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|Black hole > =?

Success of AdS/CFT: ‘microstate counting’” — BH entropy

|I'sps > — Many options! (black holes, single and
multi-centered, black rings, fuzzballs..)

which string theory vacua should we trust in?

)

further complication: wall-crossing — moduli-dependent ‘index
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“D-brane quantum mechanics”

@ Index for (0,2) superconformal quantum mechanics
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“D-brane quantum mechanics”

@ Index for (0,2) superconformal quantum mechanics

@ Giant Gravitons (with
H-Y.Chen,N.Dorey,S.Moriyama,R.Mouland)

@ Multi-centered BPS solutions (with
T.Prochazka,J.Raeymaekers,P.Rossi,D.V.d.Bleeken)
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“D-brane quantum mechanics”

@ Index for (0,2) superconformal quantum mechanics

@ Giant Gravitons (with
H-Y.Chen,N.Dorey,S.Moriyama,R.Mouland)

@ Multi-centered BPS solutions (with
T.Prochazka,J.Raeymaekers,P.Rossi,D.V.d.Bleeken) (Today)
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BPS bound states in d =4 and d =1
e BPS solutions in N = 2 string theories, obtained by compactifying
Type Il on CY.

o In the d = 4, N' = 2 sugra description, they can appear as bound
states of multi-centered BPS molecules.

(Denef,2000)
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BPS bound statesind =4 and d =1

* In the gg — 0 limit, the BPS states appear as wrapped D-branes
localized at a single position in the non-compact space. These wrapped
D-branes are described by N = 4 susy gauge theory in 0+1d with
Hle U(N;) gauge group, called quiver mechanics.

single D-brane Quiver Higgs Quiver Coulomb two particles
(sugra)
S & o= .
] | -
\ I ] I
0 clAo3? clAay kg
(Denef,2002)

* Coulomb branch bound states +— SUGRA bound states
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Susy mechanics of D-particles

* (d =1,N = 4) Effective dynamics: (z;, Ao, A%, D), (Smilga,1986),
(Denef,2002).

1 K . K -
Lp—~ (*2 DQ)— ) D— kAl
B =3 <M+4f|3> T+ f+2|f’ KA - &

* Susy minima: (%ZO,D:O:>7“:—%
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Susy mechanics of D-particles

* (d =1,N = 4) Effective dynamics: (z;, Ao, A%, D), (Smilga,1986),
(Denef,2002).

1 K . K -
Lp—~ (*2 DQ)— ) D— kAl
B=5 (,u—l-4f|3> T+ f+2|f’ KA - T

* Susy minima: %:0,D:0:}r:_%

= [ = TDenet |, as £ =(Q,q), f = psin(ag — @)lr=co.

* Straightforwardly generalizes to N-centers — Effective Coulomb
branch.
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Scaling Solutions

o There exists a particular regime called the deep scaling regime of
the effective Coulomb quiver mechanics where a full
superconformal invariance appears (Anninos, Anous, de Lange,
Konstantinidis, 2013). This is described by a N = 4 gauged
superconformal mechanics, with susy ground states given by a
certain twisted Dolbeault cohomology (Mirfendereski, Raeymackers,
C.S., V.d.Bleeken, 2022).

e This allows for a BPS state counting via a superconformal index

Q= tr |[(=1)FePlo=I) .. } :

o A useful information for the supergravity description.
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(Scaling) Quiver Mechanics

L= (~faD") + (~UD" + Aigi® + 04Ua)0:\")
1 o _ . .
- (QGab(ﬁc”:&Zb + DDb 4 i( X2\ — \bA%)
1 ya b e ya B . kc 1 aybyeyd
- EﬁicGab(A Oi)\ D+ fijk)\ Jj)\ x )— gajcajdGab)\ APASA

Rab
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b,b#a
omd ok
. €ijkn Ty
L Raer(xl nt—r)
b,b£a ab

* D-brane physics determines: kqp, (DSZ), pap (mass), fo (FI).

