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Spectrum: Quasinormal Modes 

• Control the response to (linear) perturbations of the BH 
spacetime.


• Contain intrinsic, geometric information.

• Applications: astrophysics, mathematical relativity, 

fundamental gravitational physics, Gauge/Gravity.

 


Structural stability of spectrum still not fully explored!


How does the spectrum change under small 
perturbations of the theory? 

<latexit sha1_base64="/NWOyRbSR6nATJQn7xMwVTHpgE0=">AAAB+HicbVA9SwNBEN2LXzF+5NTSZjEIVuFORC2DNhYWEcwHJEfY2+wlS/Z2j905JR75JTYWitj6U+z8N26SKzTxwcDjvRlm5oWJ4AY879sprKyurW8UN0tb2zu7ZXdvv2lUqilrUCWUbofEMMElawAHwdqJZiQOBWuFo+up33pg2nAl72GcsCAmA8kjTglYqeeWu7csAs0HQyBaq8eeW/Gq3gx4mfg5qaAc9Z771e0rmsZMAhXEmI7vJRBkRAOngk1K3dSwhNARGbCOpZLEzATZ7PAJPrZKH0dK25KAZ+rviYzExozj0HbGBIZm0ZuK/3mdFKLLIOMySYFJOl8UpQKDwtMUcJ9rRkGMLSFUc3srpkOiCQWbVcmG4C++vEyap1X/vHp2d1apXeVxFNEhOkInyEcXqIZuUB01EEUpekav6M15cl6cd+dj3lpw8pkD9AfO5w87JJN6</latexit> ,



Spectral theorem

★ Spectral theorem for normal operators: 

• Eigenvectors are orthogonal and complete set

• Eigenvalues are stable


★No spectral theorem for non-normal operators: 

• Neither complete nor orthogonal

• Eigenvalues complex and potentially unstable

• For BHs, first evidence of spectral instability by [Nollert ‘96, 

Nollert-Price ’99]
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★ Pseudospectrum 
• Not a new idea: hydro stability and turbulence [Trefethen, …]

• In GR: introduced by [Jaramillo et al. ’21] for Schw BH flat,      

RN, ECOs, dS, AdS [Destounis, Panoso, Boyanov, Cardoso,..] 
[Arean et al. 23][ Boyanov et al. ’23] 


• Topographic map of eigenvalue migration under generic 
perturbations of order    : non-modal, not intrinsic (requires 
a norm).


• Schematically for black holes:

<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏

QNM QNM
✏0 = 0

<latexit sha1_base64="3lniX5HDp9f1K0YR0gks/Z5swdo=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9mtgnoQCl48VrAf0F1KNs22odkkJFmhlP4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL1acGev7315hbX1jc6u4XdrZ3ds/KB8etYzMNKFNIrnUnRgbypmgTcsspx2lKU5jTtvx6G7mt5+oNkyKRztWNErxQLCEEWydFIZUGcal6Pm3fq9c8av+HGiVBDmpQI5Gr/wV9iXJUios4diYbuArG02wtoxwOi2FmaEKkxEe0K6jAqfURJP5zVN05pQ+SqR2JSyaq78nJjg1ZpzGrjPFdmiWvZn4n9fNbHIdTZhQmaWCLBYlGUdWolkAqM80JZaPHcFEM3crIkOsMbEuppILIVh+eZW0atXgolp7uKzUb/I4inACp3AOAVxBHe6hAU0goOAZXuHNy7wX7937WLQWvHzmGP7A+/wBbF6RPw==</latexit>

✏1
<latexit sha1_base64="tjEthNMIAse0j7JjVY4An+vS9AM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsB/YhrLZTtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLHSYw8TzUUs+16/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfvGUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2PhlwhcyIiSWUKW5vJWxEFWXGhlSyIXjLL6+SVq3qXVRr95eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8fdqqQvw==</latexit>

✏2
<latexit sha1_base64="ZfMXRq5Y1QrlpSLJ6n8qru2FDMA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsB/YhrLZTtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLHSYw8TzUUs+7V+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/OIpObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsfTLgCpkRE0soU9zeStiIKsqMDalkQ/CWX14lrVrVu6jW7i8r9Zs8jiKcwCmcgwdXUIc7aEATGEh4hld4c7Tz4rw7H4vWgpPPHMMfOJ8/eC6QwA==</latexit>

