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Non-Invertible Symmetries
In a relativistic QFT

ordinary (invertible) global symmetry =- topological defect
Is the converse true? Already in 14+1d topological line defects satisfy

Lox Ly=Y NgpLe, NS € Nxo

For the converse to be true we need non-invertible symmetries

o Symmetries do not follow a group-like composition

o Not every symmetry generator has an inverse £ x L7t =1



Non-Invertible Symmetries
In a relativistic QFT

ordinary (invertible) global symmetry =- topological defect

Is the converse true? Already in 14+1d topological line defects satisfy

Lox Ly=Y NgpLe, NS € Nxo

For the converse to be true we need non-invertible symmetries
o Symmetries do not follow a group-like composition
o Not every symmetry generator has an inverse £ x L7t =1

Consider duality defects

: QFT Q with finite and non-anomalous symmetry G has a
non-invertible duality symmetry when

Q~ Q/G(P)



Duality Defects: Half Spacetime Gauging

Example: 4d Maxwell theory at 7 = iN

o Electric symmetry: symmetry operator 17 = exp § xF acting on
Wilson lines. Gauging Z(A}) C U(1)£1) rescales A — A/N or 7 — 7/N?

o S-duality: isomorphism between the theories at 7 ~ —1/7
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Fusion rule gives a condensation defect, gauging ZE\}) on a codimension

one submanifold (one-gauging)
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Duality Defects: 't Hooft Anomaly

4d QFT Q' with Zgo) X Zgl) symmetries and a mixed 't Hooft anomaly

77/ A1)y 179(3(2>), OMs = My, My spin
Ms 2

In QO = Q’/Zgl) the defect D generating Zgo) is not gauge invariant,
however it gives rise to a non-invertible symmetry coupled to a TQFT
such that the anomaly vanishes

N =DoA%  A%! = U(1)2 Chern-Simons theory
N x N = C,m, as AL x A = Zy gauge theory
N

o Examples include time reversal in 4d YM and the axial symmetry in
4d QED and QCD

o Duality defects constructed in this way can be obtained via half
spacetime gauging, viceversa is not true



SymTFT

Non-invertible duality defects can be conveniently described by the
Symmetry TFT ,a TFT on a slab in d+1 which

decouples the dynamics of Q from its symmetries G(P), and is
independent on topological manipulations of Q

On the two ends of the interval one imposes boundary conditions

top: (D(A)| => d(a—A)(al, (N(A) =) exp <—i/a U A> (al

phys: |Q) = Z Zolalla), a set of flat connections of G(P)
a

Q (D(A, B)| Q) Q/GW  (N(A,B)| Q)




Group Theoretical vs. Intrinsically Non-Invertible

A non-invertible duality defect N in Q is said group theoretical if it can be
mapped via a topological manipulation (e.g. gauging) to an
invertible defect in Q. It is denoted intrinsic otherwise

= All duality defects constructed via a 't Hooft anomaly are group
theoretical. Intrinsic non-invertible ones only via half spacetime gauging

Given a generic duality defect, the SymTFT, being invariant under

topological manipulations, can be used to determine whether A/ is group
theoretical
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A non-invertible duality defect N in Q is said group theoretical if it can be
mapped via a topological manipulation (e.g. gauging) to an
invertible defect in Q. It is denoted intrinsic otherwise

= All duality defects constructed via a 't Hooft anomaly are group
theoretical. Intrinsic non-invertible ones only via half spacetime gauging

Given a generic duality defect, the SymTFT, being invariant under

topological manipulations, can be used to determine whether A/ is group
theoretical

o The SymTFT of a theory with invertible symmetries is a gauged
anomaly theory, that is a Dijkgraaf-Witten theory, and viceversa

o Example: in 4d gauging in half of spacetime Zg\:,l) gives rise to group
theoretical defects only for N = LM where —1 is a quadratic residue
of M



Non-Invertible Duality Defects in 3d

o Group theoretical duality defects starting from Q" with a mixed 't

Hooft anomaly between Zg?i X Zgg X Zgl)

=1In Q= Q’/( 2 2 X Z(l)) the anomalous symmetry Zgof gives
fise to a non-invertible symmetry



Non-Invertible Duality Defects in 3d

o Group theoretical duality defects starting from Q" with a mixed 't
Hooft anomaly between Zg?i X Zg?% X Zgl)

=1InQ= Q’/(Zgog X Zg)) the anomalous symmetry Zgoz gives

rise to a non-invertible symmetry

o In the goal is to construct duality defects via
half spacetime gauging: Q with ZE\(,)) X Z(,\}) symmetries and
vanishing 't Hooft anomaly, and

0~ 0/(z{ x z{}))

The fusion rules are: No x N = CZ(I) X C_(0) where the rhs
N

corresponds to gauging on a codimension one submanifold

(one-gauging) Zs\?) X Z(,\})



4d SymTFT

Not assuming Q ~ Q/( N x Z )) the SymTFT is a 4d BF theory

A7

Spd = — ((531Ub1—|—(532Ub2),
N Jm,

With line and surface operators generating Z(,\?) X Z(,\?) X Z(,\}) X Z(,\})

