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① MOTIVATION

· This work is about linear singularly perturbed differential equations

E
. g.

th+(x) + +(x) = 0 cy'(z) + y(z) = 1/z

-> Broad application in hep-th and geometry

· Formal parametric transseries solutions

y(z) = y,
(z) + (y,

(z) + a yz(z) +...

· Parametric resurgence is hard e . g. new effects such as higher order Stokes' phenomenon

· We will study exactly soluble (algebraic curve) examples to gain insight !
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& Parametric algebraic curves

Example

It < KwxKy depending holomorphically on ze 4z

It = < (w
, 4) : P(w, p) = 03

Pe(w, y) = (4w2 - 2wz" - 4wz + zw + 2z3 -z) + Rz 4w4 + 1

-> Could solve y(w,
z) =- (w Borel variable

,
z parameter (

/Ramification points

· 1 : Iz + Ev defines a multi-sheeted Riemann surface structure

#Primages drops at branch pite

· Branch pts.
are detected by the discriminant 1 (w, z) := (i-4;

1 a (w - k(z))(w- x(z))

*= (z) = -((-1 + 37 + 2z3/)

· Set ofz-dependent branch pts Tw(z) < Iz

"Turning"Prints
* (z)

· As ze Ka the structure varies· ↑m(z) = 20, (7)
, 1. (7)

· Discriminant of discriminant tells us when Ni(z) coalesce 1(1(w, z) (z) =

z = 1 : N(z) = 4,(z)

z = 0 : X(z) = X-
(7) = Ez

z = 114 : X. (7) = X
.

(z)

=..
--

zO 4 I

· z = 114 is a virtual turning point !



③ Transseries

~nametrictransseries

· Formal algebraic asymptotic series + exponential corrections

y (z
, 2) = yo(z) + y ,

(712 + yc(z)a +...

+ <
,

e
-Y, (7)(d(y(z) + y , (z)a + y(z)a + ... )

+

- k(7)(d(y(z) + y(z)a + y2(z)2+ ... )

+...

-> Together with Stokes phenomenon describe the asymptotics of sals to singularly perturbed ODEs

↓i
G = Ve c Kz

useriesAlgenecurves

· We associate a parametric transseries to a parametric algebraic curve via the Borel transform.

· Consider the two branch point example w. marked point Iz = 2 P(w, y) = 03

x·& S

-

· Associate Hankel contours H
+,

H
-,

Ho to each element Tn(z) < It

· The inverse Borel transform y(7, 2) := [dw eny(wiz

defines a formal transseries by asymptotic expansion :

y(t, 2)= [  x()/(y:(z) + y(zz +E()+... )

-> y. (21 are local (singular) gerin expansion of the curve

· Turning points/caustics occur at ECKz where singularities coalesce

-> Asymptotic series breaks down - need new variables

-> Nothing special happens at virtual turning points



Stokes' Phenomenon
use

· The transseries jumps along stokes lines &C4z

·
-> This occurs at 1 : Rex (z)cRex- (7) (m() = im

. (7)

· The presence of virtual turning points modifies Stokes' lines

-
jo + X can sneak over to-hidden by X-

Fo Higher order Stokes i

Moral Algebraic parametric transseries shed light on HOSP

① ODEs x Curves

Q : Do examples exist in the wild ?

A : Algebraic curve [ = ((w, 4) <Knx y : Pf(w, y) = 03

B : ODE sty" (2) + <P(zly'(z) + q(z)y(z) = R(z)

or Borel PDE 22 + PEOn + Q8 = 0

· We give an algorithm to find examples

Anning Example

A : Pe(w, y) = (4w2 - zwz" - 4wz + zw + 2z3 - z)y + Rz2 4w4 + 1

B : sy"(z) + 2 sy'(z) + (1- z)y(z) = d

· One may then understand e .g. the Hosp purely in terms of the geometry of It

os +
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Hock

We've developed a fun playground for parametric resurgence

① Study two moduli curves Iz
,

ze describing sams to e . g.
time dependent Schridinger eq

② Systematics of when Ps admits an algebraic so

& Nonlinear higher order Stokes' phenomenon

Thanks:


