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• Bootstrap approach : make focus on symmetries & self consistency 

• S-matrix Bootstrap = analyticity + unitarity +crossing+…  

• 2D Integrable Bootstrap = S-matrix Bootstrap + Factorisation     Exact 
solution 

• Practically one have to solve a system of functional equations in the 
certain functional space. In general it is a non-convex problem. 

• Neural Networks(NN) are good at minimazing non-convex functions. 
Strategy : parametrise unknown functions through the NNs, encode 
eqns into the loss function and train.

!
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S12(✓12)S13(✓1)S23(✓2) = S23(✓2)S13(✓1)S12(✓12)

Zamolodchikov,Zamolodchikov,1979



Spin-chains. Ultra quick overview

• Hilbert space : 

• Hamiltonian :  

• Example: spin-1/2 XYZ magnet : 

• R-matrix operator : 

• Yang-Baxter equation : 

• Regularity : 

• Monodromy matrix : 

• Transfer matrix : 
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V = V1 ⌦ ...⌦ VL, Vi ⇠ V = Cd
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Hi,i+1, HL,L+1 ⌘ HL,1
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Rij(u) : Vi ⌦ Vj ! Vi ⌦ Vj
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Rij(u� v)Rik(u)Rjk(v) = Rjk(v)Rik(u)Rij(u� v)
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Rij(0) = Pij
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Ta(u) = Ra,L(u)Ra,L�1(u) . . . Ra,1(u)
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T (u) = tra(Ta(u))



•         relation : 

• Commutativity of transfer matrices : 

• Family of committing charges : 

• Hamiltonian density : 

• One can impose further restrictions on the level of R-matrix or Hamiltonian, 
such as unitarity                               , crossing, hermicity, symmetries etc. 

• Given a solution for the Yang-Baxter equation, one can generate a whole 
family of solutions by acting with the following transformations : 
 
-                                    ,                      : 
-  rescaling of spectral parameter                        :  
-  
-   
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RT T
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R12(u� v)T1(u)T2(v) = T2(v)T1(u)R12(u� v)
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[T (u), T (v)] = 0
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1X

n=0

Qn+1
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dun�1

✓
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Hi,i+1 = R
�1
i,i+1(0)

d

du
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d

du
Ri,i+1(u)|u=0
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R12(u)R21(�u) = g(u)

<latexit sha1_base64="KRp+AFj/AUEef0WT+ZG3MD8qqSo=">AAACJXicbVDLSgMxFM34rPU16tJNsAjtwjIjRV24KLhxZxX7gM5YMmnahmaSIckIZejPuPFX3LiwiODKXzGdzsK2Hgice8693NwTRIwq7Tjf1srq2vrGZm4rv72zu7dvHxw2lIglJnUsmJCtACnCKCd1TTUjrUgSFAaMNIPhzdRvPhOpqOCPehQRP0R9TnsUI22kjn1d9O5C0kee0DQkCs6qEnwoxiWYeU/JmTueb0ilUscuOGUnBVwmbkYKIEOtY0+8rsBxSLjGDCnVdp1I+wmSmmJGxnkvViRCeIj6pG0oR2ajn6RXjuGpUbqwJ6R5XMNU/TuRoFCpURiYzhDpgVr0puJ/XjvWvSs/oTyKNeF4tqgXM6gFnEYGu1QSrNnIEIQlNX+FeIAkwtoEmzchuIsnL5PGedm9KFfuK4VqJYsjB47BCSgCF1yCKrgFNVAHGLyAN/ABJtar9W59Wl+z1hUrmzkCc7B+fgHGPqOO</latexit>

(⌦⌦ ⌦)R(u)(⌦�1 ⌦ ⌦�1)
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R(u) ! f(u)R(u), f(0) = 1
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<latexit sha1_base64="acYbvydlvoWr96QWtNaBG2Gpq8I=">AAACKHicbVDLSsNAFJ34rPUVdelmsAguSkmkqDsLbrqM0Bc0sUymk3boZBJmJkoJ/Rw3/oobEUW69UuctFn04RkGzj33Xu69x48ZlcqypsbG5tb2zm5hr7h/cHh0bJ6ctmSUCEyaOGKR6PhIEkY5aSqqGOnEgqDQZ6Ttjx6yfPuZCEkj3lDjmHghGnAaUIyUlnrmvSvoYKiQENELdPPnuCFSQ4xYWp845cXoqeGUl8KeWbIq1gxwndg5KYEcTs/8dPsRTkLCFWZIyq5txcpLkVAUMzIpuokkMcIjNCBdTTkKifTS2aETeKmVPgwioT9XcKYudqQolHIc+royW1Ku5jLxv1w3UcGdl1IeJ4pwPB8UJAyqCGauwT4VBCs21gRhQfWuEA+RQFhpb4vaBHv15HXSuq7YN5XqY7VUq+Z2FMA5uABXwAa3oAbqwAFNgMEreAdf4Nt4Mz6MH2M6L90w8p4zsATj9w9mSaYv</latexit>

! PHP, PH
TP,HT



There is no general way to solve YB

• There is no general way to find integrable Hamiltonian/solve YB.  Roughly 
speaking there are three approaches : 
 
     i.   assume an symmetry (Lie algebra, Yangian, etc) and use it  
     ii.  directly solve functional or related dif equation 

• iii. use boost operator                            to generate higher charges  
 
impose commutativity                   and solve the resulting algebraic eqns. 
 
 
De Leeuw, Pribytok, Ryan '19  classified all integrable 2d spin chains of 
difference form. They found 14 different classes in total, 8 of XYZ type and  6 
of non-XYZ type : 

<latexit sha1_base64="2qxVzZq72nwt+Oq9UfHpprZLi/Y=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiCWhIp6qZQdNNlBVsLTSw304kOnUzCzEQoId/hxl9x40IRd+LGv3HSZuHrwMDhnHu5c44fc6a0bX9aM7Nz8wuLpaXy8srq2nplY7OrokQS2iERj2TPB0U5E7Sjmea0F0sKoc/plT86z/2rOyoVi8SlHsfUC+FGsIAR0EYaVBw3BH1LgKdnWcNVSThIoXHoMhHocXadFgQDbhnjAPadbFCp2jV7AvyXOAWpogLtQeXdHUYkCanQhINSfceOtZeC1IxwmpXdRNEYyAhuaN9QASFVXjqJluFdowxxEEnzhMYT9ftGCqFS49A3k3kQ9dvLxf+8fqKDUy9lIk40FWR6KEg41hHOe8JDJinRfGwIEMnMXzG5BQlEmzbLpgTnd+S/pHtUc45r9Yt6tVkv6iihbbSD9pCDTlATtVAbdRBB9+gRPaMX68F6sl6tt+nojFXsbKEfsD6+AFcYoPw=</latexit>

