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Motivation

Non-rational CFTs are ubiquitous (e.g. the free boson)
RCFT methods to determine boundary states don't always translate to

non-rational CFTs.

We may need different methods for non-rational CFTs.

We study free boson boundary states as a lab to study the distinctions

between these methods
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Boundary states

® The boundary conditions of 2D CFT on a boundary <>Boundary states || B, ).

® A CFT contains primary fields ¢; <> primary states |i). P

® Spin zero primary states |i) <> Ishibashi states |[i)). Free boson
e Constructing ||Ba)- Problems vith

states

||Ba >> = Z AalHZ» Density of
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Compact free boson

e Compact boson - X ~ X +27R

® Classical solution (o =1)

Motivation

Free boson

X(2,2) :xo—i(lenz+pRan)+z' Z
2 n=1V2n

= X1 (2) + Xgr(2)

Density of
states

where

pL=%+mR pR=%—mR (n,meZ)
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Ishibashi states for free bosons

® Primary fields (type 1)

Vim(z,2) =1 e

® Ishibashi states (h = h)
[1(n,0)) 1I(0,m)})

ik X1 (2)+ikrXR(Z) .
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® Primary fields (type 2)

Vi (2, 2) = NVi(2)Vi(2)

where du ‘ ‘ Motivation
VJ(Z) _ ( ou :e—2zXL(z+u) . :622XL(z) . .
27r ree boson
i Proble: with
® The conformal weights ez
Density of
states

(Vi) = (Vi) = J°

® |shibashi states

I, 71)
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Boundary states for free bosons

* Boundary states, at any radius®

\Dsao) (z I+ % e-""%/Rn(n,m»)
V30 = (2( DI + Zoe-"mm°||<o,m>>>)

1See for example M. Oshikawa and |. Affleck 1997
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* Friedan-Janik (FJ) boundary state (at any radius)?
|F(cos)) =C(0) Y. Ps(cosO)||[J,J]) (-1<cosf<1)
J=0

where
Pj(x) are Legendre polynomials

2R. Janik 2001
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Problem 1

e Continuous open string spectrum?
~ ) qﬂ _ q(J+1)2
(F(cos01)|q"|F(cos62)) = C(61)C(02) > P(cos 1) P(cosby)————— Motivation
J=0 U(Q) Free boson
o Problems with
- FJ states
= _/0\ dh p(h)xh(q) Density of

states

® We calculated this p(h) (coming up)

3R. Janik 2001

Hassaan Saleem (Eurostrings 2024) CO>«Fr» «E>» <« E)»



e Compare it with the open spectra of Dirichlet and Neumann states

(D;xolg”|Ds2h) = > x

meZ Rz(m

(N5 Zolg™ IN; E) = X x| (me

meZ R2

® Discrete open string spectra here
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Problem 2

® Cluster condition
_ k
Bon'Baj = ZMz‘jBak
k

Where Motivation
Aai ] ]
k k ] ] Free boson
BOé’i = M’Lj = CszkO B . :
A 0 (3 1 Problems with
@ FJ states
Density of
states

* FJ states satisfy cluster condition for i = ||[J, J])), j =||[J',J']). What
about other primaries?
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New Ishibashi states

® Derive new Ishibashi states

1
1(n,0))+ = %(Il(n,o)»ﬂl(—n,o)»)
1
1(n,0))- = G (lI(n, 0)) = l[(=n,0)})
10.m))s = 7= (1(0.m)) + (0. ~m)))

V2
1
1(0,m))- = Y (11€0,m )} = {10, =m)})
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=

. coefficients

Dirichlet and Neumann states satisfy the cluster condition

Use this fact to derive MZ; coefficients

® Some relevant Mi]; coefficients*
Moti n
Free boson
(S]] [J,J] :
Z M(TL 0)+('rL 0)+ Z M(O m)+(0 m)y =1 Ejosbtl:tr: with
Density of

states

Z M(n 0)-(n,0)- — Z M(O m)-(0,m)- ~ =1

*Y. Cai, D. Robbins, HS (to appear)
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Mll; coefficients from FJ states

e |f FJ states satisfy cluster condition, then we have

Z M(n O)i(n 0). Pjy(cosf) =0

Motivation
— Free boson
Z M(O m)i(o m) PJ(COS 9) - O Problems with
FJ states
® Using orthogonality of Pjy(cosf) we get Density of
[J,J] [J,J]
M0y (n.0). = My, 0m), =0
[, 7] [J,]]
M 0)-(m.0)- = M0y 0,m)- =0
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Problem 3: ¢ function
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® Partition function on cylinder with length [, circumference L with boundary
conditions « and (3

