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By matching the leading term and logarithmic correction, 
what did we learn about the microscopic theory?
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What is the microscopic information 
that controls 𝑎> and 𝑎>#?

𝑆!" 	=
𝐴"
4𝐺

	 +	𝑎#$%& log
𝐴"
4𝐺

+⋯

Does the agreement with 𝑎#$%&	follow 
from symmetries or dynamics? 
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Outline

o Asymptotic expansion of 𝑑 𝑛, ℓ
 

o Revisit black hole entropy

Ø Implement holographic conditions (HKS)

Ø ¼-BPS BH 𝒩=4, D=4  
Ø ¼ -BPS BH 𝒩	=4, D=5 (BMPV)
Ø BPS BH N=2, D=4 (MSW) 



Asymptotic expansion of 𝑑 𝑛, ℓ

Weak Jacobi form

𝑛, ℓ 	→ 	Δ = 𝑛 −
ℓ6

4𝑡 	 , ℓ	(𝑚𝑜𝑑	2𝑡)

Δ < 0: polar states (light) 

Δ ≥ 0: non-polar states (heavy)

Δ? = −
𝑏6

4𝑡 	 , 𝑏 ≤ 𝑡 : most polar state 

Convenient to organize states via the 
discriminant

𝜑
𝑎𝜏	 + 	𝑏
𝑐𝜏	 + 𝑑 ,

𝑧
𝑐𝜏	 + 𝑑 	= 	 𝑐𝜏 + 𝑑 B𝑒

6:)	C	@	<&
@;0D	 𝜑 𝜏, 𝑧

𝜑 𝜏, 𝑧 + 𝜆𝜏 + 𝜇 	= 𝑒*6:)C E&;06E<0F 𝜑 𝜏, 𝑧

	𝜆, 𝜇 ∈ ℤ

weight 

indexModular properties

Elliptic properties

𝜑 𝜏, 𝑧 = =
8G?
ℓ∈ℤ

𝑑 𝑛, ℓ 𝑒6:);8𝑒6:)<ℓ
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&
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@
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We will not use this. Why?

Gravity path integral (holography or black holes) is coarse: 𝑡 → Λ⋕	𝑡 with Λ ≫ 1,
And this enters in the logarithmic corrections.  
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𝜑 	−
1
𝜏	 ,
𝑧
𝜏 	= 	 𝜏B𝑒

6:)	C	<&
;	 𝜑 𝜏, 𝑧 𝜌" 𝐸, 𝑗 : = 1

?

N

𝑑𝐸M 1
*N

N

𝑑𝑗M 𝜌R 𝐸M, 𝑗M 	ℙ P,Q ;{P',Q'} +	…

𝑑(𝑛, ℓ)
𝜌" 𝑛, ℓ = 1 + 𝑂 𝑒*6: *>>'



Asymptotic expansion of d 𝑛, ℓ

Incorporate Gravity

[Hartman, Keller, Stoica 2014; Benjamin, Cheng, Kachru, Moore, Paquette 2015]

In the limit 𝑡, Δ? → ∞, the validity of the Cardy regime will be extended if 

𝑑 𝑛, ℓ ∼ 𝜌"(𝑛, ℓ) = 𝑒=: > ># 0⋯ +⋯

Universally valid if Δ ≫ Δ?  (high temperature regime) and usually Δ? and 𝑡 are fixed (Cardy regime)

𝜌R 𝑛, ℓ ≲ 𝑒6: >*># 	, 	 Δ? < Δ < 0 Sparseness condition on light states.

𝑑 𝑛, ℓ ∼ 𝜌" 𝑛, ℓ = 𝑒=: > ># 0⋯ +⋯ , 	 Δ ≳ Δ? ≫ 1	
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Universal Regime Δ ≳ Δ? ≫ 1 Non-Universal Regime Δ? ≳ Δ ≫ 1
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𝜌? Δ?
Δ
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𝜌? Δ? 	: ground state degeneracy. 
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𝜌? Δ?
Δ

Δ?
𝑡

|Δ?|
Δ

V06*W
6 L*W

𝑒=: > ># +⋯

Δ? ≳ Δ ≫ Δ? 6W*L ≫ 1

𝜌R 𝑛, ℓ ≲ 𝑒6: >*># 	, 	 Δ? < Δ < 0

Sparseness criteria (HKS) 

Subleading corrections fall into two categories (𝑘 = 0,	for simplicity):

𝜌" 𝐸, 𝑗 : = 1
?