B =
1X

a=�1
aHa,a+1

<latexit sha1_base64="ZT6uBcLecb+iMR28cGoBpy88hU8=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQKiWRom6EohuXLdgHpCFMptN26GQSZiZCCfkIN/6KGxeKuHXhzr9xkmahrQcuHM65l3vv8SNGpbKsb6O0srq2vlHerGxt7+zumfsHXRnGApMODlko+j6ShFFOOooqRvqRICjwGen509vM7z0QIWnI79UsIm6AxpyOKEZKS55ZGwRITXw/aadeImp2eu3kCkYsuUnPfrnC9cyqVbdywGViF6QKCrQ882swDHEcEK4wQ1I6thUpN0FCUcxIWhnEkkQIT9GYOJpyFBDpJvlTKTzRyhCOQqGLK5irvycSFEg5C3zdmR0pF71M/M9zYjW6chPKo1gRjueLRjGDKoRZQnBIBcGKzTRBWFB9K8QTJBBWOseKDsFefHmZdM/r9kW90W5Um40ijjI4AsfgFNjgEjTBHWiBDsDgETyDV/BmPBkvxrvxMW8tGcXMIfgD4/MHY0efAQ==</latexit>

Qr+1 = [B,Qr]

<latexit sha1_base64="i1H3SryoSX7q4EqZVZr2rXmEg78=">AAACBnicbVDLSsNAFL2pr1pfUZciDBbBhZREiroRCm5ctmAfkIYwmU7asZMHMxOhhK7c+CtuXCji1m9w5984abuorQcGzpxzL/fe4yecSWVZP0ZhZXVtfaO4Wdra3tndM/cPWjJOBaFNEvNYdHwsKWcRbSqmOO0kguLQ57TtD29zv/1IhWRxdK9GCXVD3I9YwAhWWvLMY6cbYjXw/awx9tj53OfBvbE8s2xVrAnQMrFnpAwz1D3zu9uLSRrSSBGOpXRsK1FuhoVihNNxqZtKmmAyxH3qaBrhkEo3m5wxRqda6aEgFvpFCk3U+Y4Mh1KOQl9X5mvKRS8X//OcVAXXbsaiJFU0ItNBQcqRilGeCeoxQYniI00wEUzvisgAC0yUTq6kQ7AXT14mrYuKfVmpNqrlWnUWRxGO4ATOwIYrqMEd1KEJBJ7gBd7g3Xg2Xo0P43NaWjBmPYfwB8bXLwyTmNA=</latexit>

[Qi,Qj ] = 0

<latexit sha1_base64="f8JdPIIFmapQqLemGSfrwem+v0g="></latexit>

HXYZ type =

0

BB@

a1 0 0 d1

0 b1 c1 0
0 c2 b2 0
d2 0 0 a2

1

CCA , Hnon�XYZ type =

0

BB@

a1 a2 a3 a4

0 b1 b3 b3

0 c1 c2 c3

0 0 0 d1

1

CCA

R.S.Vieira ‘17‘19

Drinfeld, Faddeev, 
Reshetikhin, Kulish,..

Marius de Leeuw et al   ’19’20’20’21'23



Machine Learning the R-Matrix

• We restrict the spectral parameter  u  to the interval (-1,1) and approximate 
each of real and imaginary parts of           by NN with two hidden layers 
consisting of 50 neurons : 

• YB loss function : 
 
 
 
where                          and u and v run over 20000 random points in (-1,1) 

• Regularity : 
 
Hamiltonian :                                                     Total loss : 
 
Hermicity : 

<latexit sha1_base64="VS4R2Wn2ydZahkvPE18fyU2qNZA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjFfsh7VKyabaNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8fXMbz9RpVkk780kpr7AQ8lCRrCx0sNdP2WP03Jy3i+W3Io7B1olXkZKkKHRL371BhFJBJWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LJRZU++n84Ck6s8oAhZGyJQ2aq78nUiy0nojAdgpsRnrZm4n/ed3EhFd+ymScGCrJYlGYcGQiNPseDZiixPCJJZgoZm9FZIQVJsZmVLAheMsvr5LWRcWrVaq31VK9msWRhxM4hTJ4cAl1uIEGNIGAgGd4hTdHOS/Ou/OxaM052cwx/IHz+QNUx5AR</latexit>

Rij(u)

<latexit sha1_base64="uk92QryRBeWRFJP7Pn4gs+udJt4="></latexit>

LY BE =
X

u,v2(�1,1)

||R12(u� v)R13(u)R23(v)�R23(v)R13(u)R12(u� v)||

<latexit sha1_base64="LkteKSirdwxdbcD5ljOC0KE+5Tc=">AAACIHicbZBNSwMxEIazflu/qh69BIvgQcpuEfUiKF48KlgtdGuZTVMbmmSXZFYou/0pXvwrXjwoojf9Naa1glpfCLw8M8Nk3iiRwqLvv3sTk1PTM7Nz84WFxaXlleLq2qWNU8N4lcUyNrUILJdC8yoKlLyWGA4qkvwq6p4M6le33FgR6wvsJbyh4EaLtmCADjWL+3l+nOeHhdCmKpRCCbTNLASZdGAnjDjCYdC/1jQ//qZD2M+bxZJf9oei4yYYmRIZ6axZfAtbMUsV18gkWFsP/AQbGRgUTPJ+IUwtT4B14YbXndWguG1kwwP7dMuRFm3Hxj2NdEh/TmSgrO2pyHUqwI79WxvA/2r1FNsHjUzoJEWu2deidiopxnSQFm0JwxnKnjPAjHB/pawDBhi6TAsuhODvyePmslIO9sq757ulo8oojjmyQTbJNgnIPjkip+SMVAkjd+SBPJFn79579F6816/WCW80s05+yfv4BOOOpAI=</latexit>

||A|| =
nX

↵,�=1

|A↵� |

<latexit sha1_base64="wvFiBm2l4FrbxdjXZfkyODWJcSs=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIeDLshqAiC4MWDhyhGA9kQZie9yZDZBzO9Qtjsv3jxV7x4UIIXD/6LkweixoKGoqqb7i4vlkKjbX9YM7Nz8wuLS8u5ldW19Y385tadjhLFocojGamaxzRIEUIVBUqoxQpY4Em497oXQ//+AZQWUXiLvRgaAWuHwhecoZGa+VM3YNjhTKZXWTNV0M7oGe336bd8k7kSfNy3XSXaHTygh5UcNej3m/mCXbRHoNPEmZACmaDSzA/cVsSTAELkkmldd+wYGylTKLiELOcmGmLGu6wNdUNDFoBupKMfM7pnlBb1I2UqRDpSf06kLNC6F3imc3i6/usNxf+8eoL+SSMVYZwghHy8yE8kxYgOA6MtoYCj7BnCuBLmVso7TDGOJtacCcH5+/I0uSsVnaNi+bpcOC9N4lgiO2SX7BOHHJNzckkqpEo4eSTP5JW8WU/WizWw3setM9ZkZpv8gvX5BRmPoy0=</latexit>

