMOi6305uaXlldS2/XtjY3NreKe7u1U2UaA41HslINwNmQIoQaihQQjPWwFQgoREMryd+4wm0EVH4gKMYfMX6oegJztBKj+r+sn0DElmnWHLL7hR0kXgZKZEM1U7xq92NeKIgRC6ZMS3PjdFPmUbBJYwL7cRAzPiQ9aFlacgUGD+dHjymR1bp0l6kbYVIp+rviZQpY0YqsJ2K4cDMexPxP6+VYO/CT0UYJwghny3qJZJiRCff067QwFGOLGFcC3sr5QOmGUebUcGG4M2/vEjqJ2XvtHx2d1qqXGVx5MkBOSTHxCPnpEJuSZXUCCeKPJNX8uZo58V5dz5mrTknm9knf+B8/gBXFpAe</latexit>

| (t)i = N e�iHLte�✏HLOL(x) | �i

<latexit sha1_base64="W7jncYYJdFhuK8saHJ/JresDeac="></latexit>

| �i =
1p
Z(�)

X

n

e�
�
2 En |EniL ⌦ |EniR

<latexit sha1_base64="7qQY37RyFCvAtyWT58VYv75xYs8="></latexit>

[Nozaki,Numasawa,Takayanagi’13,PC,Nozaki,Takayanagi’14]

[PC,Simon,Stikonas,Takayanagi,Watanabe’14’15]

Setup: Local Operator Quench in AdS/CFT
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| (t)i = N e�iHte�✏H
O(x) |0i

<latexit sha1_base64="anR+5syvm75AWuLMxLMJZU8komA="></latexit>

E =

Z
dxhT00i =

�

✏

<latexit sha1_base64="8S+9EFNzHvIfsq2ewG4atR/JhRs=">AAACIXicbVDLSgMxFM3UV62vqks3wSK4KjNSsZtC8QEuK/QFnVIy6Z02NJMZkoxYhvkVN/6KGxeKdCf+jOljoa0HAifn3Mu993gRZ0rb9peVWVvf2NzKbud2dvf2D/KHR00VxpJCg4Y8lG2PKOBMQEMzzaEdSSCBx6HljW6mfusRpGKhqOtxBN2ADATzGSXaSL18+a7iMqFx/wm7nIgBB1zvJbadunL2q7i+JDRxb4FrkiYuRIrxUKS4ly/YRXsGvEqcBSmgBWq9/MTthzQOQGjKiVIdx450NyFSM8ohzbmxgojQERlAx1BBAlDdZHZhis+M0sd+KM0z287U3x0JCZQaB56pDIgeqmVvKv7ndWLtl7sJE1GsQdD5ID/mWId4GhfuMwlU87EhhEpmdsV0SEwk2oSaMyE4yyevkuZF0SkVLx9Kher1Io4sOkGn6Bw56ApV0T2qoQai6Bm9onf0Yb1Yb9anNZmXZqxFzzH6A+v7B5iXo9g=</latexit>

� = h+ h̄

<latexit sha1_base64="9aekmnmDQe2ZGqZwaZVWitBoPNY=">AAAB+XicbVBNS8NAEN34WetX1KOXxSIIQkmkohehqAePFewHNKFstptm6WYTdieFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCAVXIPjfFsrq2vrG5ulrfL2zu7evn1w2NJJpihr0kQkqhMQzQSXrAkcBOukipE4EKwdDO+mfnvElOaJfIJxyvyYDCQPOSVgpJ5te/dMALmJzr2AqDya9OyKU3VmwMvELUgFFWj07C+vn9AsZhKoIFp3XScFPycKOBVsUvYyzVJCh2TAuoZKEjPt57PLJ/jUKH0cJsqUBDxTf0/kJNZ6HAemMyYQ6UVvKv7ndTMIr/2cyzQDJul8UZgJDAmexoD7XDEKYmwIoYqbWzGNiCIUTFhlE4K7+PIyaV1U3Vr18rFWqd8WcZTQMTpBZ8hFV6iOHlADNRFFI/SMXtGblVsv1rv1MW9dsYqZI/QH1ucPIzKTWg==</latexit>

ds2 = R2�dt2 + dx2 + dz2

z2

<latexit sha1_base64="ppq1EEvmkSA5DiJFliPQuDQjbQA=">AAACDXicbVDLSsNAFJ3UV62vqEs3wSoIYklCRTdC0Y3LKvYBbVImk0k7dDIJMxOxhv6AG3/FjQtF3Lp35984abPQ6oG5HM65lzv3eDElQprml1aYm19YXCoul1ZW19Y39M2tpogSjnADRTTibQ8KTAnDDUkkxe2YYxh6FLe84UXmt24xFyRiN3IUYyeEfUYCgqBUUk/f84Vrn127djfgEKVHvnTtQ/8uK/euPU6zUurpZbNiTmD8JVZOyiBHvad/dv0IJSFmElEoRMcyY+mkkEuCKB6XuonAMURD2McdRRkMsXDSyTVjY18pvhFEXD0mjYn6cyKFoRCj0FOdIZQDMetl4n9eJ5HBqZMSFicSMzRdFCTUkJGRRWP4hGMk6UgRiDhRfzXQAKpYpAowC8GaPfkvadoVq1o5vqqWa+d5HEWwA3bBAbDACaiBS1AHDYDAA3gCL+BVe9SetTftfdpa0PKZbfAL2sc3MhqaYg==</latexit>