✏3
<latexit sha1_base64="th4FvvhEFPvaBUjfafmi8tN/Uec=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQb0VvHisYFuxDWWznbRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrh4BqFFxiy3Aj8CFRSKNAYCcY38z8zhMqzWN5byYJ+hEdSh5yRo2VHnuYaC5i2a/3yxW36s5BVomXkwrkaPbLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5hdPyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhlZ9xmaQGJVssClNBTExm75MBV8iMmFhCmeL2VsJGVFFmbEglG4K3/PIqadeqXr1au7uoNK7zOIpwAqdwDh5cQgNuoQktYCDhGV7hzdHOi/PufCxaC04+cwx/4Hz+AHmykME=</latexit>
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In this talk 

Study the pseudospectrum for D=5 AdS-RN:

• For scalar, electromagnetic, gravitational perturbations.

• Null coordinates: generalised e.v. problem.


• Energy norm:  integrate stress tensor on a null hypersurface.


Pseudospectrum: physics only in A, so only perturb A

A = !B ) �(A,B) = {! 2 C : det(!B �A) = 0}
<latexit sha1_base64="DPJqFK8EBJxVkvcBH2h+8jogovc="></latexit>

Spectrum:EOM:

�✏(A,B) = {! 2 C : 9 �A with ||�A|| < ✏ : ! 2 �(A+ �A,B)}
= {! 2 C : ||RA,B(!)|| ⌘ ||(!B �A)�1|| > 1/✏}

<latexit sha1_base64="5eS2lYupBx7ApBG6c+hqJMcfNUY="></latexit>

Resolvent
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Results: scalar perturbations

• Instability for large-enough perturbations.

• More unstable as             : controls             behaviour. 

• Origin: high-frequency perturbations. 

• Contour lines cross to unstable half place: pseudo-resonances 

and potential transients.
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<latexit sha1_base64="NEesgtF7HQOVt9o1mIiGvjrUj/w=">AAAB/HicbVDLSgNBEJz1GeMrmqOXwSB4kLArQb0IQS8eEzAPSEKYnfQmQ2Znl5leMSzxV7x4UMSrH+LNv3HyOGhiQUNR1U13lx9LYdB1v52V1bX1jc3MVnZ7Z3dvP3dwWDdRojnUeCQj3fSZASkU1FCghGasgYW+hIY/vJ34jQfQRkTqHkcxdELWVyIQnKGVurk8HZ7R6nUb4RHTQCiBMO7mCm7RnYIuE29OCmSOSjf31e5FPAlBIZfMmJbnxthJmUbBJYyz7cRAzPiQ9aFlqWIhmE46PX5MT6zSo0GkbSmkU/X3RMpCY0ahbztDhgOz6E3E/7xWgsFVJxUqThAUny0KEkkxopMkaE9o4ChHljCuhb2V8gHTjKPNK2tD8BZfXib186J3USxVS4XyzTyODDkix+SUeOSSlMkdqZAa4WREnskreXOenBfn3fmYta4485k8+QPn8wcTnpRv</latexit>

k,Q = finite

<latexit sha1_base64="UfPwNov0Wwz1ZzhoIUZY6ltnPWs=">AAAB+nicdVDLSgMxFM3UV62vqS7dBIvgqmRKqe1GCm5cVrAPaIeSSTNtaCYZkoxSxn6KGxeKuPVL3Pk3ZtoKKnog5OSce7k3J4g50wahDye3tr6xuZXfLuzs7u0fuMXDjpaJIrRNJJeqF2BNORO0bZjhtBcriqOA024wvcz87i1VmklxY2Yx9SM8FixkBBsrDd3igMaacSkGmkUQlZE3dEv2sqjVsjfy6sizpNGoVyoN6C0shEpghdbQfR+MJEkiKgzhWOu+h2Ljp1gZRjidFwaJpjEmUzymfUsFjqj208Xqc3hqlREMpbJHGLhQv3ekONJ6FgW2MsJmon97mfiX109MWPdTJuLEUEGWg8KEQyNhlgMcMUWJ4TNLMFHM7grJBCtMjE2rYEP4+in8n3QqZa9Wrl5XS82LVRx5cAxOwBnwwDlogivQAm1AwB14AE/g2bl3Hp0X53VZmnNWPUfgB5y3T2U1k3E=</latexit>