Lreg = ||R (0)� P ||

<latexit sha1_base64="DH/j6SS70+8TvdBBZfv0wDrREw0="></latexit>

LH = ||P d

du
R(u)|u=0 �H||

<latexit sha1_base64="hO+c0JK1h8CUE59cAK68DwayFu8="></latexit>

L† =
����H �H

†����
<latexit sha1_base64="1pIJF7rXwikV8kxexwiPrxNwnSQ="></latexit>

L = LY BE + Lreg + �HLH + �†L† + ...



Hermitian XYZ model
<latexit sha1_base64="MYV/Pxd4N2SSBPRkUVfy7oOI2fI="></latexit>

HXY Z(Jx, Jy, Jz) = JxS
x
1S

x
2 + JyS

y
1S

y
2 + JzS

z
1S

z
2 =

0

BB@

Jz 0 0 Jx � Jy

0 �Jz 2 0
0 2 �Jz 0

Jx � Jy 0 0 Jz

1

CCA

<latexit sha1_base64="natiS2qWygdlIZS5bDzJyhk64rM="></latexit>

R(u) =

0

BB@

a 0 0 d
0 b c 0
0 c b 0
d 0 0 a

1

CCA , where                                      are given in terms of  Jacobi elliptic functions

<latexit sha1_base64="gjt1GM7ex79Xy3hBNvoSOdT6shA="></latexit>

Jx = 1 +
p
m sn(2⌘|m)/2

Jy = 1�
p
m sn(2⌘|m)/2

<latexit sha1_base64="rEkBS89zu4ZC2v7SwsoIHljlgEk=">AAACEXicbZC7SgNBFIZn4y3GW9TSZjEIESTshqA2QsBGrCKYCyQhzE5OkiGzs8vMWTGueQUbX8XGQhFbOzvfxsmliIk/DPx85xzOnN8LBdfoOD9WYml5ZXUtuZ7a2Nza3knv7lV0ECkGZRaIQNU8qkFwCWXkKKAWKqC+J6Dq9S9H9eodKM0DeYuDEJo+7Ure4YyiQa109rr1cNFAuMeYyWE23wCkj/7xhLRnSCudcXLOWPaicacmQ6YqtdLfjXbAIh8kMkG1rrtOiM2YKuRMwDDViDSElPVpF+rGSuqDbsbji4b2kSFtuxMo8yTaYzo7EVNf64HvmU6fYk/P10bwv1o9ws55M+YyjBAkmyzqRMLGwB7FY7e5AoZiYAxlipu/2qxHFWVoQkyZENz5kxdNJZ9zT3OFm0KmeDKNI0kOyCHJEpeckSK5IiVSJow8kRfyRt6tZ+vV+rA+J60JazqzT/7I+voFi1qdZw==</latexit>

Jz = cn(2⌘|m)dn(2⌘|m)

<latexit sha1_base64="lcobApBl20IKQcOAx+jsS6LAg5Q=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEFzLOaKluCgU3LivYB3SGkkkzbWiSGZKMUIaCv+LGhSJu/Q53/o1pOwttPZcLh3PuJTcnTBhV2nW/rcLK6tr6RnGztLW9s7tn7x+0VJxKTJo4ZrHshEgRRgVpaqoZ6SSSIB4y0g5Ht1O//UikorF40OOEBBwNBI0oRtpIPfvIJxrV/IReXJ1D3xSvuU61Z5ddx50BLhMvJ2WQo9Gzv/x+jFNOhMYMKdX13EQHGZKaYkYmJT9VJEF4hAaka6hAnKggm50/gadG6cMolqaFhjP190aGuFJjHppJjvRQLXpT8T+vm+roJsioSFJNBJ4/FKUM6hhOs4B9KgnWbGwIwpKaWyEeIomwNomVTAje4peXSevS8apO5b5Srrt5HEVwDE7AGfDANaiDO9AATYBBBp7BK3iznqwX6936mI8WrHznEPyB9fkDxquTYA==</latexit>

⌘ = ⇡/3, m = 0.6

<latexit sha1_base64="iyUzzc4ykYJ2DDKh89kPXcH66zA=">AAACAnicbVDLSsNAFL3xWesr6krcDBahgpSkFHVZcOOygn1AG8pkMm2HTiZhZiKUUNz4K25cKOLWr3Dn3zhtstDWC8M5nHMvd+7xY86Udpxva2V1bX1js7BV3N7Z3du3Dw5bKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vbHNzO//UClYpG415OYeiEeCjZgBGsj9e1jXE7OL3rIz4BkEBjo2yWn4swLLRM3JyXIq9G3v3pBRJKQCk04VqrrOrH2Uiw1I5xOi71E0RiTMR7SrqECh1R56fyEKTozSoAGkTRPaDRXf0+kOFRqEvqmM8R6pBa9mfif10304NpLmYgTTQXJFg0SjnSEZnmggElKNJ8Ygolk5q+IjLDERJvUiiYEd/HkZdKqVtzLSu2uVqpX8zgKcAKnUAYXrqAOt9CAJhB4hGd4hTfryXqx3q2PrHXFymeO4E9Znz9xHJQ4</latexit>

a(u), b(u), c(u), d(u)