S = �mR

Z
dt

p
1� z0(t)2

z(t)

<latexit sha1_base64="UVkIsa8DqoMDlrUevupXlx8v+hw=">AAACEnicbZC7TgJBFIZn8YZ4W7W02UiMUEB2CUYbE6KNJV4AExbJ7DALE2Yvzpw1gc0+g42vYmOhMbZWdr6Nw6VQ8E8m+fKfczLn/E7ImQTT/NZSC4tLyyvp1cza+sbmlr69U5dBJAitkYAH4tbBknLm0xow4PQ2FBR7DqcNp38+qjceqJAs8G9gENKWh7s+cxnBoKy2nr8+LXhXNvPB6IDtCkxiW94LiK3C8DAH+btSksRDBUlbz5pFcyxjHqwpZNFU1bb+ZXcCEnnUB8KxlE3LDKEVYwGMcJpk7EjSEJM+7tKmQh97VLbi8UmJcaCcjuEGQj2129j9PRFjT8qB56hOD0NPztZG5n+1ZgTuSStmfhgB9cnkIzfiBgTGKB+jwwQlwAcKMBFM7WqQHla5gEoxo0KwZk+eh3qpaJWLR5flbOVsGkca7aF9lEMWOkYVdIGqqIYIekTP6BW9aU/ai/aufUxaU9p0Zhf9kfb5A+c4nQE=</latexit>

x

<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

z

<latexit sha1_base64="mBNsSck29HYD+UA8I7CdsBnbA5A=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOvZjQY=</latexit>

✏

<latexit sha1_base64="t9crvzoG65g98NZIVz8LGCR91JM=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVL+9rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPaZAo</latexit>

z(t) =
p
✏2 + t2

<latexit sha1_base64="2x1ijLFreyX3y6KmTuYwONZ++WQ=">AAACA3icbVBNS8NAEN34WetX1JtegkWoCCUpFb0IRS8eK9gPaNKy2W7bpZtN3J0INRS8+Fe8eFDEq3/Cm//GbZuDtj4YeLw3w8w8P+JMgW1/GwuLS8srq5m17PrG5ta2ubNbU2EsCa2SkIey4WNFORO0Cgw4bUSS4sDntO4PrsZ+/Z5KxUJxC8OIegHuCdZlBIOW2ub+Qx6OL1x1JyFxaaQYD0WreAKt4qht5uyCPYE1T5yU5FCKStv8cjshiQMqgHCsVNOxI/ASLIERTkdZN1Y0wmSAe7SpqcABVV4y+WFkHWmlY3VDqUuANVF/TyQ4UGoY+LozwNBXs95Y/M9rxtA99xImohioINNF3ZhbEFrjQKwOk5QAH2qCiWT6Vov0scQEdGxZHYIz+/I8qRULTqlwelPKlS/TODLoAB2iPHLQGSqja1RBVUTQI3pGr+jNeDJejHfjY9q6YKQze+gPjM8fcB2XZg==</latexit>

mR = �

<latexit sha1_base64="zbvhaxKocrGJ742S1dOC+MZwGxg=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKohchqAePUcxDkiXMTjrJkJndZaZXCEu+wosHRbz6Od78GyfJHjSxoKGo6qa7K4ilMOi6305uaXlldS2/XtjY3NreKe7u1U2UaA41HslINwNmQIoQaihQQjPWwFQgoREMryd+4wm0EVH4gKMYfMX6oegJztBKj+r+sn0DElmnWHLL7hR0kXgZKZEM1U7xq92NeKIgRC6ZMS3PjdFPmUbBJYwL7cRAzPiQ9aFlacgUGD+dHjymR1bp0l6kbYVIp+rviZQpY0YqsJ2K4cDMexPxP6+VYO/CT0UYJwghny3qJZJiRCff067QwFGOLGFcC3sr5QOmGUebUcGG4M2/vEjqJ2XvtHx2d1qqXGVx5MkBOSTHxCPnpEJuSZXUCCeKPJNX8uZo58V5dz5mrTknm9knf+B8/gBXFpAe</latexit>

ds2 =
R2

z2

✓
�(1�Mz2)dt2 +

dz2

1�Mz2
+ dx2

◆

<latexit sha1_base64="RD2bdmjxy8xuy5AbFht8U8UNNSI="></latexit>

| (t)i = N e�iHLte�✏HLOL(x) | �i

<latexit sha1_base64="W7jncYYJdFhuK8saHJ/JresDeac="></latexit>

| �i =
1p
Z(�)