✏ ⇠ 0.01
<latexit sha1_base64="zoyO7UHlU941JHZIpPkUyWflfcg=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquFPUkBS96q2A/oLuUbJq2oclmSbJC2fZvePGgiFf/jDf/jWm7B219MPB4b4aZeWHMmTau++3k1tY3Nrfy24Wd3b39g+LhUVPLRBHaIJJL1Q6xppxFtGGY4bQdK4pFyGkrHN3O/NYTVZrJ6NGMYxoIPIhYnxFsrORP7kXZl4IO8PmkWyy5FXcOtEq8jJQgQ71b/PJ7kiSCRoZwrHXHc2MTpFgZRjidFvxE0xiTER7QjqURFlQH6fzmKTqzSg/1pbIVGTRXf0+kWGg9FqHtFNgM9bI3E//zOonpXwcpi+LE0IgsFvUTjoxEswBQjylKDB9bgoli9lZEhlhhYmxMBRuCt/zyKmleVLzLSvWhWqrdZHHk4QROoQweXEEN7qAODSAQwzO8wpuTOC/Ou/OxaM052cwx/IHz+QOIi5Fb</latexit>

|Im(!)|
<latexit sha1_base64="4XrCc3O5+AOn+HBJsc/9AD3/9Qk=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBQym7UtSTFLx4bMFtC+1Ssmm2Dc0mS5IVytLf4MWDIl79Qd78N6btHrT1wcDjvRlm5oUJZ9q47rdT2Njc2t4p7pb29g8Oj8rHJ20tU0WoTySXqhtiTTkT1DfMcNpNFMVxyGknnNzP/c4TVZpJ8WimCQ1iPBIsYgQbK/mTaqsqBuWKW3MXQOvEy0kFcjQH5a/+UJI0psIQjrXueW5iggwrwwins1I/1TTBZIJHtGepwDHVQbY4doYurDJEkVS2hEEL9fdEhmOtp3FoO2NsxnrVm4v/eb3URLdBxkSSGirIclGUcmQkmn+OhkxRYvjUEkwUs7ciMsYKE2PzKdkQvNWX10n7quZd1+qteqVxl8dRhDM4h0vw4AYa8ABN8IEAg2d4hTdHOC/Ou/OxbC04+cwp/IHz+QMR4o4z</latexit>

k,Q, n



Results: e.g. shear channel

 


• Like before: dominating mode is most stable —hydro mode 
for small k, non-hydro modes for larger k.


• Pseudo-resonances and potential transients, even for hydro 
mode.
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<latexit sha1_base64="Fhge5R05a8Taf8CEjSLaQ4qxU4Y=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5RdKeqlUPTisQX7Ie1Ssmm2DU2yS5IVytJf4cWDIl79Od78N6btHrT1wcDjvRlm5gUxZ9q47reTW1vf2NzKbxd2dvf2D4qHRy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/HdzG8/UaVZJB/MJKa+wEPJQkawsdIjGlfdC9Souv1iyS27c6BV4mWkBBnq/eJXbxCRRFBpCMdadz03Nn6KlWGE02mhl2gaYzLGQ9q1VGJBtZ/OD56iM6sMUBgpW9Kgufp7IsVC64kIbKfAZqSXvZn4n9dNTHjjp0zGiaGSLBaFCUcmQrPv0YApSgyfWIKJYvZWREZYYWJsRgUbgrf88ippXZa9q3KlUSnVbrM48nACp3AOHlxDDe6hDk0gIOAZXuHNUc6L8+58LFpzTjZzDH/gfP4Abh2O3w==</latexit>

k = 0, Q = 0
<latexit sha1_base64="qy61lzd4lzzO4oCKA+xpnfVwPRI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5RdKeqlUPTisQX7Ie1Ssmm2DU2yS5IVytJf4cWDIl79Od78N6btHrT1wcDjvRlm5gUxZ9q47reTW1vf2NzKbxd2dvf2D4qHRy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/HdzG8/UaVZJB/MJKa+wEPJQkawsdIjGlcrF6hRdfvFklt250CrxMtICTLU+8Wv3iAiiaDSEI617npubPwUK8MIp9NCL9E0xmSMh7RrqcSCaj+dHzxFZ1YZoDBStqRBc/X3RIqF1hMR2E6BzUgvezPxP6+bmPDGT5mME0MlWSwKE45MhGbfowFTlBg+sQQTxeytiIywwsTYjAo2BG/55VXSuix7V+VKo1Kq3WZx5OEETuEcPLiGGtxDHZpAQMAzvMKbo5wX5935WLTmnGzmGP7A+fwBdEGO4w==</latexit>