<latexit sha1_base64="fAIFv0juNEDIDwFrYpAKfO+6Lx4="></latexit>

Hclass�1 =

0

BB@

0 a1 a2 0
0 a5 0 a3

0 0 �a5 a4

0 0 0 0

1

CCA

<latexit sha1_base64="CWnzWrSBSfUU7tYxa2ofGuh/GWc=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9iNQb0IAS8eI5gHJMvSO5lNhsw+mJkVYsiXePGgiFc/xZt/4yTZgyYWNF1UdTM9FaSCK+0439ba+sbm1nZhp7i7t39Qsg+PWirJJGVNmohEdgJUTPCYNTXXgnVSyTAKBGsHo9uZ335kUvEkftDjlHkRDmIecoraSL5dQt8l6F/coF81vebbZafizEFWiZuTMuRo+PZXr5/QLGKxpgKV6rpOqr0JSs2pYNNiL1MsRTrCAesaGmPElDeZHz4lZ0bpkzCRpmJN5urvjQlGSo2jwExGqIdq2ZuJ/3ndTIfX3oTHaaZZTBcPhZkgOiGzFEifS0a1GBuCVHJzK6FDlEi1yapoQnCXv7xKWtWKe1mp3dfKdSePowAncArn4MIV1OEOGtAEChk8wyu8WU/Wi/VufSxG16x85xj+wPr8AUV+kX8=</latexit>a1a3 = a2a4

<latexit sha1_base64="mOKGAWm5ZqH2RYyB/414sRbVn48="></latexit>

Rclass�1(u) =

0

BBBB@

1 a1(e
a5u�1)
a5

a2(e
a5u�1)
a5

(a1a3+a2a4)
a2
5

(cosh (a5u)� 1)

0 0 e�a5u a4(1�e�a5u)
a5

0 ea5u 0 a3(1�e�a5u)
a5

0 0 0 1

1

CCCCA

<latexit sha1_base64="LVIkxCGipdnZr66jkbnJbVc4owA=">AAACGHicbZDLSsNAFIYn9VbjLerSTbAILiQmbeplUSi4cVnBXqAJYTKdtEMnF2YmQgl9DDe+ihsXirjtzrdxmmahrQcGPv7/HM6c308o4cI0v5XS2vrG5lZ5W93Z3ds/0A6POjxOGcJtFNOY9XzIMSURbgsiKO4lDMPQp7jrj+/mfvcJM07i6FFMEuyGcBiRgCAopORpl9CzGqZRdxwVelVJtZxqkm5zshtW4dalZntaxTTMvPRVsAqogKJanjZzBjFKQxwJRCHnfctMhJtBJgiieKo6KccJRGM4xH2JEQwxd7P8sKl+JpWBHsRMvkjoufp7IoMh55PQl50hFCO+7M3F/7x+KoIbNyNRkgococWiIKW6iPV5SvqAMIwEnUiAiBH5Vx2NIINIyCxVGYK1fPIqdKqGdWXYD3aleVHEUQYn4BScAwtcgya4By3QBgg8g1fwDj6UF+VN+VS+Fq0lpZg5Bn9Kmf0AXZiaTQ==</latexit>

a1 = 0.5

a2 = 0.3

a3 = 0.9

a4 = 1.5

a5 = 0.4

Similar                   precision for all 14 classes
<latexit sha1_base64="KM2oq5AaQZKktdiDspSgwZvp3Gs=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgwpZEi7osuHFZwT6gjWUynbZDJ5MwMxFqyJe4caGIWz/FnX/jNM1CWw9c7uGce5k7x484U9pxvq2V1bX1jc3CVnF7Z3evZO8ftFQYS0KbJOSh7PhYUc4EbWqmOe1EkuLA57TtT25mfvuRSsVCca+nEfUCPBJsyAjWRurbJdd5SCoXaSXrtbRvl52qkwEtEzcnZcjR6NtfvUFI4oAKTThWqus6kfYSLDUjnKbFXqxohMkEj2jXUIEDqrwkOzxFJ0YZoGEoTQmNMvX3RoIDpaaBbyYDrMdq0ZuJ/3ndWA+vvYSJKNZUkPlDw5gjHaJZCmjAJCWaTw3BRDJzKyJjLDHRJquiCcFd/PIyaZ1X3ctq7a5Wrp/lcRTgCI7hFFy4gjrcQgOaQCCGZ3iFN+vJerHerY/56IqV7xzCH1ifP2KPkZA=</latexit>

10�3 � 10�4

<latexit sha1_base64="ZzQh+84YB0vvBqQROVQ5NMHwbc8="></latexit>

L̃ =
||R12(u� v)R13(u)R23(v)�R23(v)R13(u)R12(u� v)||

||R12(u� v)R13(u)R23(v)||Without exact solution it is reasonable to  define normalised YB :

<latexit sha1_base64="RWhgKlWPqAMR9dsc01jXrOlPYPY=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBQym7UqrHgpceK9gPaJeSTbNtaJJdk2yhLP0TXjwo4tW/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5re2d3b38fuHg8Oj4pHh61tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNwv/M6UKs0i+WhmMfUFHkkWMoKNlbqNQVqblr35oFhyK+4SaJN4GSlBhuag+NUfRiQRVBrCsdY9z42Nn2JlGOF0XugnmsaYTPCI9iyVWFDtp8t75+jKKkMURsqWNGip/p5IsdB6JgLbKbAZ63VvIf7n9RIT3vkpk3FiqCSrRWHCkYnQ4nk0ZIoSw2eWYKKYvRWRMVaYGBtRwYbgrb+8Sdo3Fa9WqT5US/VyFkceLuASrsGDW6hDA5rQAgIcnuEV3pwn58V5dz5WrTknmzmHP3A+fwA/Vo9l</latexit>

H6v,1
<latexit sha1_base64="i7z0DYgO0PLqMUxeh8bmB04SXHo=">AAACBXicbVDLSgMxFM34rPU16lIXwSK4qGVGSnVZcNNlBfuAzjBkMmkbmmSGJFMoQzdu/BU3LhRx6z+4829M21lo6wmBwzn3cu89YcKo0o7zba2tb2xubRd2irt7+weH9tFxW8WpxKSFYxbLbogUYVSQlqaakW4iCeIhI51wdDfzO2MiFY3Fg54kxOdoIGifYqSNFNhnjSCrjcvuFHrmiVhcUaE9GJF+LHlgl5yKMwdcJW5OSiBHM7C/vCjGKSdCY4aU6rlOov0MSU0xI9OilyqSIDxCA9IzVCBOlJ/Nr5jCC6NE0Mw1X2g4V393ZIgrNeGhqeRID9WyNxP/83qp7t/6GRVJqonAi0H9lEEdw1kkMKKSYM0mhiAsqdkV4iGSCGsTXNGE4C6fvEra1xW3VqneV0v1ch5HAZyCc3AJXHAD6qABmqAFMHgEz+AVvFlP1ov1bn0sStesvOcE/IH1+QNmgJcy</latexit>