X

n

e�
�
2 En |EniL ⌦ |EniR

<latexit sha1_base64="7qQY37RyFCvAtyWT58VYv75xYs8="></latexit>

z(t) =
�

2⇡

s

1�
✓
1� 4⇡2✏2

�2

◆
cosh�2

✓
2⇡t

�

◆

<latexit sha1_base64="R7dQ6K4LmbJTUlrTW5cYi337DdU="></latexit>

����

z(t & �

2⇡
) =

�

2⇡

<latexit sha1_base64="8AXmaUJOk/+1PdbPnjawkI1VWjg=">AAACGXicbVDLSsNAFJ3UV62vqEs3wSLUTUlKRTdC0Y3LCvYBTSiT6aQdOpmEmRuhhvyGG3/FjQtFXOrKv3HaZqGtBwYO55zLnXv8mDMFtv1tFFZW19Y3ipulre2d3T1z/6CtokQS2iIRj2TXx4pyJmgLGHDajSXFoc9pxx9fT/3OPZWKReIOJjH1QjwULGAEg5b6pv1QAXcIOhC6gcQkdX0KOEtrbsyy08tlrW+W7ao9g7VMnJyUUY5m3/x0BxFJQiqAcKxUz7Fj8FIsgRFOs5KbKBpjMsZD2tNU4JAqL51dllknWhlYQST1E2DN1N8TKQ6VmoS+ToYYRmrRm4r/eb0EggsvZSJOgAoyXxQk3ILImtZkDZikBPhEE0wk03+1yAjrMkCXWdIlOIsnL5N2rerUq2e39XLjKq+jiI7QMaogB52jBrpBTdRCBD2iZ/SK3own48V4Nz7m0YKRzxyiPzC+fgADNqGP</latexit>

[Nozaki,Numasawa,Takayanagi’13,PC,Nozaki,Takayanagi’14]

[PC,Simon,Stikonas,Takayanagi,Watanabe’14’15]

Setup: Local Operator Quench in AdS/CFT

p
M = 2⇡/�

<latexit sha1_base64="HDNBNyRqK8dCz8hSChRyc+g7l5A=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqialohuh6MaNUME+oAllMp20QycPZ26EEOqvuHGhiFs/xJ1/47TNQlsPXDiccy/33uPFgiuwrG+jsLK6tr5R3Cxtbe/s7pn7B20VJZKyFo1EJLseUUzwkLWAg2DdWDISeIJ1vPH11O88Mql4FN5DGjM3IMOQ+5wS0FLfLDvqQUJ2O7msOTE/dTwGpG9WrKo1A14mdk4qKEezb345g4gmAQuBCqJUz7ZicDMigVPBJiUnUSwmdEyGrKdpSAKm3Gx2/AQfa2WA/UjqCgHP1N8TGQmUSgNPdwYERmrRm4r/eb0E/As342GcAAvpfJGfCAwRniaBB1wyCiLVhFDJ9a2YjogkFHReJR2CvfjyMmnXqna9enZXrzSu8jiK6BAdoRNko3PUQDeoiVqIohQ9o1f0ZjwZL8a78TFvLRj5TBn9gfH5A3W6lKc=</latexit>
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Spread Complexity of local operators
[PC,Magan,Patramanis,Tonni ’23]

Rate of growth: CFT predictions

@tCK(t) =
1

✏

�

✏
t

<latexit sha1_base64="PhWqPakE4XXW4CfG5VlZzPSPNHI=">AAACJXicbZBNS8NAEIY3flu/qh69LBahXkoiFT0oiHoQvChYLTQlbLaTdulmE3YnQgn9M178K148KCJ48q+4/Tho6wsLL8/MsDNvmEph0HW/nJnZufmFxaXlwsrq2vpGcXPr3iSZ5lDjiUx0PWQGpFBQQ4ES6qkGFocSHsLuxaD+8AjaiETdYS+FZszaSkSCM7QoKJ74KdMomAyQXgTXZdw/9SPNeO71cx9SI2Si+iPiX4JE9gtjUCy5FXcoOm28sSmRsW6C4rvfSngWg0IumTENz02xmQ824BL6BT8zkDLeZW1oWKtYDKaZD6/s0z1LWjRKtH0K6ZD+nshZbEwvDm1nzLBjJmsD+F+tkWF03MyFSjMExUcfRZmkmNBBZLQlNHCUPWsY18LuSnmH2UjQBluwIXiTJ0+b+4OKV60c3lZLZ+fjOJbIDtklZeKRI3JGrsgNqRFOnsgLeSPvzrPz6nw4n6PWGWc8s03+yPn+AZZIpp0=</latexit>

@tCK(t) =
1

✏

�

✏

L

2⇡
sin

✓
2⇡t

L

◆

<latexit sha1_base64="ctMpVoEV73YQy/QHIBT5dT/fmpI="></latexit>

@tCK(t) =
1

✏

�

✏

�

2⇡
sinh

✓
2⇡t

�

◆

<latexit sha1_base64="I1V1jQhtwBidU90C34L6t1p12iQ="></latexit>

an, bn

<latexit sha1_base64="vDW63vwH2bt+HCs5ufSxpabLJUA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosevFYwX5AG8Jku2mXbjZhdyOU0h/hxYMiXv093vw3btsctPXBwOO9GWbmhang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kirImTUSiOiFqJrhkTcONYJ1UMYxDwdrh6G7mt5+Y0jyRj2acMj/GgeQRp2is1MZAXoSBDMoVt+rOQVaJl5MK5GgE5a9eP6FZzKShArXuem5q/Akqw6lg01Iv0yxFOsIB61oqMWban8zPnZIzq/RJlChb0pC5+ntigrHW4zi0nTGaoV72ZuJ/Xjcz0Y0/4TLNDJN0sSjKBDEJmf1O+lwxasTYEqSK21sJHaJCamxCJRuCt/zyKmldVr1a9eqhVqnf5nEU4QRO4Rw8uIY63EMDmkBhBM/wCm9O6rw4787HorXg5DPH8AfO5w/vx49R</latexit>

pn(t)

