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* Holographic Principle: In quantum gravity, the physics of the interior of a region can be entirely
described by the degrees of freedom on the boundary of that region.
(‘t Hoft 9310022, Susskind 9409089. )

o AdS/CFT duality: In its most general formulation, is an equivalence between a (d+1)-
dimensional gravitational theory on and asymptotically AdS space time and a d-dimensional
conformal field theory (CFT) located on the boundary at spatial infinity.

* Most studied case:
String Theory on AdSc XS = (N =4,d=4) SUN) SYM — theory

gs L gym = 4mgs A=gyu N
% \ % \

String Coupling AdS-Radius Yang-Mills Coupling ‘t Hooft Coupling

L2 1
— = gymN>2

ar
(Maldacena/9711200; Gubser, Klebanov and Polyakov/9802109; Witten/9802150.)
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* In the very large N limit, the curvature of the dual geometry vanishes, and string theory in flat
space should be recovered. (Polchinski/991076, Susskind/9901079 ).

e Asthe AdS radius approaches infinity, flat space geometry should be recovered. In principle,
this could provide insights into quantum gravity in flat space by exploring the flat limit of the
AdS/CFT correspondence.

* The flat space limit establishes a connection between the coefficients of the effective action in
AdS and those in flat space. This relationship could potentially determine the electromagnetic
form factors in AdS based on their established values in flat space.
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Motivations

The flat-space limit also provides a link to flat-space holography: the duality between (d+1)-dimensional

gravity in asymptotically flat spacetime and lower-dimensional (d or d-1) field theory located at infinity. (Alday,
Nocchy, Ruzziconi and Srikant/2406.19343.)

* For massive particles, there are proposal suggesting
that the dual theory may be located at either timelike
infinity or spacelike infinity.

e To further explore this connection for massive particles,
a detailed understanding of the flat limit of massive
particles is essential.
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Motivations

 We describe the flat limit as a simple yet physically interesting setup.

3-point CFT correlator involving 3-point function of an abelian

a conserved current and two <:> gauge field with a massive spin-1
spin-1 operators in momentum complex Proca field.

space.

* Qur goal is to derive the scattering process of a photon with a massive particle from flat limit CFT
correlators. it

ﬂ"'

|:> i’

* In momentum space, both sides of the duality need to be determined.
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Momentum Space non Conserved Spinning Operators

 The CFT 3-point involving a conserved current Ju(p) and two non conserved spin-1 fields of
conformal dimension A, Ox(p) can be expressed as:

A = (2m) 6% (py + pa + P3) ((OR (P1)T"2(p2) O (P3)))
The current is decomposed in its longitudinal and transverce components

Ko v
- v v v DPaD
J(P2) =7, (02) T (D), (pa) = M — 22, Py Ty (P2) = 0
2

* The form factors of the CFT- correlator are obtained by solving the momentum space CFT-Ward
identities.

DAéLleMB — K:MAgIMQMS — 0
— N

Generator of the Dilatations Generator of special conformal transformations
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Momentum Space non Conserved Spinning Operators

* Focusing on the transverse part:

{(OF (py) §*2 (p2) 052 (p3))) = (- py)H2 AF1Hs 4 h2ba Bis o ph2iis (Ol
w=1...d

» The form factors A;, i = 1,..5,B;and C;,i = 1,2 depend on the magnitude of the momenta.

Aribs = Ay SR 1 Ag pit (pr + p2)!® + Az pht (pr + p2)He + Ay piphd 4+ As phtph?
B" = Bj (p1+p2)"® + By ph®;
C‘Hl — Cl p;l“ -+ 02 pgl .
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Momentum Space non Conserved Spinning Operators

* Focusing on the transverse part

» The form factors A;, i = 1,..5,B;and C;,i = 1,2 depend on the magnitude of the momenta
and are antisymmetric in the exchange of (i1, p1) and (uz, p3) —Az= A4, B = Cy,B; = —C).

Ay = —asJ2q0,1,0y + a1J1{0,0,0y s A2 = —asJ3y_12,—1y T a2Ji{—1,0,—1) + 2042y 11,1} ;
Az = G5J3{0,1,—1} — a4J2{0,0,—1} ; As = CL5J3{0,0,0} ; Bo = —G5J2{0,0,1} + 52J1{0,0,0} :
Bi = —asJ2101,00 +b1J1701,-13 + (b1 — b2)J171,0,—13 + (b1 — b2 + a4)J10,0,0} ;

» Triple K Integrals - 3
d _ Aj—L 4k,
JN{klngka}(plap27p3) = f de 2tV sz ’ KAi—g-H{:@' (xpz) y
0 i=1

Modified Bessel function of second Kind
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Momentum Space non Conserved Spinning Operators

* Only three parameters are independents

a1 = (d—2)Aas — (A—1D)as+by ; a2 =2(d—2)Aas — (28 +d — 4)as + E5=Db,

2A—d)
by = é(A 1)b
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BULK Theory 3-Point Function

* The most general Euclidean bulk action linear in the gauge field 4,;, (M=1,...d+1) and quadratic in
the Proca fields, in d+1 AdS-spacetime and up to 3 derivative terms is:

1 1 1
S = f d VG [— (R—2A)+ ~FMNFyn + Wiy WY +m2wy, w
167TGN 4 2

—igaFMNWE W + igBFMN (VMW;;VPWN _ VMWPVPW;'{,)] ,

Fyn = O0uAN — OnAy A-Cosmological constant Wun = (Vv +igAu)WN — (Vv +1gAN) W

v We Fourier transform the boundary coordinates (x,x*) - (z,k*), (u = 1, ...d) and choose the axial
gauge Ag(z, k)=0.
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BULK Theory 3-Point Function

v" For the three-points we need the perturbative solution of the gauge field up to the first order in the
gauge coupling.
Au(z, k) =K Y (2, k) Aoy (k) + / dwVG G (2, w; k) JY (w, k),
“ N AW

Bulk-to boundary propagator Boundary value of gauge field Bulk to bulk propagator

v’ For the 3-point function we only need the free classical solution for the massive fields since it is
determined through the back reaction of the massive fields to 4,,.

Wi (2, k) = Kyj' (2, k)wu(k) 5 Wiz, k) = K,f (2, k) w,(k)
N\ e

Bulk to boundary propagator
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BULK Theory 3-Point Function

v The Proca fields are dual to the boundary operators (0, their mass is related to the conformal
dimension A by :

L*m*=(A-1)(A+1-4d)

v The flat limit that we shall consider consists in taking L, A — oo kepping finite the mass of the particle.

v According to the AdS/CFT correspondence the on-shell bulk partition function is the generating
functional of the dual CFT-correlation functions.

v' The generator of the connected QFT correlators is the classical on-shell action.
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BULK Theory 3-Point Function

* Holographic Renormalization: To regularize the on-shell action we restrict the radial coordinate @ =
2

- > € and add counter terms to cancel infinities. The full renormalized action is:

Sren = lim (Sreg + Ser)

e—0

v" From the renormalized action one gets the exact renormalized 1-point function

(TH) = im0

— GHT d 0
iy 7 (g = O AV i)

v The CFT 3-point function of a conserved current and two spin-1 operators is obtained by
differentiating with respect to the sources

3% #( (o _ 52(*-7“(1’.2)) __ SuT d w A w: T 52‘])\( )
<O (wl)j ( 2)0 ( 3)> 6W;£0)( )(5W*(0)( ) = 0 /d yd \/EKT( ) 27y) 5W(0)( )5W*(0)( )
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BULK Theory 3-Point Function

v The CF The CFT 3-point function obtained from the bulk dual theory exactly matches the boundary CFT result after identifying
the bulk parameters with the three independent CFT coefficients:

__(A_l)(_a4+(d_2)a5)‘|‘b2 . a__(A—l)(—a,4-|—da5)-|—2a5—b2 _ ,8—— a5L2
J= 2Cy T (A=1)(—ag+(d—2)as)+by T T (A—=1)(—ag+ (d—2)as) + by
92— 4 9§+1-A 2 A1
“= T [r(a—%)] e

v The number of the bulk parameter coincides with those of the CFT and we spann the full 3-
dimensional CFT space.

v’ Each coupling in the bulk, whether minimal, gyromagnetic, or quadrupole, is consistent with

the CFT 3-point function on its own, because the bulk action remains AdS-invariant for any
value of the coupling
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Flat Space Limit of AdS Metric and Isometries

e AdS- metric in the Poincaré coordinates

L2
ds® = — (d,22 + 6de“dx”) ; % = (z,2")
2

v" In the limit L — oo the Riemann, Ricci and scalar curvatutes vanishes getting the flat geometry.
v’ To analyse the flat limit, it is convenient to parametrize the radial coordinate as:

Z x
— =etl : TEC (_Ooa 00) Gubser,Klebanov Polyakov/9802109

L Yue-Zhou Li/2106.04606

v’ In the large L limit, T becomes the (d + 1)" flat (euclidean) time direction and the AdS-metric

reduces to Minkowsky one:

. 1
@ ds®> = (dt)* +e 214, drtdx” = 6pdrdz’ 4+ O (E)
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Flat Space Limit of AdS Metric and Isometries

* The isometry algebra of Euclidead AdS,;.,1 isso(d + 1,1)
\Map,Mcp] = nBeMap —nacMpp +napMpc —nepMac

Nag = (+,...,+, —) , AB,C,D=1,2,--- d+1,d+2 = {a,d+2} = {u,d+1,d+2}

v' Indnii-Wigner contraction: Upon splitting the (d + 2)" component of the algebra and writing
Myai2 =LP,

[Ma,ba Mc,d—|—2] — 5bcMa,d—|—2 — 5ach,d—|—2 ) [Ma,,d—I—Qa Mb,d+2] — Ma,b
— [Maba Pc] — 5bcPa - 5ach 3 [Paa Pb] = 0
L—>00

(d+1)-dimensional Euclidean group

v" In the flat limit, the (Euclidean) AdS isometry algebra reduces to the algebra of the Euclidean group.
Upon Wick rotation this becomes the Poincaré group.
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Flat Limit of the Three-point

T

* We shall consider the flat limit L, A = co while keeping T (z = L eL ) and the bulk parameters, m, g, a
and f finite.

v' The flat space limit of the bulk-to-boundary propagator determines the external leg factors of the
corresponding fields.

v’ The flat limit of the bulk to boundary propagator of thre Proca-field requires uniform expansion of the
modified Bessel function:

T % e_Vg(z) 9\ 1 z
Ku(f/z) L = (2]/) (1+22)4 ? f(Z) — (1 + 2 )2 —|—1Il (1 4+ (1 _I_Z2)%)
- 1 , , L —m L—¥ - (L47) 1
B T\2 _1 —vVk24+m?2(L+< _
Ka_ay(2k) = (QL) (% +m7)~1 (m+m) c +O(L)
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Flat Limit of the Three-point

v" In the limit, the Proca field turns out to be:

— 1 1 [kt
Wo(k) = W, (k) e VE +'"”+o( ) Wa(k):—(iﬂ,www”)j

L= VvV Zw m
T =08, + Fp K 1 ol-mLps [ o~ LVEZ+m? (m 4+ vVm?2 4+ k2)m
T m(m 4+ VEZ + m?2) =
vV Zw ['(mL) \/2\/ k2 + m?
v’ The uplifted (d+1)-dimensional Euclidean momenta: ¢“ = (£ivVE2+m2 k*) |, ¢* = —m?
1
v’ The gauge field in the flat limit becomes: Au(r k) = Age™ 7, A, = (0, WMV\/T—AA’(“LO)U‘C))
1 1 d-3 _d-3 rd
=72k 2 L= eFl
VZa
v" The (d+1)-dimensional null momenta is defined as:
¢" = (¢",¢") = (Fik, k"), ¢° =0aq"¢" =0
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Flat Limit of the Three-point

 The 3-point CFT d-dimensional correlator in momentum space are expressed in terms of triple-K
integrals. Their flat limit reads:

m Ltk 0., 0, 0
(2m)d(q; + g5 + q3)

TNy = (—i) TR N (Z)?’/ 2 (m—ig))" TR o)z, (m— ig])

2 ¢\ q9

||:> Emerging delta-function over the energies

v’ At the leading order in the AdS-radius L the correlator becomes:

PIRLELE — 271 ('Y + {0 4 O g CHaH2p3
3 I (% 2 93 )\/Zwl Za Zow,
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Flat Limit of the Three-point

v' with

p,
p1' Py (p1 + p2)*2 p2
CHik283 — _ (] K2 M1 H3
1+ ) [("7 +m(E1+m)) ( Es+m e

TENWY H1 H1 M3
4+ (T]M‘UJS + P3 DP3 ) ( P1 P2 _pELl)] o QPI#WMMQ [77”1“3 . P1 P2
m(E3 +m) Ei1+m m(E, +m)

Lo2nt ()t 2Bl (it pe) L ph' (o +'p2)“3]

(E1+m)(E3+m) m(E1 +m) (Es +m) m(FEs +m)

pi' B2 (p1+p2)* B2 py' (p2+p1)* By N Pyt Py P2 2 pgal

+2 Hp2
Bpium [(E1+m) (B3 +m) (B3 + m) Ei +m
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Flat Limit of the Three-point

v By using the polarizations suggested by the flat limit of the Btb-propagators

(p-e) (p-e) A y
5ZV:< — ’8“+m(E+m)p“ ;oen = (0, mu€”),

v" In the flat limit, the d-dimensional correlator dressed by the (d+1)-dimensional polarization vectors:
C = 2(81 -83)(82'kl)—l—(l—I—Oé)(EQ-El)(Eg-kg)— (1+(}£)(€2'€3)(61 'k2)+2,6(€2 'kl)(gg-kg)(é“l kg) .

This is exactly the (d+1) dimensional three- point amplitude, ]\/[Bf‘1”2”3, stripped by the delta over
the momenta, of a photon in interaction with two complex Proca fields.

hm _\/ZW12A2W3 A“l#QlJJB — 5( ( )_|_q(2) _l_q(?)))Mng#QM?)

L—oo 27
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Conclusions

* We have solved the CFT Ward identities defining the 3-point function involving a conserved current and
two non-conserved operators.

v Using the holographic renormalization approach, we have computed the dual “Witten diagram”.

v" We have shown that the AdS calculation is in agreement with the CFT result, providing a new test of
the AdS/CFT correspondence.

v" The matching is valid for each bulk coupling separately.

* We have computed the flat limit of the d-dimensional CFT correlator, keeping the mass and gauge
coupling of the dual theory fixed, reproducing the (d+1)-dimensional flat amplitude with two complex

Proca fields interacting with a U(1) gauge field.
v" In the flat limit, the Euclidean time coordinate and the corresponding delta function on the energies

are emerging quantities.
v" From the CFT perspective, one zooms into the IR region while sending the conformal dimension of the

operator dual to the massive fields to infinity.
v" The flat limit transforms the AdS isometries into Poincaré isometries.
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Conclusions

* We expect that our analysis will extend to higher-point functions.
* As we have seen, holography allows for the construction of flat space couplings from CFT correlators,
which are completely fixed by the CFT Ward identities. This approach appears promising for

constructing massive higher-spin couplings in flat space.

* Gain insights into flat space holography through the flat limit of the AdS/CFT duality
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Conclusions

* We expect that our analysis will extend to higher-point functions.

* As we have seen, holography allows for the construction of flat space couplings from CFT correlators,
which are completely fixed by the CFT Ward identities. This approach appears promising for
constructing massive higher-spin couplings in flat space.

* Gain insights into flat space holography through the flat limit of the AdS/CFT duality

Thank You!
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