H6v,1 non� int deform
<latexit sha1_base64="TEqoomHmC3a/jBwIAwaESwQIa2w=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSEx0CpBFTBWYulYJPqQmihyHLe16tiR7SBVUUcWfoWFAYRY+QQ2/gY3zQAtx7J0dM69vr4nTBhV2nG+rZXVtfWNzdJWeXtnd2/fPjjsKJFKTNpYMCF7IVKEUU7ammpGeokkKA4Z6Ybj25nffSBSUcHv9SQhfoyGnA4oRtpIgX3SDDLMkFLV+hR65nDBq5RrD0ZkIGQc2BWn5uSAy8QtSAUUaAX2lxcJnMaE6/zdvusk2s+Q1BQzMi17qSIJwmM0JH1DOYqJ8rN8kSk8M0oEzVxzuYa5+rsjQ7FSkzg0lTHSI7XozcT/vH6qBzd+RnmSasLxfNAgZVALOEsFRlQSrNnEEIQlNX+FeIQkwtpkVzYhuIsrL5POZc29qtXv6pXGRRFHCRyDU3AOXHANGqAJWqANMHgEz+AVvFlP1ov1bn3MS1esoucI/IH1+QMpJpi+</latexit>

Hclass�4 non� int deform
<latexit sha1_base64="WhU2Vl5tnmOF6yZSzN1OHnGX9GY=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBg5ZdKeqx4KXHCtYW2qVk02kbms0uSVYoS/+GFw+KePXPePPfmG73oK0PBh7vzSQzL4gF18Z1v53C2vrG5lZxu7Szu7d/UD48etRRohi2WCQi1QmoRsEltgw3AjuxQhoGAtvB5G7ut59QaR7JBzON0Q/pSPIhZ9RYqdfop0xQrS9rM9IvV9yqm4GsEi8nFcjR7Je/eoOIJSFKkz3S9dzY+ClVhjOBs1Iv0RhTNqEj7FoqaYjaT7OdZ+TMKgMyjJQtaUim/p5Iaaj1NAxsZ0jNWC97c/E/r5uY4a2fchknBiVbfDRMBDERmQdABlwhM2JqCWWK210JG1NFmbExlWwI3vLJq+TxqupdV2v3tUr9Io+jCCdwCufgwQ3UoQFNaAGDGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx8+HZEb</latexit>

Hclass�4



Explorer

• In explorer mode we i) don’t provide a certain integrable Hamiltonian, instead we ask the NN 
to find an example of integrable model. It can be either general search without any 
restrictions at all or we can narrow the search to a certain class of hamiltonians imposing 
symmetry on the level of R-matrix or Hamiltonian, specifying ansatz etc. ii) Secondly we use 
warm-start initialisation and repulsion to find new integrable models in the vicinity of the 
already learnt one :   

• Explorer scheme :

<latexit sha1_base64="7/dPnNL07wYIxX6HgxgS8gwf5JU="></latexit>

Lrepulsion = exp (�||H �Ho||/�)



Families of Hamiltonians as projective varieties

• Charges from Boost operator : 

• Conjecture since 90th (no proof, no counterexamples) :                      guarantees integrability 

•    algebraic homogenous cubic equations depending on      variables. All coefs are integers! 
 
Families of integrable Hamiltonians                                          factors of the primary 
                                                                                        decomposition of the ideal 
                                                                                       generated by the eqns 

• d=2 : 256 eqns, 16 variables but the solution is extremely simple. There are just 14 families , 
12 of them are linear and 2 have one/two quadratic relations! 
 
 
 
d=3 : 6561 eqns, 81 variables - already infeasible for existing methods

<latexit sha1_base64="XcJCtqvzDwTWmrGYL/fhfBnZHhk=">AAACBnicbVDLSsNAFJ3UV62vqEsRBosgKCUpUrsRCm66bME+oAlhMp20Q2eSMDMRSsjKjb/ixoUibv0Gd/6Nk7YLbT1w4XDOvdx7jx8zKpVlfRuFtfWNza3idmlnd2//wDw86sooEZh0cMQi0feRJIyGpKOoYqQfC4K4z0jPn9zlfu+BCEmj8F5NY+JyNAppQDFSWvLMU4cjNfb9tJ15aTW7dWTCYdNL0RW6tDPPLFsVawa4SuwFKYMFWp755QwjnHASKsyQlAPbipWbIqEoZiQrOYkkMcITNCIDTUPEiXTT2RsZPNfKEAaR0BUqOFN/T6SISznlvu7Mj5bLXi7+5w0SFdTdlIZxokiI54uChEEVwTwTOKSCYMWmmiAsqL4V4jESCCudXEmHYC+/vEq61Ypdq9Ta1+VGfRFHEZyAM3ABbHADGqAJWqADMHgEz+AVvBlPxovxbnzMWwvGYuYY/IHx+QNauZhh</latexit>

Q2 =
X

Ha,a+1

<latexit sha1_base64="pcUS6n+3RUaDdihwuWHZAwunUmY=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSIIaklEajdC0Y3LFuwD0hAm00k7dDIJMxOhhHyFG3/FjQtF3Io7/8ZJmoVtPXDhcM693HuPF1EipGn+aKWV1bX1jfJmZWt7Z3dP3z/oijDmCHdQSEPe96DAlDDckURS3I84hoFHcc+b3GV+7xFzQUL2IKcRdgI4YsQnCEolufrFIIBy7HlJO3UTfmalN3auIEiT2/R8zk0dV6+aNTOHsUysglRBgZarfw+GIYoDzCSiUAjbMiPpJJBLgihOK4NY4AiiCRxhW1EGAyycJH8rNU6UMjT8kKti0sjVvxMJDISYBp7qzM4Ui14m/ufZsfQbTkJYFEvM0GyRH1NDhkaWkTEkHCNJp4pAxIm61UBjyCGSKsmKCsFafHmZdC9rVr1Wb19Vm40ijjI4AsfgFFjgGjTBPWiBDkDgCbyAN/CuPWuv2of2OWstacXMIZiD9vULSemgEw==</latexit>

Qr+1 = [B,Qr]