<latexit sha1_base64="SYvRT/UySEQ+fE+OvaWs3u+uM9g=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMevEYwTwgWcLsZDYZMzu7zPQKIeQfvHhQxKv/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrNZOeKuN5r1hyK+4cZJV4GSlBhnqv+NXtxyyNuEImqTEdz03Qn1CNgkk+LXRTwxPKRnTAO5YqGnHjT+bXTsmZVfokjLUthWSu/p6Y0MiYcRTYzoji0Cx7M/E/r5NieO1PhEpS5IotFoWpJBiT2eukLzRnKMeWUKaFvZWwIdWUoQ2oYEPwll9eJc2LiletXN5XS7WbLI48nMAplMGDK6jBHdShAQwe4Rle4c2JnRfn3flYtOacbOYY/sD5/AH8aI7A</latexit>

S(t) =
hO(x+ i(✏+ it))O(x� i✏)i

hO(x+ i✏)O(x� i✏)i

<latexit sha1_base64="yYV3EHjzBwwCxynGVMez0rVBBWs="></latexit>

[PC,Chen,McDonald,Simon,Strittmatter…]

Can we reproduce this from the gravity computation? Basis dependent quantity?



8

Radial momentum in AdS

t, r(t), x = x0

<latexit sha1_base64="XoJsq4DOMsSacwL820fQT5S911Q=">AAAB+XicbVDLSgMxFM34rPU16tJNsAgVSpmRim6EohuXFewD2mHIpGkbmskMyZ3SMvRP3LhQxK1/4s6/MW1noa0HLvdwzr3k5gSx4Boc59taW9/Y3NrO7eR39/YPDu2j44aOEkVZnUYiUq2AaCa4ZHXgIFgrVoyEgWDNYHg/85sjpjSP5BNMYuaFpC95j1MCRvJtG0qdkirChWnj27Hv+HbBKTtz4FXiZqSAMtR8+6vTjWgSMglUEK3brhODlxIFnAo2zXcSzWJCh6TP2oZKEjLtpfPLp/jcKF3ci5QpCXiu/t5ISaj1JAzMZEhgoJe9mfif106gd+OlXMYJMEkXD/USgSHCsxhwlytGQUwMIVRxcyumA6IIBRNW3oTgLn95lTQuy26lfPVYKVTvsjhy6BSdoSJy0TWqogdUQ3VE0Qg9o1f0ZqXWi/VufSxG16xs5wT9gfX5A0MlkiI=</latexit>

Pr =
@L

@r0(t)

<latexit sha1_base64="Ksi2GGcN1/f7U30tSMVngREa3VE=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0Wsm5pIRTdC0Y0LFxXsA5pQJtNJO3QyCTMToYR8hht/xY0LRdx25984aQNq64GBwzn33rn3eBGjUlnWl1FYWl5ZXSuulzY2t7Z3zN29lgxjgUkThywUHQ9JwignTUUVI51IEBR4jLS90U3mtx+JkDTkD2ocETdAA059ipHSUs88bfTEleMLhBMnQkJRxKATIDXEiCV3afqjiuOKOkl7ZtmqWlPARWLnpAxyNHrmxOmHOA4IV5ghKbu2FSk3yYZiRtKSE0sSITxCA9LVlKOASDeZHpbCI630oR8K/biCU/V3R4ICKceBpyuzneW8l4n/ed1Y+ZduQnkUK8Lx7CM/ZlCFMEsJ9qkgWLGxJggLqneFeIh0SkpnWdIh2PMnL5LWWdWuVc/va+X6dR5HERyAQ1ABNrgAdXALGqAJMHgCL+ANvBvPxqvxYXzOSgtG3rMP/sCYfAMtpKB5</latexit>

S = �mR

Z
dt

p
1� z0(t)2

z(t)

<latexit sha1_base64="UVkIsa8DqoMDlrUevupXlx8v+hw=">AAACEnicbZC7TgJBFIZn8YZ4W7W02UiMUEB2CUYbE6KNJV4AExbJ7DALE2Yvzpw1gc0+g42vYmOhMbZWdr6Nw6VQ8E8m+fKfczLn/E7ImQTT/NZSC4tLyyvp1cza+sbmlr69U5dBJAitkYAH4tbBknLm0xow4PQ2FBR7DqcNp38+qjceqJAs8G9gENKWh7s+cxnBoKy2nr8+LXhXNvPB6IDtCkxiW94LiK3C8DAH+btSksRDBUlbz5pFcyxjHqwpZNFU1bb+ZXcCEnnUB8KxlE3LDKEVYwGMcJpk7EjSEJM+7tKmQh97VLbi8UmJcaCcjuEGQj2129j9PRFjT8qB56hOD0NPztZG5n+1ZgTuSStmfhgB9cnkIzfiBgTGKB+jwwQlwAcKMBFM7WqQHla5gEoxo0KwZk+eh3qpaJWLR5flbOVsGkca7aF9lEMWOkYVdIGqqIYIekTP6BW9aU/ai/aufUxaU9p0Zhf9kfb5A+c4nQE=</latexit>

