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Motivations

« Ultimate goal: the S-matrix (of gravity
in particular).

 Gold standard: ACV, 90’s

* |n one sense, our paper = a step to
understand transplanckian scattering
on the celestial sphere

* And a proposal to obtain well-defined,
analytic, gravitational Celestial
amplitudes
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Motivations

 Examples in 2 to 2 scattering. Usual variables V”
momentum space variables : s,t

 Angular momentum diagonalises full non- S G

perturbative unitarity S(s, 1) — |S,(s) |2 <1 /

* Impact parameter shows eikonal
exponentiation:

\@/ : 1 ) Ig; " :K. N 2\4”. Ael’k(sa b) — eié(S,b)

VN

talk by

Simplifications occur because of symmetries and kinematical regimes

Celestial amplitudes = S-matrix for definite boost states.
Might tell us something nontrivial.
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Celestial amplitudes

2-10-2 massless scattering

£ Energy basis — Boost basis.
L S Nice transformation under

N SL(2,C)
S G S=a)2,t=—za)2 y
. |A,z>=j—”wﬁ|w,z>

)]
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. Stieberger Taylor; Gonzales Puhm
A(,B, Z) = J da) G)’B 1M(0)2, — Za)z) Rojas; Arkani-Hamed, Pate,
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Celestial amplitudes

Our concern here: are the resulting objects defined at all?

A, z) = J do o’ 'M(w?, — z0?)
0
J
Take a tree-level amplitude, M(s, f) = _ST
1 (%

— | doof le¥? = o(y)
< Jo

IS either non-defined, or badly non-analytic: at best a delta-function
fp=—Q2J—-2)+iy

[arXiv:2012.04208] JHEP 08 (2021) 062
Celestial Amplitudes from UV to IR

“Celestial amplitudes are anti-Wilsonian”
N. Arkani-Hamed, M. Pate, A. Raclariu, A. Strominger
43 pages [hep-th] [ APR S ]
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Celestial amplitudes

Our concern here: are the resulting objects defined at all?

o0
AP0y = | do o’ 'M@*, - z0°)
0 see however
7 [arXiv:2401.08877]
. . \) Distributional Celestial Amplitudes
Take a tree-level amplitude, M(s, 1) = —— M. Bori, Y. Pano
27 pages, 1 figure [hep-th]
1 0 PRI ' !jnterebsting a’lctempt at ]J‘ormalising
— — : istributi t
— | doo’ o = o(y) Celestial amplitudes
Z )

IS either non-defined, or badly non-analytic: at best a delta-function
fp=—-—0Q2J=-2)+1iy
[arXiv:2012.04208] JHEP 08 (2021) 062

“CeleStlal amplltUdeS are antl' WI/SOnIan 7 Celestial Amplitudes from UV to IR
N. Arkani-Hamed, M. Pate, A. Raclariu, A. Strominger
43 pages [hep-th] [ APR S ]
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Celestial amplitudes

 Same thing happens for any finite order in perturbation theory,
which produces w”(log(w))?

* But infinitely many terms can give nice, analytic functions. Take

J do @P~172-2e=0" ll—‘ é + 1
2 2

0

 Working assumption : this analyticity is desirable, how to restore

it?



Celestial amplitudes

 [APRS] argued that black-hole production at high energies
produces an exponential suppression that renders the integral
finite and exhibits nice analytic properties.

[arXiv:2012.04208] JHEP 08 (2021) 062

Celestial Amplitudes from UV to IR
N. Arkani-Hamed, M. Pate, A. Raclariu, A. Strominger
43 pages [hep-th]

[arXiv:0711.5012] Phys.Rev.D 77 (2008) 085025
High-energy gravitational scattering and black hole

resonances
S. B. Giddings, M. Srednicki

22 pages, harvmac. v2: minor corrections [hep-th]

A(a), Z) ~ e—SBH(a))/Z

[arXiv:0908.0004] Phys.Rev. D81 (2010) 025002

The gravitational S-matrix
S. B. Giddings, R. A. Porto

Rs(a)) — ZGNG) —> SBH(a)) — 472’GN602 46 pages, 10 figures [hep-th]

Entropic suppression 8
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Celestial amplitudes

 [APRS] argued that black-hole production at high energies
produces an exponential suppression that renders the integral
finite and exhibits nice analytic properties.

Analytic structure

Poles at negative f = — 2n, n € N

Regular for f > 0
Large > O limit: e 72(5/2)P?
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Our paper: eikonal,
celestial



Eikonal resummation

* ACV: eikonal captures small but finite angle at leading order

* No time to review transplanckian scattering in gravity, see

Zhiboedov'’'s lectures at Bootstrap conference, Madrid, 2024

e Eikonal captures exactly semi-classical motion in linearised

backgrounds 't Hooft

Kabat Ortiz

Shockwaves, BH, Kerr, .. Adamo, Cristofoli, PT
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Eikonal resummation

« Amplitude: \@/ R E ...

8t Gs? T'(—=iGys)
ﬂeik_ 't Hooft
t I'GGs)




Eikonal resummation

 Amplitude: \@/ S N B R U T
N

iy mass scale

for IR regularisation

2

—1Gs
 87Gs2T(=iGs) <4M2>
u

‘%eik_ .
t I'GGys)

Born Eikonal phase
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Eikonal resummation

« Amplitude: \@/ R E ...