<latexit sha1_base64="2qxVzZq72nwt+Oq9UfHpprZLi/Y=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiCWhIp6qZQdNNlBVsLTSw304kOnUzCzEQoId/hxl9x40IRd+LGv3HSZuHrwMDhnHu5c44fc6a0bX9aM7Nz8wuLpaXy8srq2nplY7OrokQS2iERj2TPB0U5E7Sjmea0F0sKoc/plT86z/2rOyoVi8SlHsfUC+FGsIAR0EYaVBw3BH1LgKdnWcNVSThIoXHoMhHocXadFgQDbhnjAPadbFCp2jV7AvyXOAWpogLtQeXdHUYkCanQhINSfceOtZeC1IxwmpXdRNEYyAhuaN9QASFVXjqJluFdowxxEEnzhMYT9ftGCqFS49A3k3kQ9dvLxf+8fqKDUy9lIk40FWR6KEg41hHOe8JDJinRfGwIEMnMXzG5BQlEmzbLpgTnd+S/pHtUc45r9Yt6tVkv6iihbbSD9pCDTlATtVAbdRBB9+gRPaMX68F6sl6tt+nojFXsbKEfsD6+AFcYoPw=</latexit>

B =
1X

a=�1
aHa,a+1

<latexit sha1_base64="jutRAX+8WBkmEhRgJTh9gaHy0vw="></latexit>

Q3 =
LX

l=1

[Hl,l+1, Hl+1,l+2]

<latexit sha1_base64="tC6UxrRYOcjLSr18WesHKVgY5Wc=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgQkpSpXYjFNy4bME+IA1hMp20QyeTMDMRSujKjb/ixoUibv0Gd/6NkzaL2npg4Mw593LvPX7MqFSW9WMU1tY3NreK26Wd3b39A/PwqCOjRGDSxhGLRM9HkjDKSVtRxUgvFgSFPiNdf3yX+d1HIiSN+IOaxMQN0ZDTgGKktOSZp04/RGrk+2lr6lUvFz5X7q3lmWWrYs0AV4mdkzLI0fTM7/4gwklIuMIMSenYVqzcFAlFMSPTUj+RJEZ4jIbE0ZSjkEg3nZ0xhedaGcAgEvpxBWfqYkeKQiknoa8rszXlspeJ/3lOooK6m1IeJ4pwPB8UJAyqCGaZwAEVBCs20QRhQfWuEI+QQFjp5Eo6BHv55FXSqVbsWqXWui436nkcRXACzsAFsMENaIB70ARtgMETeAFv4N14Nl6ND+NzXlow8p5j8AfG1y9jj5ho</latexit>

[Q2,Q3] = 0

<latexit sha1_base64="5ESrDMq+uhdWEbYpsYEz90kTfGo="></latexit>

[Q2,Q3] =
LX

n,l=1

[Hn,n+1, [Hl,l+1, Hl+1,l+2]] = 0

<latexit sha1_base64="VXue2ew7Zgs4236NGEuLHJQy8Cg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWNF+wFtLJvNtl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuLaiFg94CThfkSHSgwEo2il+/Cx1i+V3Yo7B1klXk7KkKPRL331wpilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrRKSQaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6Kg5qfCZWkyBVbLBqkkmBMZn+TUGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlqXFa9aqd5dleu1PI4CnMIZXIAH11CHW2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AH20I2T</latexit>

d8
<latexit sha1_base64="86TR/59zB5z5m59G6kQtlFrJ1bc=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKqT0WvHisaD+gXUs2m21Ds9klyQpl6U/w4kERr/4ib/4b03YP2vpg4PHeDDPz/ERwbRznGxU2Nre2d4q7pb39g8Oj8vFJR8epoqxNYxGrnk80E1yytuFGsF6iGIl8wbr+5Gbud5+Y0jyWD2aaMC8iI8lDTomx0n3wWBuWK07VWQCvEzcnFcjRGpa/BkFM04hJQwXRuu86ifEyogyngs1Kg1SzhNAJGbG+pZJETHvZ4tQZvrBKgMNY2ZIGL9TfExmJtJ5Gvu2MiBnrVW8u/uf1UxM2vIzLJDVM0uWiMBXYxHj+Nw64YtSIqSWEKm5vxXRMFKHGplOyIbirL6+TzlXVrVfrd7VKs5HHUYQzOIdLcOEamnALLWgDhRE8wyu8IYFe0Dv6WLYWUD5zCn+APn8A8MCNjw==</latexit>

d4

<latexit sha1_base64="w13SKW0DjXTyX1/kFGUBFuOu9A8=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBZBEEtSS+2lUPDiwUMF+yFtKJvtpl262YTdjVBCf4UXD4p49ed489+4bXPQ1gcDj/dmmJnnRZwpbdvfVmZtfWNzK7ud29nd2z/IHx61VBhLQpsk5KHseFhRzgRtaqY57USS4sDjtO2Nb2Z++4lKxULxoCcRdQM8FMxnBGsjPd7VShdXl06t3M8X7KI9B1olTkoKkKLRz3/1BiGJAyo04ViprmNH2k2w1IxwOs31YkUjTMZ4SLuGChxQ5Sbzg6fozCgD5IfSlNBorv6eSHCg1CTwTGeA9UgtezPxP68ba7/qJkxEsaaCLBb5MUc6RLPv0YBJSjSfGIKJZOZWREZYYqJNRjkTgrP88ipplYpOpVi5Lxfq1TSOLJzAKZyDA9dQh1toQBMIBPAMr/BmSevFerc+Fq0ZK505hj+wPn8ARB2OvQ==</latexit>

L = 2 + 3� 1 = 4

<latexit sha1_base64="tC6UxrRYOcjLSr18WesHKVgY5Wc=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgQkpSpXYjFNy4bME+IA1hMp20QyeTMDMRSujKjb/ixoUibv0Gd/6NkzaL2npg4Mw593LvPX7MqFSW9WMU1tY3NreK26Wd3b39A/PwqCOjRGDSxhGLRM9HkjDKSVtRxUgvFgSFPiNdf3yX+d1HIiSN+IOaxMQN0ZDTgGKktOSZp04/RGrk+2lr6lUvFz5X7q3lmWWrYs0AV4mdkzLI0fTM7/4gwklIuMIMSenYVqzcFAlFMSPTUj+RJEZ4jIbE0ZSjkEg3nZ0xhedaGcAgEvpxBWfqYkeKQiknoa8rszXlspeJ/3lOooK6m1IeJ4pwPB8UJAyqCGaZwAEVBCs20QRhQfWuEI+QQFjp5Eo6BHv55FXSqVbsWqXWui436nkcRXACzsAFsMENaIB70ARtgMETeAFv4N14Nl6ND+NzXlow8p5j8AfG1y9jj5ho</latexit>