2mwi 2mi
Lippy(v) = exp ( N 7{/181) exp < N 7{/232)7 (h, k) € Zn x Zy,
v v

27 2mi
S(s1,)(0) = exp (N j{ S1b1> exp (N f 52b2>, (51,%2) € Zn X Zn.-

There is also a ZEM electromagnetic exchange symmetry
(a1,a2) — (—a2, a1), (b1, b2) = (—b2, b1)

generated by a condensation defect C o) x C (1), 1-gauging Z(,\?) X Z(,\})
N

N



4d SymTFT for Duality Defect

Twist defect generating one-gauging on OM3 = Mb, imposing Dirichlet
boundary conditions on M5

V(0.0) (M3, M2) = C,) (M3, Ma) X C_0) (M3, Mp)
N N

Imposing that Q ~ Q/( N x 7 )) is equivalent to gauge ZEM, the bulk
of V(g,0) becomes transparent



4d SymTFT for Duality Defect

Twist defect generating one-gauging on OM3 = Mb, imposing Dirichlet
boundary conditions on M5

V(0.0) (M3, M2) = C,) (M3, Ma) X C_0) (M3, Mp)
N N

Imposing that Q ~ Q/( N x 7 )) is equivalent to gauge ZEM, the bulk
of V(o,0) becomes transparent. Upon shrinking the slab:

Q (D(A, B)| Q) Q (D(A, B)| 19)
_/\/’.2 LTI : “ J\/’:_) ovennn : ‘9
0/@Vxzl) z=0 a=c @/@QxzM)=0s=0 w=¢

o The SymTFT becomes a ZEM gauged version of the 4d BF theory

o Full symmetry is higher categorical analog of the
Tambara-Yamagami category, TY(Z%’) X Zs\}))



U(1) x U(1) Gauge Theory

Combining gauging a subgroup of ZS\?) X ZS\}) C U(l)g\g?l X U(l)f_cl)2 and
S-transformation

T=le /e, T—-1/T

As in 4d Maxwell theory, the effect of gauging o is
o 70 Ay — AiN or e — e N
o Z\1): Ay = A1/N or 3 — e/N
At e; = &N (7 = iN) the combined action gives rise to duality defect

S

g

T TN? —N271

The worldvolume of the duality defect is

iN
S=1 / (dpf A AR + 6F A dAb)
27T x=0



Product Theories

From a 3d QFT 7 with anomaly free symmetry G(©), consider
Q=T x(T/G9)

(for lattice theories ). It admits a
non-invertible duality defect as

Q~ Q/(G® x 5(1)), G “quantum symmetry” of 7/6©)
As an example take 7 = SO(N)k with N adjoint scalars
o N,K,N¢ =0 mod 4 with symmetries Zgl) X ch X ZQ/’ and a mixed 't

Hooft anomaly. T/(Zgl) x 7.5) has group theoretical duality defects

o Generic N, K, N¢, the magnetic ZQ/’ is always present. Then
T /ZY = Spin(N)k with Nf adjoint scalars and Q = T x (T /Z)
has a non-invertible duality defect



6d N = (2,0) SCFTs

Start from 6d N = (2,0) SCFTs of type Ay_1, a relative theory on the
boundary of a 7d TFT, and compactify on M3 (
for My, My)

N N ..
S = — cANdc — Spq=— Q’J/ a; N\ db;
47 My 47 ; My ! J

ai:/ c, bi :/ c, Ciﬂ?i basis Of H2(M37ZN)7H1(M372N)
Gi ni

o A choice of polarization \; C Hi(Ms,Zy) ® Hy(Ms,Zy) (maximal
isotropic lattice), determines the symmetries of absolute theories in 3d

o On top of gauging, also MCG(Ms3) (group of diffeomorphisms of M3
connected to the identity) transforms between absolute theories



Connected Sums of S? x St

MCG((S? x S1)#(S% x S1)) = (Z3 © Z3) x Z, and the overall Z; factor
switches the two S? x S! components

S:(82x S (52 x SY),.
Absolute theories N = p, [; € H1((52 ),‘,ZN), S € H2((52 x St ,',ZN)

)
A3 =(h,s) — ZSI)E X Zg?,)\,,, Ny = (h,s1) — ZE,I)\A X ZESI)E

Combining action of gauging o and

/;\ S gives back A3 but a different

value of the coupling constant
As Ay

i V0|(52 X 51)1
N VO|(52 X 51)2

At vol(52 x S1); = vol(5? x S1), we have a non-invertible defect



Conclusions
We have found:

o Non-invertible duality defects in 2+1d via half spacetime gauging
and studied the SymTFT describing them

o Various theories admitting such duality defects: U(1) x U(1) gauge
theories, product theories and via compactification

Future directions:

o Study conditions under which the duality defects are group
theoretical

o Find 3d gauge theories admitting duality defects and which are not
product theories, using the large web of dualities in 3d

o Consider deformation triggering RG flow and preserving the
non-invertible symmetry to study IR phases of 3d theories