k = 4, Q = 0
<latexit sha1_base64="kfnQoaIdRM5m6NWuwidf+eA7Ehw=">AAAB9XicdVDLSgMxFM34rPVVdekmWARXJVNKbTdScOOygn1AO5ZMmmlD8xiSjFKG/ocbF4q49V/c+Tdm2goqeuDC4Zx7ufeeMObMWIQ+vJXVtfWNzdxWfntnd2+/cHDYNirRhLaI4kp3Q2woZ5K2LLOcdmNNsQg57YSTy8zv3FFtmJI3dhrTQOCRZBEj2Drptk9jw7iSfcME9AeFIiohh2oVZsSvId+Rer1WLtehP7cQKoIlmoPCe3+oSCKotIRjY3o+im2QYm0Z4XSW7yeGxphM8Ij2HJVYUBOk86tn8NQpQxgp7UpaOFe/T6RYGDMVoesU2I7Nby8T//J6iY1qQcpknFgqyWJRlHBoFcwigEOmKbF86ggmmrlbIRljjYl1QeVdCF+fwv9Ju1zyq6XKdaXYuFjGkQPH4AScAR+cgwa4Ak3QAgRo8ACewLN37z16L97ronXFW84cgR/w3j4Bln+SlA==</latexit>

✏ ⇠ 1
<latexit sha1_base64="OMMsAzSbc9CUiz4sAJMJR+D1DEU=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFSalxHYjBTcuK9gHNKFMppN26GQSZiaFEvonblwo4tY/ceffOGkrqOiBC4dz7uXee8KUM6UR+rBKG5tb2zvl3cre/sHhkX180lVJJgntkIQnsh9iRTkTtKOZ5rSfSorjkNNeOL0p/N6MSsUSca/nKQ1iPBYsYgRrIw1t26epYjwRvmIxRI43tKvIQQaeBwviNpBrSLPZqNWa0F1aCFXBGu2h/e6PEpLFVGjCsVIDF6U6yLHUjHC6qPiZoikmUzymA0MFjqkK8uXlC3hhlBGMEmlKaLhUv0/kOFZqHoemM8Z6on57hfiXN8h01AhyJtJMU0FWi6KMQ53AIgY4YpISzeeGYCKZuRWSCZaYaBNWxYTw9Sn8n3Rrjus59bt6tXW9jqMMzsA5uAQuuAItcAvaoAMImIEH8ASerdx6tF6s11VryVrPnIIfsN4+Afkwkzw=</latexit>

✏ ⇠ 0.6
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Gauge/Gravity interpretation 

Spectra:

• Unstable excitation spectrum: short-lived excitations more 

unstable. 

• Quantities extracted from QNM dispersions (e.g. transport 

coeffs) can be sensitive to perturbations.

• Impact on hydro radius of convergence?


Transients: 

• Small error in theory may lead in a completely different 

equilibrium state. 

• For hydro modes: potential transient instability of flow 

patterns (c.f. turbulence in fluids).
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Summary

We have formulated the computation of the pseudospectrum in 
null coordinates as Generalised EV problem:


- Spectral instability for large enough perturbations.

- Potential transient instabilities and pseudoresonances. 

- Improved convergence properties!!!

Future directions

• Significance of results in physical situations [Cardoso et al.]


• Physical importance of potential transients [Carballo, Withers]


• Coordinate dependence
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Thank you for 
listening!
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Extra

Energy norm


Pseudospectrum definition:

<latexit sha1_base64="2yZT5TCfg5K0KS8oJpLemFkQqkI="></latexit>

�(A,B) = {� 2 C : det(�B �A) = 0}
�✏(A,B) = {� 2 C : 9 �Awithk�Ak< ✏ : � 2 �(A+ �A,B)}

<latexit sha1_base64="c55lvBqsBqESNEHIOd+y7an2DVk="></latexit>

E =

Z

⌃
Tab ⇠

ab d⌃ = h , iE =  ·G ·  

discretisation Gram Matrix