[Q2,Q3] = 0

<latexit sha1_base64="WONonhy6UZjYvsSwtbDvAyh8gi4=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRmKCF9IaghxJvHjwgNECCTRku93Chu222d2akIbf4MWDxnj1B3nz37hADwq+ZJKX92YyM89POFPatr+twsbm1vZOcbe0t39weFQ+PumoOJWEuiTmsez5WFHOBHU105z2Eklx5HPa9Sc3c7/7RKVisXjU04R6ER4JFjKCtZHch7tqcDksV+yavQBaJ05OKpCjPSx/DYKYpBEVmnCsVN+xE+1lWGpGOJ2VBqmiCSYTPKJ9QwWOqPKyxbEzdGGUAIWxNCU0Wqi/JzIcKTWNfNMZYT1Wq95c/M/rpzpsehkTSaqpIMtFYcqRjtH8cxQwSYnmU0MwkczcisgYS0y0yadkQnBWX14nnaua06g17uuVVjOPowhncA5VcOAaWnALbXCBAINneIU3S1gv1rv1sWwtWPnMKfyB9fkDyteOAQ==</latexit>

SL(d)

<latexit sha1_base64="f8JdPIIFmapQqLemGSfrwem+v0g="></latexit>

HXYZ type =

0

BB@

a1 0 0 d1

0 b1 c1 0
0 c2 b2 0
d2 0 0 a2

1

CCA , Hnon�XYZ type =

0

BB@

a1 a2 a3 a4

0 b1 b3 b3

0 c1 c2 c3

0 0 0 d1

1

CCA



Our NN based approach to discover new integrable spin-chains analytically

Write an initial ansatz (with 
all desirable properties) 
fixing at least           zeros

<latexit sha1_base64="Pt2CC76RMyr/Xx3SME4CTW8Ltyg="></latexit>

Rinitial =

0

BBBBBBBBBBBB@

⇤ ⇤ ⇤ ⇤ ⇤ ⇤ ⇤ ⇤ ⇤
0 ⇤ ⇤ ⇤ ⇤ ⇤ ⇤ ⇤ ⇤
0 0 ⇤ ⇤ ⇤ ⇤ ⇤ ⇤ ⇤
0 ⇤ 0 ⇤ ⇤ ⇤ ⇤ ⇤ ⇤
0 0 0 0 ⇤ ⇤ ⇤ ⇤ ⇤
0 0 0 0 0 ⇤ ⇤ ⇤ ⇤
0 0 ⇤ 0 0 0 ⇤ ⇤ ⇤
0 0 0 0 0 ⇤ 0 ⇤ ⇤
0 0 0 0 0 0 0 0 ⇤

1

CCCCCCCCCCCCA

<latexit sha1_base64="Oo5bzM/UD6RPGdXIGCS3MCXFnQU="></latexit>

Rfrom NN ⇠

0

BBBBBBBBBBBB@

⇤ ⇤ 0 ⇤ 0 0 0 ⇤ ⇤
0 0 ⇤ ⇤ 0 ⇤ ⇤ 0 ⇤
0 0 0 ⇤ ⇤ 0 ⇤ ⇤ 0
0 ⇤ 0 ⇤ ⇤ 0 0 ⇤ 0
0 0 0 0 ⇤ ⇤ ⇤ 0 0
0 0 0 0 0 ⇤ ⇤ ⇤ ⇤
0 0 ⇤ 0 0 0 0 ⇤ 0
0 0 0 0 0 ⇤ 0 0 ⇤
0 0 0 0 0 0 0 0 ⇤

1

CCCCCCCCCCCCA

Get smth numerical from 
NN (usually with less 
number of vertices)

<latexit sha1_base64="9JZKdbNbIQHF+pz4Dh9G98FRmGc="></latexit>

Hfrom NN = PR
0(0) ⇠

0

BBBBBBBBBBBB@

⇤ ⇤ 0 ⇤ 0 0 0 ⇤ ⇤
0 ⇤ 0 ⇤ ⇤ 0 0 ⇤ 0
0 0 ⇤ 0 0 0 0 ⇤ 0
0 0 ⇤ ⇤ 0 ⇤ ⇤ 0 ⇤
0 0 0 0 ⇤ ⇤ ⇤ 0 0
0 0 0 0 0 ⇤ 0 0 ⇤
0 0 0 ⇤ ⇤ 0 ⇤ 0 0
0 0 0 0 0 ⇤ ⇤ ⇤ ⇤
0 0 0 0 0 0 0 0 ⇤

1

CCCCCCCCCCCCA

Typical precision for 
found Hamiltonians is 

<latexit sha1_base64="R/4WGRnrLM1RpA0USLrLwj4TG7A=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbCrEsVTwIvHCOYByRpmJ51kyOzsMjMrhCUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup36zSdUmkfywYxj9EM6kLzPGTVWanruY3p2MekWS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/Ozp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6O+lxhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxnnZq5Qr95el6k0WRx6O4BhOwYMrqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AD+djto=</latexit>

10�3

Solve YB with NN

Use it as a starting 
point to solve alg 
eqns [Q2,Q3]=0 
with precision

<latexit sha1_base64="Wa+amkGoSLcJ/rKTQeYGoUyZ+bw=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4MSRSauup4MVjBfsBTSyb7aZdupuE3Y1QQv+GFw+KePXPePPfuG0DavXBwOO9GWbmBQlnSjvOp7Wyura+sVnYKm7v7O7tlw4O2ypOJaEtEvNYdgOsKGcRbWmmOe0mkmIRcNoJxtczv/NApWJxdKcnCfUFHkYsZARrI3meYgK5zn12Xpv2S2XHrrmVSr2OHNuZ45u4OSlDjma/9OENYpIKGmnCsVI910m0n2GpGeF0WvRSRRNMxnhIe4ZGWFDlZ/Obp+jUKAMUxtJUpNFc/TmRYaHURASmU2A9UsveTPzP66U6rPkZi5JU04gsFoUpRzpGswDQgElKNJ8Ygolk5lZERlhiok1MRROCu/zyX9K+sN2qXb2tlBtXeRwFOIYTOAMXLqEBN9CEFhBI4BGe4cVKrSfr1XpbtK5Y+cwR/IL1/gXy+pD5</latexit>