Pz =
mRz0(t)

z(t)
p

1� z0(t)2
! mRt

✏
p
t2 + ✏2

<latexit sha1_base64="frBg0D0GfNgVI+ZmAIqq6RW2WSE="></latexit>

[PC,Chen,McDonald,Simon,Strittmatter…]

S = �mR

Z
dt

z(t)

s

1�Mz(t)2 � z0(t)2

1�Mz(t)2

<latexit sha1_base64="YjpU/VZKKD/KH2smrG9gIGpryXc="></latexit>

Pz ! mR

✏
cosh2

✓
2⇡t

�

◆

<latexit sha1_base64="IxEifOMvgJz3jCCshkO7AM6nokM="></latexit>

S = �m

Z
ds

<latexit sha1_base64="1v9dR0dyMz99ntlggAlh5jeBsn8=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgxbIrFb0IRS8eK9oP2C4lm03b0CS7JLNCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDAR3IDrfjuFldW19Y3iZmlre2d3r7x/0DJxqilr0ljEuhMSwwRXrAkcBOskmhEZCtYOR7dTv/3EtOGxeoRxwgJJBor3OSVgJf/h+kx2uQIcmV654lbdGfAy8XJSQTkavfJXN4ppKpkCKogxvucmEGREA6eCTUrd1LCE0BEZMN9SRSQzQTY7eYJPrBLhfqxt2fUz9fdERqQxYxnaTklgaBa9qfif56fQvwoyrpIUmKLzRf1UYIjx9H8ccc0oiLElhGpub8V0SDShYFMq2RC8xZeXSeu86tWqF/e1Sv0mj6OIjtAxOkUeukR1dIcaqIkoitEzekVvDjgvzrvzMW8tOPnMIfoD5/MHcW+QuA==</latexit>

Poincare:

BTZ:
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Radial momentum in AdS

t, r(t), x = x0

<latexit sha1_base64="XoJsq4DOMsSacwL820fQT5S911Q=">AAAB+XicbVDLSgMxFM34rPU16tJNsAgVSpmRim6EohuXFewD2mHIpGkbmskMyZ3SMvRP3LhQxK1/4s6/MW1noa0HLvdwzr3k5gSx4Boc59taW9/Y3NrO7eR39/YPDu2j44aOEkVZnUYiUq2AaCa4ZHXgIFgrVoyEgWDNYHg/85sjpjSP5BNMYuaFpC95j1MCRvJtG0qdkirChWnj27Hv+HbBKTtz4FXiZqSAMtR8+6vTjWgSMglUEK3brhODlxIFnAo2zXcSzWJCh6TP2oZKEjLtpfPLp/jcKF3ci5QpCXiu/t5ISaj1JAzMZEhgoJe9mfif106gd+OlXMYJMEkXD/USgSHCsxhwlytGQUwMIVRxcyumA6IIBRNW3oTgLn95lTQuy26lfPVYKVTvsjhy6BSdoSJy0TWqogdUQ3VE0Qg9o1f0ZqXWi/VufSxG16xs5wT9gfX5A0MlkiI=</latexit>

Pr =
@L

@r0(t)

<latexit sha1_base64="Ksi2GGcN1/f7U30tSMVngREa3VE=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0Wsm5pIRTdC0Y0LFxXsA5pQJtNJO3QyCTMToYR8hht/xY0LRdx25984aQNq64GBwzn33rn3eBGjUlnWl1FYWl5ZXSuulzY2t7Z3zN29lgxjgUkThywUHQ9JwignTUUVI51IEBR4jLS90U3mtx+JkDTkD2ocETdAA059ipHSUs88bfTEleMLhBMnQkJRxKATIDXEiCV3afqjiuOKOkl7ZtmqWlPARWLnpAxyNHrmxOmHOA4IV5ghKbu2FSk3yYZiRtKSE0sSITxCA9LVlKOASDeZHpbCI630oR8K/biCU/V3R4ICKceBpyuzneW8l4n/ed1Y+ZduQnkUK8Lx7CM/ZlCFMEsJ9qkgWLGxJggLqneFeIh0SkpnWdIh2PMnL5LWWdWuVc/va+X6dR5HERyAQ1ABNrgAdXALGqAJMHgCL+ANvBvPxqvxYXzOSgtG3rMP/sCYfAMtpKB5</latexit>

S = �mR

Z
dt

p
1� z0(t)2

z(t)