* Scaling limit has the net effect of putting mass and FI couplings to
zero: fo =0, pep = 0, while the action remains finite and develops a
D(2,1;0) superconformal symmetry.



Scaling quivers

* 3-centered: x4 := 2" A=1,---,9. (scaling limit — p, = f, = 0)
(Anninos, Anous, de Lange, Konstantinidis, 2013).

1
Lp= §GAB:1':A5@B + Aygit — V()

* SL(2,R) invariant: LeGap = —Gap, L¢V =V, (dilatations)
E= —%dK, i¢ " = 0 (special conformal).
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Puzzles

o “pure-Higgs” — exponential growth (Bena,Berkooz, de Boer,
El-Showk, V.d. Bleeken, 2012). What is the fate of ‘pure-Higgs’ states
at strong gravitational coupling?

e What becomes of the Higgs-Coulomb equivalence
(Berkooz, Verlinde,1999)?

o Are ‘single-centered’ black holes distinguished from scaling
solutions ? Relevant for BPS index of (Manschot, Pioline, Sen,
2011-2014).

e An explicit example for AdSy/CFT1? (cfr. D0-D4-D2 system of
(Gaiotto,Strominger,Yin,QOOG))
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General N = 2B sigma models

* geometry of N' = 2B superconformal mechanics
(Michelson,Strominger,2000), (Papadopoulos,2000)

L = LW4r®
L(l) = AAiA - %FABXAXBa (A = 1a 72N)
L® =

1 A 1 - 1
= iGABeTAl'B + §GABXAVtXB - Ea[ACBCD}XAXBXCXD
. . 1 .
Vix* = X+ (F%C + QCABC> #Px¢
* Lagrangian invariance:

Fac(N)°p + Fop(J)94 =0, Gac(NB+ Gep(N)¢4=0
Vallpc = 0; 24 = JaB
L,G=L,J=L,C=0, i,F=0
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N = 2 superconformal index

* N = 2 superconformal algebra:

[D,Q°] = —%Q“ [D,S“]Z%Sa [H,8%) = -iQ" [K,Q"]=iS"
R,Q% = ie’Q" [R,SY =ie¥’SP
{@°.5%) = ~20D+ R

* Go to a different basis:

1

Go1 = 5 2(Q +iQ?) Fiw? (S +i5%)
Ly = %(w*HwK)
Ly = %(w‘lH—wK)iiD.
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N = 2 superconformal index

* N = 2 superconformal algebra:

[Lm7 Ln] = (m - n>Lm+n
1
[L07gj:%] = :Fggj:%a [LiFlagj:%] = :Fg¥%7 [R, gi%] = g:l:%
{90160, ) =200+t R, {G,1,G1,} =2Lu1, {Ga,Gs} =0

* lowest weight state: |h,r)
g+1/2 ’h7T> = gT_l/Q |h,7’> =0
* lowest weight chiral primary:

g+1/2 ’h,?“> = gil/g ’h,?“> = g—1/2 |h,7’> =0

Index for (0,2) superconformal mechanics Canberk Sanlh 13



N = 2 superconformal index

* (unitary, lowest-weight, infinite-dimensional) Irreps:

1
chiral : (h)r + (h + 2) , r=2h
r—1
. . 1
anti — chiral : (h)r +(h+ < , r=—2h
2 r+1

1 1
long : (h),n+<h+> +<h+> +(h+1),, |r[<2h
r—1 r+1
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N = 2 superconformal index

* Well-defined ‘(refined-)superconformal-index’:
Q:(Q) = u(=)Fe e Hy =0{G,1,61,} = w2l £ R)
2

which counts

2:(¢) = Z (N;;n:i—chiral(h) - Na_nti—chiral(h‘)) CJ,
h

2 (C) = Z (NchCliral(h) - Nciiral(h)) C_J

h

* Crucial observation:

U #UWr T ==R+3Japx™®  [su(l,11)] =0
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A Simple Example

* 2-dimensional free-particle:

L = %JUAQ‘UA + %XAXA ., A=1,2
= 2Z+iy
* Noether Charges:
H = p.pz:, K=2zz, D= —%(sz + Zpz)

R = —i(zp, — zps) — [¥, )]
Q' +iQ* = 2ips, St +48? = 24z
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A Simple Example

* Recall: the ‘superconformal-index’

Qe =t(-DFe M M1y =w{G,1.61,} =w@Lo £ R)
2

—= Witten index for the auxiliary model.