—1Gs

87 Gs? I'(—=iGys)

‘%eik_
t I'GGys)

e (Celestial transform:

—iGw?
G (® [(—iG w?) [ 4 u?
Q[eik(ﬁaz):__J do P! (.1 a))( //l)
0

Z ['GG w?) \ w?z
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Celestial eikonal amplitude

Z ['GGw?) \ w?z

—iGw?
G % IN—-iG 2 4 2
‘Q[eik(ﬁaZ)=——" da)a)ﬂ“ ( : a))(i)
0



Celestial eikonal amplitude

—iGw?
G (® [(—iG w?) [ 4 u?
ﬂeik(ﬂ’z)z__[ do o’ (—1 a))(i)
0

Z ['GGw?) \ w?z

1. Dimensional analysis factors out G: & ,.,.(f3, 7) ~ G P? X f(p,z)

2. Change variables from w? >

16



Celestial eikonal amplitude

~ . 5 —1®
1 J L Do) (4
zGPI? |, ' w) @7

1. Dimensional analysis factors out G: & ,.,.(f3, 7) ~ G P? X f(p,z)

A (P, 2) = —

2. Change variables from w? >
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Celestial eikonal amplitude

~ . 5 —1w
1 J' dwwmr(—la)) 4
2GP2 ), [iw) \ wz

1. Dimensional analysis factors out G: & ,.,.(f3, 7) ~ G P? X f(p,z)

‘Q[eik(ﬂ ’ Z) —

2. Change variables from w? >

o0

3. Of the form J' dow o”? ¢ @)
0

4. Analyticity in f : two regimes, f — 0O and f — oo
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n,m

| - o1
I'(—1w) .
J dw w?” ( . )e1 @log(®) — E C dw 0" @™ log(w)"

Poles at negative integers of higher and higher degree

IR effects, expected to receive perturbative corrections.

Residues at poles involve only single valued zeta-functions

[N(—iw)

= —exp(2i e
19 Iiw) xp(2i75 W) Xp[’; 2k +1

2¢(2k+1) .



w — OO

ro BI2 F(_ia))a)ia)

do @ ,
i I'(1w)

e Universal part

» Convergence: for large w, use Stirling to simplify integral to

» 00
do a)ﬂ/Z ela)w21 0,

oJ

* Elementary calculation shows the convergence of the integral

r OO

« Compare with Gamma function I'(x) = do o’ e
70

 We called our function the Eikonal Gamma function.
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Summary so far

 Eikonal phase regularises the Mellin integral

e Since the true, full gravitational amplitude contains this eikonal
factor (for z small but finite), this is the first indication from an actual
calculation that the celestial gravitational amplitude actually exist.

* Properties:

» Analytic in f3, appart from poles at f = — 2N — 2 corresponding
to IR physics (non-universal)

* Residues at poles involve only single valued zeta-functions

« Comparison to APRS and BH toy-amplitude? -> Large [

21



Large positive /7 of Celestial eikonal

e Saddle point at @+ ~ logiiﬂ) : semi-classical boost /
conformal dimension of exchanged operator ?

* Yields: ,B B
| o iy | ~ ( ) e’
log(p)

 Compare with BH ansatz of APRS:

p
| Ay~ T(B) ~ P e weik(ﬂ,zn%( P ) o
log(p)
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Comments

p
| A g(B.2) |2~ T(B) ~ e Meik(ﬁ,zn%( P ) -
log(p)

Exponential BH suppression ~_
Exponentially large in
Oscillating eikonal phase e

2. Apy(p)> A ;1 (p)

3. Implication for the spectrum & Regge trajectories

of a putative CCFT ?

23



Dispersion relation

Can we compute the full integral? Not yet, but:



Dispersion relation

Can we compute the full integral? Not yet, but:

w

T —lw

SN —1 3 F(—lw) 4’&[2

o d =0
© XCG “ 2G5/2z7€; W I'(iw) (wz)

Cr

Two unknown functions, but can’t close the contour above !

Miss one relation 1?
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1-to-1 probe scattering

usual story in flat space:
BRI T S %
't Haobf

Correspondence between 2-2 eikonal scattering

and

probe 1-1 scattering in background generated by the other particle
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1 to 1 probe scattering

* |In the paper we also study the 1-to-1 amplitudes in various
linearised (eikonalising) spacetimes: shockwave, linearised BHSs,
etc.

* Important unnoticed subtlety on Mellin transform in these
backgrounds

 We define a map to relate both results

* Important avenue because those kind of line operators play
important role in AdS holographic duality
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Other works on eikonal amplitude

* Focussed on link with shockwave spacetimes. Dropped non-
trivial terms of the eikonal phase.

[arXiv:2206.10547] JHEP 03 (2023) 030
Eikonal Approximation in Celestial CFT
L. P. de Gioia, A. Raclariu

l[arXiv:2207.13719] JHEP 10 (2022) 073
Celestial holography on Kerr-Schild backgrounds
R. Gonzo, T. McLoughlin, A. Puhm
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Conclusion

* Eikonal phase makes Celestial amplitudes analytic and well-
defined

* Proposal: should be part of the definition of any non-perturbative
Celestial gauge or gravitational amplitude

* Also: our paper = first step to translate ACV to the celestial
sphere

* Important overlooked aspects of Mellin transform of Shockwave
spacetimes
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Prospects

 Can we extract any information on the spectrum of the putative
CCFT ?

* Can one get a closed form for the Celestial Eikonal amplitude ?
Improve the dispersion relations ?

* Longer term goal: build full model for amplitude which
encompass eikonal+radiation all the way to BH formation ?
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Derivation of 4-pt Celestial amplitude

. _[rrdei A _
o a)i

 Trivial manipulations give kinematic prefactor and
A(A; 7, 7)) = XA(P, 2)

{13424
. Where [ = ZAZ'_ ] and z = —
<12434

[Stieberger, Taylor; Pasterski,
Shao, Strominger; Gonzales Puhm
Rojas; Arkani-Hamed, Pate,
Raclariu, Strominger]
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