<latexit sha1_base64="UVkIsa8DqoMDlrUevupXlx8v+hw=">AAACEnicbZC7TgJBFIZn8YZ4W7W02UiMUEB2CUYbE6KNJV4AExbJ7DALE2Yvzpw1gc0+g42vYmOhMbZWdr6Nw6VQ8E8m+fKfczLn/E7ImQTT/NZSC4tLyyvp1cza+sbmlr69U5dBJAitkYAH4tbBknLm0xow4PQ2FBR7DqcNp38+qjceqJAs8G9gENKWh7s+cxnBoKy2nr8+LXhXNvPB6IDtCkxiW94LiK3C8DAH+btSksRDBUlbz5pFcyxjHqwpZNFU1bb+ZXcCEnnUB8KxlE3LDKEVYwGMcJpk7EjSEJM+7tKmQh97VLbi8UmJcaCcjuEGQj2129j9PRFjT8qB56hOD0NPztZG5n+1ZgTuSStmfhgB9cnkIzfiBgTGKB+jwwQlwAcKMBFM7WqQHla5gEoxo0KwZk+eh3qpaJWLR5flbOVsGkca7aF9lEMWOkYVdIGqqIYIekTP6BW9aU/ai/aufUxaU9p0Zhf9kfb5A+c4nQE=</latexit>

Pz =
mRz0(t)

z(t)
p

1� z0(t)2
! mRt

✏
p
t2 + ✏2

<latexit sha1_base64="frBg0D0GfNgVI+ZmAIqq6RW2WSE="></latexit>

[PC,Chen,McDonald,Simon,Strittmatter…]

S = �mR

Z
dt

z(t)

s

1�Mz(t)2 � z0(t)2

1�Mz(t)2

<latexit sha1_base64="YjpU/VZKKD/KH2smrG9gIGpryXc="></latexit>

Pz ! mR

✏
cosh2

✓
2⇡t

�

◆

<latexit sha1_base64="IxEifOMvgJz3jCCshkO7AM6nokM="></latexit>

S = �m

Z
ds

<latexit sha1_base64="1v9dR0dyMz99ntlggAlh5jeBsn8=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgxbIrFb0IRS8eK9oP2C4lm03b0CS7JLNCWfozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvDAR3IDrfjuFldW19Y3iZmlre2d3r7x/0DJxqilr0ljEuhMSwwRXrAkcBOskmhEZCtYOR7dTv/3EtOGxeoRxwgJJBor3OSVgJf/h+kx2uQIcmV654lbdGfAy8XJSQTkavfJXN4ppKpkCKogxvucmEGREA6eCTUrd1LCE0BEZMN9SRSQzQTY7eYJPrBLhfqxt2fUz9fdERqQxYxnaTklgaBa9qfif56fQvwoyrpIUmKLzRf1UYIjx9H8ccc0oiLElhGpub8V0SDShYFMq2RC8xZeXSeu86tWqF/e1Sv0mj6OIjtAxOkUeukR1dIcaqIkoitEzekVvDjgvzrvzMW8tOPnMIfoD5/MHcW+QuA==</latexit>

Poincare:

BTZ:
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Proper distance momentum [PC,Chen,McDonald,Simon,Strittmatter…]

ds2 = d⇢2 +
4⇡2

�2

�
� sinh2(⇢)dt2 + cosh2(⇢)dx2

�

<latexit sha1_base64="m7poD6M/U+HMJL8HzYCbxNeTn3k="></latexit>

ds2 = d⇢2 +
4⇡2

L2

�
� cosh2(⇢)dt2 + sinh2(⇢)dx2

�

<latexit sha1_base64="PL1a/ct02+3/UVrJx7IruZLmeTk="></latexit>

ds2 = d⇢2 + e2⇢
�
�dt2 + dx2

�

<latexit sha1_base64="5k9o0bn3mey36Ewli6nMrHY4hrY=">AAACFnicbZDJSgNBEIZ7XGPcoh69DAYhIgkzIaIXIejFYwSzQDZ6emqSJj0L3TViGPIUXnwVLx4U8SrefBs7y0ETf2j4+aqK6vqdSHCFlvVtLC2vrK6tpzbSm1vbO7uZvf2aCmPJoMpCEcqGQxUIHkAVOQpoRBKo7wioO4Prcb1+D1LxMLjDYQRtn/YC7nFGUaNuJu+qTvHSbcl+2CmeQicpju2oJcDDXN5FDd2Hjoa818eTbiZrFayJzEVjz0yWzFTpZr5abshiHwJkgirVtK0I2wmVyJmAUboVK4goG9AeNLUNqA+qnUzOGpnHmrimF0r9AjQn9PdEQn2lhr6jO32KfTVfG8P/as0YvYt2woMoRgjYdJEXCxNDc5yR6XIJDMVQG8ok1381WZ9KylAnmdYh2PMnL5pasWCXCme3pWz5ahZHihySI5IjNjknZXJDKqRKGHkkz+SVvBlPxovxbnxMW5eM2cwB+SPj8wejN55t</latexit>

cosh(Dif ) = �Xi(⇢i) ·Xf (⇢f )|t,x = cosh(⇢i � ⇢f )