Zap(l,L) = (ole™|B)
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® |ong cylinder limit
lliglo Zocﬂ(l? L)= gagﬁe_lE

® g, is g function of ||a)) - boundary entropy of ||}

Hassaan Saleem (Eurostrings 2024)
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g function examples

* g function for ||N; ), ||D;3) and ||F(cosf)) states

R
IN(a) = ﬁ
1
9p(B) = /3R
gr(9) =C(0)
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Gaberdiel Recknagel states

® Gaberdiel Recknagel (GR) states are at rational multiples of self-dual radius

M
R=— (M,N €Zs)

e States® Motivation
vVMN a ; .
lghar,n = 5 > (PN Py(9))h nlldym,n) Free boson
2 j7m7n Problems with
FJ states
where g € SU(2) and Py, Py, are projection operators. Density of

states

* g function of ||g) s, states

v M
9g,M,N = w

=

®M. Gaberdiel, A. Recknagel (2001)
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* For any real R, there exist sequences { M, Mo, ...} and {Ni, Na,...} such that

Motivation
. M,
hm - = R ee boson
koo Nk Problems with
FJ states
® For irrational R, the sequences {Mj, My, ...} and {Ny, No, ...} diverge. By of
states
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® GR states in irrational R limit become Friedan states. Write g € SU(2) as

b .
g ) (_(Z* a/*) Wlth |a|2 + |b|2 = 1 Motivation
Free boson
then we get Ejosbtl:trzz with
Density of
lim |[g)arn = ||F(cos@)) with cosf = 2|a]* -1 states
M,N—oco
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® This implies the following

gy =, Hm ggarN

,N—o00

e i T

® The normalization parameter diverges!
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Density of states p(h)

® \We saw that

(F(costn)lq"|F(cos2)) = [~ dh p(h)xa(@)

e What is this p(h)?

Density of
states
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® Define three regions for every n € Zsg

2 2 2
1 ) 1 ) 1
I, : n ( 21 1) U —(n+1— 2 1) ,=(n+1)2

4 4 2 4 2w 4 Motivation

- 2 2 — 2 roblenr ; vith

I, : l(n+t92 91) 1( 02+01) U 1(n+1—02+6’1) ,l(nJrl—e2 01) Fstores

4 27 "4 4 2w 4 2m :

1
4

Density of
924—01 2 1 92+01 2
i, ( ) ,—(n+1——)
27 4 27

states
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® The expression for p(h)

0, region |,
21/2C(01)C(02) 1—cos(4nv/'h) _ cos(02-01 )—cos(4m\/h) .

p(h) = h COS(47T\/E)—COS(91+92)K cos(4mv/h)—cos(01+62) ) region ”n
2v/2C(61)C(62) 1—cos(47\/h) _ cos(f2—61)—cos(01+62) .

~/h COS(91+62)—COS(47T\/E) ( cos(91+92)_c05(4ﬂ-\/ﬁ)) region I”n

where
du

1
K= |, et

is the complete elliptic integral of the first kind.
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p(h) for typical 01,60,

p(h) value with random 6; and 6>

o

6,=1,6,=%

Non-zero p(h)
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p(h) for 91 = 02

p(h) value with 81 =62

6, =6, =0.01
6,=6,=0.1
6,=6, =1
Non-zero p(h)
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p(h) for 91 = 02

L4 FOF91=92=6

Motivation

: V2 IC (1)|2 n’?
lim p(h) = Z n0
but Problems with

) n? FJ sta
[ dh Z Cn(s (h - _) = 0 Density of
0 Py 4 states
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p(h) for 02 =T — 61

® For Oy = — 61, we have

100

olh) value with 81 =€,6,=n1— &

80

60

40

£=0.01
£=0.1
e=1
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Thanks for listening
Questions?
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