* N = 2 auxiliary model:

gi% = \Z@ (pz —Azi)l/;

He = (po—AD) (p2 — AD) +iF00
A = Fiwz, AL = tiwz

* Witten parity:

F=di, W=(-1)F =a
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A Simple Example

* Hilbert space: L?(R?) ® C2.

ﬁz = 77:82’

¢:U+’

* Superconformal generators:

Qi% = (CU)_%<8§ +wz)o_
AO = (2&))_1(—8282 + OJQZZ)
R = —(20,— 20; + 03)

%
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Refined Index

*J = 28,2 - 282_’_ %7 [Jv g:l:l/Q] = [‘]7 W] =0

* acting on primaries:

1
anl=<n+> Xn+1, J;an:(n+> X ntl,

2 2 2 2
* refines the index:
24(0) = tr(—)Fe

* which then becomes:

2:(¢Q) ==+

1-=¢
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Index = Euclidean Path Integral

* Refined Index (with Twisted Boundary Conditions):

€: ei@ = Q:i:( iG) _ tr( 1>F iiOJefﬁ’Hi
= 2(r+B) = e 2(r) , Y(r +B) = eFly(r)
= 'Q:t[ez ] = /[DZDEDwDQE]iee_Si
* Refined Index (with Periodic Boundary Conditions):
¢ = e BA Q:I:[B_B)\} _ tr(—l)Fe_ﬂ(Hii)‘J)

= Qule )= /[DZDZD?N)?/_J]131306_5’%5’A
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General N = 2B superconformal sigma models

* Superconformal charges:
L om
N

* with the effective magnetic field:

_ 1
Gy <Z(ﬁm — Ay — Anj%) + wrmznxgxﬂ + éam In G>

1
2

AY = 12w - € = Foww®, FE = +20(02 —i,C) = £2i00K

* Superconformal index:

Index for (0,2) superconformal mechanics Canberk Sanlh
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Open Questions

© 0 00

Index-Decoding (more information about the spectrum)

Index for (gauged) N' = 4B mechanics
Scaling quiver ground states <+ black hole microstates in sugra

Generalizations: higher order terms in superpotential,
non-primitive nodes, comparison with Higgs branch results

Type-A / Type-B analogy? (gauging, relation to higher d SCFTs,
SCQM/AdS hOlOgl“aphy...(Dorey7 Singleton, Barns-Graham, Zhang, Crew,
Zhao, Mouland)).

Explicit checks for Z-extremization/R-extremization and relation
to asymptotically AdS black holes (Gauntlett, Martelli,
Sparks,Yau),(Benini,Hristov,Zaffaroni).
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Appendices
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Canberk Sanl
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General N = 2B superconformal sigma models

* Superconformal invariance:

LeGap = —Gap, LeJ s =0
L:C = —C, icC' = 0.