<latexit sha1_base64="yf3PcKQAhBTx/T7dSEg4Ud5Nils="></latexit>

Proper distance



9

Proper distance momentum

P⇢ =
mR

✏
t

<latexit sha1_base64="iCFgCJdFOXWTsQJgPwm1yFKotO0=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRS0Y1QdOOyin1AE8JkOmmHTmbCzEQoIQs3/oobF4q49SPc+TdO2yy09cCFwzn3cu89YcKo0o7zbZVWVtfWN8qbla3tnd09e/+go0QqMWljwYTshUgRRjlpa6oZ6SWSoDhkpBuOr6d+94FIRQW/15OE+DEachpRjLSRArvaCjw5EpdeJBHO4rs880iiKBM814Fdc+rODHCZuAWpgQKtwP7yBgKnMeEaM6RU33US7WdIaooZySteqkiC8BgNSd9QjmKi/Gz2RA6PjTKAkZCmuIYz9fdEhmKlJnFoOmOkR2rRm4r/ef1URxd+RnmSasLxfFGUMqgFnCYCB1QSrNnEEIQlNbdCPEImDm1yq5gQ3MWXl0nntO426me3jVrzqoijDKrgCJwAF5yDJrgBLdAGGDyCZ/AK3qwn68V6tz7mrSWrmDkEf2B9/gCnY5jD</latexit>

P⇢ =
mR

✏

L

2⇡
sin

✓
2⇡t

L

◆

<latexit sha1_base64="9t2eXDPxSG8W/Btw/NGTUeQAbgA="></latexit>

P⇢ =
mR

✏

�

2⇡
sinh

✓
2⇡t

�

◆

<latexit sha1_base64="p0xbVsa8+FB09qKIXLLq/dzca7o="></latexit>

[PC,Chen,McDonald,Simon,Strittmatter…]

ds2 = d⇢2 +
4⇡2

�2

�
� sinh2(⇢)dt2 + cosh2(⇢)dx2

�

<latexit sha1_base64="m7poD6M/U+HMJL8HzYCbxNeTn3k="></latexit>

ds2 = d⇢2 +
4⇡2

L2

�
� cosh2(⇢)dt2 + sinh2(⇢)dx2

�

<latexit sha1_base64="PL1a/ct02+3/UVrJx7IruZLmeTk="></latexit>

ds2 = d⇢2 + e2⇢
�
�dt2 + dx2

�

<latexit sha1_base64="5k9o0bn3mey36Ewli6nMrHY4hrY=">AAACFnicbZDJSgNBEIZ7XGPcoh69DAYhIgkzIaIXIejFYwSzQDZ6emqSJj0L3TViGPIUXnwVLx4U8SrefBs7y0ETf2j4+aqK6vqdSHCFlvVtLC2vrK6tpzbSm1vbO7uZvf2aCmPJoMpCEcqGQxUIHkAVOQpoRBKo7wioO4Prcb1+D1LxMLjDYQRtn/YC7nFGUaNuJu+qTvHSbcl+2CmeQicpju2oJcDDXN5FDd2Hjoa818eTbiZrFayJzEVjz0yWzFTpZr5abshiHwJkgirVtK0I2wmVyJmAUboVK4goG9AeNLUNqA+qnUzOGpnHmrimF0r9AjQn9PdEQn2lhr6jO32KfTVfG8P/as0YvYt2woMoRgjYdJEXCxNDc5yR6XIJDMVQG8ok1381WZ9KylAnmdYh2PMnL5pasWCXCme3pWz5ahZHihySI5IjNjknZXJDKqRKGHkkz+SVvBlPxovxbnxMW5eM2cwB+SPj8wejN55t</latexit>



9

Proper distance momentum

P⇢ =
mR

✏
t

<latexit sha1_base64="iCFgCJdFOXWTsQJgPwm1yFKotO0=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRS0Y1QdOOyin1AE8JkOmmHTmbCzEQoIQs3/oobF4q49SPc+TdO2yy09cCFwzn3cu89YcKo0o7zbZVWVtfWN8qbla3tnd09e/+go0QqMWljwYTshUgRRjlpa6oZ6SWSoDhkpBuOr6d+94FIRQW/15OE+DEachpRjLSRArvaCjw5EpdeJBHO4rs880iiKBM814Fdc+rODHCZuAWpgQKtwP7yBgKnMeEaM6RU33US7WdIaooZySteqkiC8BgNSd9QjmKi/Gz2RA6PjTKAkZCmuIYz9fdEhmKlJnFoOmOkR2rRm4r/ef1URxd+RnmSasLxfFGUMqgFnCYCB1QSrNnEEIQlNbdCPEImDm1yq5gQ3MWXl0nntO426me3jVrzqoijDKrgCJwAF5yDJrgBLdAGGDyCZ/AK3qwn68V6tz7mrSWrmDkEf2B9/gCnY5jD</latexit>

P⇢ =
mR

✏

L

2⇡
sin

✓
2⇡t

L

◆

<latexit sha1_base64="9t2eXDPxSG8W/Btw/NGTUeQAbgA="></latexit>

P⇢ =
mR

✏

�

2⇡
sinh

✓
2⇡t

�

◆

<latexit sha1_base64="p0xbVsa8+FB09qKIXLLq/dzca7o="></latexit>

@tCK(t) =
1

✏
P⇢

<latexit sha1_base64="YA7gaPIvBAdL8OMkgq9uiX8sTA0=">AAACHXicbVBNSwMxFMzW7/pV9eglWAS9lF2p6EUoehG8VLBV6JYlm2bb0GyyJG+Fsuwf8eJf8eJBEQ9exH9jtu1BrQOBYeY9XmbCRHADrvvllObmFxaXllfKq2vrG5uVre22UammrEWVUPouJIYJLlkLOAh2l2hG4lCw23B4Ufi390wbruQNjBLWjUlf8ohTAlYKKnU/IRo4EQFgPyYwoERkF3lwdQCHZ36kCc28PPNZYrhQMm8Gvh6ooFJ1a+4YeJZ4U1JFUzSDyoffUzSNmQQqiDEdz02gmxWXqWB52U8NSwgdkj7rWCpJzEw3G6fL8b5VejhS2j4JeKz+3MhIbMwoDu1kEcD89QrxP6+TQnTazbhMUmCSTg5FqcCgcFEV7nHNKIiRJYRqbv+K6YDYSsAWWrYleH8jz5L2Uc2r146v69XG+bSOZbSL9tAB8tAJaqBL1EQtRNEDekIv6NV5dJ6dN+d9Mlpypjs76Becz2+KkqLX</latexit>

[PC,Chen,McDonald,Simon,Strittmatter…]

ds2 = d⇢2 +
4⇡2

�2

�
� sinh2(⇢)dt2 + cosh2(⇢)dx2

�

<latexit sha1_base64="m7poD6M/U+HMJL8HzYCbxNeTn3k="></latexit>

ds2 = d⇢2 +
4⇡2

L2

�
� cosh2(⇢)dt2 + sinh2(⇢)dx2

�

<latexit sha1_base64="PL1a/ct02+3/UVrJx7IruZLmeTk="></latexit>

@tCK(t) =
1

✏

�

✏
t

<latexit sha1_base64="PhWqPakE4XXW4CfG5VlZzPSPNHI=">AAACJXicbZBNS8NAEIY3flu/qh69LBahXkoiFT0oiHoQvChYLTQlbLaTdulmE3YnQgn9M178K148KCJ48q+4/Tho6wsLL8/MsDNvmEph0HW/nJnZufmFxaXlwsrq2vpGcXPr3iSZ5lDjiUx0PWQGpFBQQ4ES6qkGFocSHsLuxaD+8AjaiETdYS+FZszaSkSCM7QoKJ74KdMomAyQXgTXZdw/9SPNeO71cx9SI2Si+iPiX4JE9gtjUCy5FXcoOm28sSmRsW6C4rvfSngWg0IumTENz02xmQ824BL6BT8zkDLeZW1oWKtYDKaZD6/s0z1LWjRKtH0K6ZD+nshZbEwvDm1nzLBjJmsD+F+tkWF03MyFSjMExUcfRZmkmNBBZLQlNHCUPWsY18LuSnmH2UjQBluwIXiTJ0+b+4OKV60c3lZLZ+fjOJbIDtklZeKRI3JGrsgNqRFOnsgLeSPvzrPz6nw4n6PWGWc8s03+yPn+AZZIpp0=</latexit>

@tCK(t) =
1

✏

�

✏

L

2⇡
sin

✓
2⇡t

L

◆

<latexit sha1_base64="ctMpVoEV73YQy/QHIBT5dT/fmpI="></latexit>

@tCK(t) =
1

✏

�

✏

�

2⇡
sinh

✓
2⇡t

�

◆

<latexit sha1_base64="I1V1jQhtwBidU90C34L6t1p12iQ="></latexit>

ds2 = d⇢2 + e2⇢
�
�dt2 + dx2

�

<latexit sha1_base64="5k9o0bn3mey36Ewli6nMrHY4hrY=">AAACFnicbZDJSgNBEIZ7XGPcoh69DAYhIgkzIaIXIejFYwSzQDZ6emqSJj0L3TViGPIUXnwVLx4U8SrefBs7y0ETf2j4+aqK6vqdSHCFlvVtLC2vrK6tpzbSm1vbO7uZvf2aCmPJoMpCEcqGQxUIHkAVOQpoRBKo7wioO4Prcb1+D1LxMLjDYQRtn/YC7nFGUaNuJu+qTvHSbcl+2CmeQicpju2oJcDDXN5FDd2Hjoa818eTbiZrFayJzEVjz0yWzFTpZr5abshiHwJkgirVtK0I2wmVyJmAUboVK4goG9AeNLUNqA+qnUzOGpnHmrimF0r9AjQn9PdEQn2lhr6jO32KfTVfG8P/as0YvYt2woMoRgjYdJEXCxNDc5yR6XIJDMVQG8ok1381WZ9KylAnmdYh2PMnL5pasWCXCme3pWz5ahZHihySI5IjNjknZXJDKqRKGHkkz+SVvBlPxovxbnxMW5eM2cwB+SPj8wejN55t</latexit>
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• Rate of growth of the Spread Complexity in CFT is the “proper” bulk momentum! 

• Krylov basis in the boundary and proper distance (n vs rho, wormhole length)? 

• Lots of generalisations, back-reaction, more complicated states…. 

• Isomorphism between the Boundary and the Bulk Hilbert spaces? 

• Basis dependent tools in AdS/CFT? Gravitational dressing [Lin,Maldacena,Zhao’19]?

Conclusions/Discussion 

Thank you!