⇠ 10�8

Refined Hamiltonian 
with precision  
or higher if necessary

<latexit sha1_base64="7qwe27sGo2duE9cgiBU4ALkWKbM=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi2VXpBZPBS8eK9gP6K4lm2bb0CS7JFmhLP0bXjwo4tU/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFtfWNza3idmlnd2//oHx41NZxqghtkZjHqhtiTTmTtGWY4bSbKIpFyGknHN/O/M4TVZrF8sFMEhoIPJQsYgQbK/m+ZgJ57mN2UZ/2yxW36s6BVomXkwrkaPbLX/4gJqmg0hCOte55bmKCDCvDCKfTkp9qmmAyxkPas1RiQXWQzW+eojOrDFAUK1vSoLn6eyLDQuuJCG2nwGakl72Z+J/XS01UDzImk9RQSRaLopQjE6NZAGjAFCWGTyzBRDF7KyIjrDAxNqaSDcFbfnmVtC+rXq1au7+qNG7yOIpwAqdwDh5cQwPuoAktIJDAM7zCm5M6L86787FoLTj5zDH8gfP5A78mkNY=</latexit>

⇠ 10�8

Hundreds/thousands of 
Hamiltonians from the 
same family with 
precision 

<latexit sha1_base64="7qwe27sGo2duE9cgiBU4ALkWKbM=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBi2VXpBZPBS8eK9gP6K4lm2bb0CS7JFmhLP0bXjwo4tU/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFtfWNza3idmlnd2//oHx41NZxqghtkZjHqhtiTTmTtGWY4bSbKIpFyGknHN/O/M4TVZrF8sFMEhoIPJQsYgQbK/m+ZgJ57mN2UZ/2yxW36s6BVomXkwrkaPbLX/4gJqmg0hCOte55bmKCDCvDCKfTkp9qmmAyxkPas1RiQXWQzW+eojOrDFAUK1vSoLn6eyLDQuuJCG2nwGakl72Z+J/XS01UDzImk9RQSRaLopQjE6NZAGjAFCWGTyzBRDF7KyIjrDAxNqaSDcFbfnmVtC+rXq1au7+qNG7yOIpwAqdwDh5cQwPuoAktIJDAM7zCm5M6L86787FoLTj5zDH8gfP5A78mkNY=</latexit>

⇠ 10�8

Generate new solutions 
of [Q2,Q3]=0 around 
the learnt one making 
small perturbations

Use these Hamiltonians 
to extract exact 
polynomial relations 
between 

<latexit sha1_base64="GcCwWyIyzC25CSERlGNpvMJVp54=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpUsVTwYvHCqYttLFsNpt26WYTdjdCCf0NXjwo4tUf5M1/46bNQVsfDDzem2Fmnp9wprRtf1ultfWNza3ydmVnd2//oHp41FFxKgl1Scxj2fOxopwJ6mqmOe0lkuLI57TrT25zv/tEpWKxeNDThHoRHgkWMoK1kdzgsXHhDKs1u27PgVaJU5AaFGgPq1+DICZpRIUmHCvVd+xEexmWmhFOZ5VBqmiCyQSPaN9QgSOqvGx+7AydGSVAYSxNCY3m6u+JDEdKTSPfdEZYj9Wyl4v/ef1Uh9dexkSSairIYlGYcqRjlH+OAiYp0XxqCCaSmVsRGWOJiTb5VEwIzvLLq6TTqDvNevP+sta6KeIowwmcwjk4cAUtuIM2uECAwTO8wpslrBfr3fpYtJasYuYY/sD6/AHIwI4B</latexit>

d2 � 1

<latexit sha1_base64="ouTfkph99UcUk4dmF+cCQf3C7UQ=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4CkktrXgqePFYwX5gE8pmu2nXbjZhdyOU0H/hxYMiXv033vw3btuAWn0w8Hhvhpl5QcKZ0o7zaa2srq1vbBa2its7u3v7pYPDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8dXM7zxQqVgsbvUkoX6Eh4KFjGBtpDsvG/Uzdj/1pv1S2bHr1XO3VkGO7czxTdyclCFHs1/68AYxSSMqNOFYqZ7rJNrPsNSMcDoteqmiCSZjPKQ9QwWOqPKz+cVTdGqUAQpjaUpoNFd/TmQ4UmoSBaYzwnqklr2Z+J/XS3V44WdMJKmmgiwWhSlHOkaz99GASUo0nxiCiWTmVkRGWGKiTUhFE4K7/PJf0q7Ybs2u3VTLjcs8jgIcwwmcgQt1aMA1NKEFBAQ8wjO8WMp6sl6tt0XripXPHMEvWO9fJzeROg==</latexit>

{hij}Exact 
polynomial 
relations 
between  

<latexit sha1_base64="7bV9+KNFSMjK6WTQwCwN5ok+KLo=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KolIFU8FLx4r2A9sQtlsN+3a3U3Y3Qgl5F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5YcKZNq777aysrq1vbJa2yts7u3v7lYPDto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh+Gbqd56o0iyW92aS0EDgoWQRI9hY6cHPRv2MPeZ+3q9U3Zo7A1omXkGqUKDZr3z5g5ikgkpDONa657mJCTKsDCOc5mU/1TTBZIyHtGepxILqIJtdnKNTqwxQFCtb0qCZ+nsiw0LriQhtp8BmpBe9qfif10tNdBVkTCapoZLMF0UpRyZG0/fRgClKDJ9Ygoli9lZERlhhYmxIZRuCt/jyMmmf17x6rX53UW1cF3GU4BhO4Aw8uIQG3EITWkBAwjO8wpujnRfn3fmYt644xcwR/IHz+QMFFJEj</latexit>

{hij}

Exact Hamiltonian!

Typical example :Plug them into the 
[Q2,Q3]=0 and solve

H=P R’(0)



Work in progress and future directions
• We proposed a novel ML based approach to discover new integrable models. First i) we 

should impose desirable restrictions at the level of R-matrix and Hamiltonian, ii) then NN will 
find an numerical solution and iii) using auxiliary system of algebraic equations coming from 
the method of the Boost operator we extract exact analytical formulas. 

• Interesting observation : all algebraic varieties found so far are rational!  

• Speed up the training making “batching of equations”. System of eqns is overdetermined so 
we need to train just a small fraction choosing them randomly (and wisely!). Check how far 
we can go  

• S-matrices for 2d QFT. The only new ingredient is to fix analytical properties in rapidity plane 
(poles, cuts) 

• R-matrices of nondifference form. Conceptually similar, technically more complicated.  

• S-matrices of integrable strings on AdS background : nondiference form + analyticity 

• gYB  appears in many other problems : long-range interaction, knot invariants, quantum 
gates etc

Thank you for your attention!