* also fixes
1
wh = —JAgeh K =¢2, &= —5dK

* and, the Kahler form:

* ‘Free-particle’:

Fap =0, Gap = daB,
1 1
JA, = A A= 7§xA’ WA — §€ABxB
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Always a Cone

* Radial coordinate: 72 = 2K G = dr? + 123G , £ = — 370,
* Constraints then imply

ied2 = —i,C — Q2=—dp’ +i,C

SO
G is Kahler <= i, =0

* In this case, then: the base of the cone is a Sasakian manifold, with p
being the Reeb vector field, and the Kahler form becomes:

2 =i00K

* So K is the Kahler potential.
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N = (0,4) (gauged) superconformal mechanics

* geometry of NV = 4B (gauged) superconformal mechanics
(Michelson,Strominger,2000), (Papadopoulos,2000),(Mirfendereski, Raeymaekers,
C.S., V.d.Bleeken, 2022):

L = Lp+Lp
1
LB = AAZ'UA + CLIU[ + §GAB.Dtl‘ADtl‘B

1 1 - 1
Lp = _iFABXAXB + §GABXADtXB - Ea[ACBCD]XAXBXCXD

* a weakly HyperKahler with Torsion target:

Fac(J) + Fop(JHC 4
Gac(JY B+ Gop(J)%4 =
vA(JZ)BC
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N = (0,4) (gauged) superconformal mechanics

* Standard formulation of Coulomb Quiver Mechanics: n-(3,4,1)
multiplets. Recasted into a description by n-(4,4,0) multiplets:

at = gl = (210 ) | 1« D? a=1,...,n

1
G,ual/b = 5,u,l/Gab ) Gabziaiaaib/H

Nab@abP |Kab| ab
H = a,;a;éb < 6 4|Q5ab| log ‘QS |>
0iaGoe = 03(aGe)
Chuavbpe = OaGocerpvp
(Ji)lmub = (ji—)uu&g

1
64(1-‘4/,Lb = 84aGbc = 07 F,ua vb = _§6uupanaab

ka - 84(1 , 9= u(l)”
Vg = —Auq (AA) - (A,ua> - (Am, _fa B U“)



Upshot

@ Scaling quiver theory C gauged superconformal mechanical models
with D(2,1;0) superconformal symmetry.

@ Use D(2,1,0) Superconformal index (Gaiotto, Simons, Strominger, Yin,
2006):
E
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Upshot

@ Scaling quiver theory C gauged superconformal mechanical models
with D(2,1;0) superconformal symmetry.

@ Use D(2,1,0) Superconformal index (Gaiotto, Simons, Strominger, Yin,
2006):

trl(— 1)y bt

scating qutvors = 7
scaling quivers .

@ formulated recently for the (N = 2) case (J. Racymackers, C.S.,
D.V.d.Bleeken,2024).
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Index via Path Integral
* Auxiliary Lagrangian
Ly =23+ A2+ ATz + i + i FLy
* Euclidean action
B . . — . _
St = [ dr (25— (A2 + AE2) 4 i - i E00)

0

* With susies G 1/o generating:

6z =0, )

I8}
Il
B
<

)
N
* BPS saddles: z = 2y, Z = %y, ¥ =1 = 0.
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Index via Path Integral

* Expanding to quadratic order in z = 29 +{, ¥ =0+ x :

detPBC(8 zfzz('zO? Z[))

L = M/dZOdEQ

_ 1 +
B 2%/}-

)
detppc(—02 + iF2; (20, 20)0;)

Index for (0,2) superconformal mechanics Canberk Sanlh
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A Simple Example

* saturate the bound:

2£0XnT+1 = RXnTH =(n+ 1)XnT+1,

2IA/OXHH = —RSCHTH =(n+ 1)XHT+1-
* Unrefined index counts Lowest Landau Levels:

24 =+
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Refined Index via Path Integral

© Same S, with Twisted Boundary Conditions:
e BPS saddles: z =9y = 0.

; detyo(0,+iFL) _
o 2ufe’] = ST = (detg(—07)) ™

(2] Sg — Sgﬁ y» With Periodic Boundary Conditions:

8 I
St = /dT [zz*imzz—x?yz\%rwwq:ww

’ 0
—i(AF: + ATE) +iFEQy + 202

— localizes to |z| = 0, as A — oo.
-1
—BA] — _detppc(9-F1) 2 -2
— yfe™PY = detppc —(0-F1)2 + ez e’
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	Appendix