N
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*N

N
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Crossing Kernels

+

Sensitive to light spectrum. In a democracy: 

𝜌R Δ ≈ 𝜌? Δ? Δ − Δ? V𝑒6:X(>*>#),

0 < 𝛼 < 1	, 𝛾 > 0	



Revisit Black Hole Entropy
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(Q,P)

𝑄 → Λ	𝑄	, 𝑃 → Λ𝑃	
Λ ≫ 1

𝑆!" 	=
𝐴"
4𝐺 	 +	𝑎#$%& log

𝐴"
4𝐺 +⋯

Local contribution, 
from massless fields

Zero modes, 
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1
12 11 3 −𝒩 − 𝑛Y + 𝑛" = −1

𝐴"
4𝐺

= 𝜋 𝑄6𝑃6 − 𝑄 ⋅ 𝑃 6

1
2
(−6 + 8) = 1

𝒩 = 4, 𝑛Y = 𝑛" + 1



¼-BPS 𝒩=4 D=4 Microscopic Derivation 

(Q,P)

𝑄 → Λ	𝑄	, 𝑃 → Λ𝑃	
Λ ≫ 1

𝑆!" 	=
𝐴"
4𝐺 	 +	𝑎#$%& log

𝐴"
4𝐺 +⋯

Local contribution, 
from massless fields

Zero modes, 
from isometries

1
12 11 3 −𝒩 − 𝑛Y + 𝑛" = −1

1
ΦL?

= 𝐸𝑥𝑝 − 𝐿𝑖𝑓𝑡 −2𝜑?,L 𝜏, 𝑧, 𝜎 	

𝐴"
4𝐺

= 𝜋 𝑄6𝑃6 − 𝑄 ⋅ 𝑃 6

𝑡 = 𝑏, Δ? = −
𝑡
4 = −

𝑄6

8 ,

𝑛 =
𝑃6

2 , ℓ = 𝑄 ⋅ 𝑃,	

4𝜋 Δ|Δ?| 	= 𝜋 𝑄6𝑃6 − 𝑄 ⋅ 𝑃 6

Universal Regime Δ ∼ Δ? ≫ 1

𝑑 𝑛, ℓ; 𝑡 ≈ 	
Δ?
D ?,*L *L

Δ 𝑒=: > ># +⋯

𝑑 0,−1 = 2: Ramond grounds states. 
Compatible with AdS3xS3xK3 and dual CFT2

1
2
(−6 + 8) = 1

𝒩 = 4, 𝑛Y = 𝑛" + 1



¼-BPS 𝒩	=4 D=5

BMPV

𝑄L → Λ6	𝑄L	, 	 𝑄Z→ Λ6	𝑄Z	,
𝑃 → Λ6𝑃, 𝐽 → Λ4𝐽	

Λ ≫ 1

𝑆!" 	=
𝐴"
4𝐺 	 +	𝑎#$%& log

𝐴"
4𝐺 +⋯

Local contribution, 
from massless fields

Zero modes, 
from isometries

0 −
1
6 𝑛Y + 21 − 24 = −4

	𝑛Y= 20 + 2𝑥3 + 1 = 27 
for Type IIB on K3xS1

𝐴"
4𝐺

= 2𝜋 𝑄L𝑄Z𝑃 − 𝐽6



¼-BPS 𝒩	=4 D=5 Microscopic Derivation 

BMPV

𝑄L → Λ6	𝑄L	, 	 𝑄Z→ Λ6	𝑄Z	,
𝑃 → Λ6𝑃, 𝐽 → Λ4𝐽	

Λ ≫ 1

𝑆!" 	=
𝐴"
4𝐺 	 +	𝑎#$%& log

𝐴"
4𝐺 +⋯

Local contribution, 
from massless fields

Zero modes, 
from isometries

0 −
1
6 𝑛Y + 21 − 24 = −4

	𝑛Y= 20 + 2𝑥3 + 1 = 27 
for Type IIB on K3xS1

𝐴"
4𝐺

= 2𝜋 𝑄L𝑄Z𝑃 − 𝐽6

𝑡 = 𝑏, Δ? = −
𝑡
4 = −

𝑄L𝑄Z
4 ,

𝑛 = 𝑃, ℓ = 𝐽,	

4𝜋 Δ|Δ?| 	= 2𝜋 𝑄L𝑄Z𝑃 − 𝐽6

𝑑 𝑛, ℓ; 𝑡 ≈ 	
Δ?
D ?,*L *L

Δ
Δ?
Δ

V046
𝑒=: > ># +⋯

𝒵 𝜎, 𝜏, 𝑧 ==
[

𝜑 𝜏, 𝑧; 𝑆𝑦𝑚[(𝐾3) 𝑒6:)\[

Non-Universal Regime Δ? ≫ Δ ≫ 1 ∶ Δ? ∼ Λ=, Δ ∼ Λ6

𝜌R Δ ≈ 𝜌? Δ? Δ − Δ? V𝑒6:X> ⁄% &



¼-BPS 𝒩	=4 D=5 Microscopic Derivation 

BMPV

𝑄L → Λ6	𝑄L	, 	 𝑄Z→ Λ6	𝑄Z	,
𝑃 → Λ6𝑃, 𝐽 → Λ4𝐽	

Λ ≫ 1

𝑆!" 	=
𝐴"
4𝐺 	 +	𝑎#$%& log

𝐴"
4𝐺 +⋯

Local contribution, 
from massless fields

Zero modes, 
from isometries

0 −
1
6 𝑛Y + 21 − 24 = −4

	𝑛Y= 20 + 2𝑥3 + 1 = 27 
for Type IIB on K3xS1

𝐴"
4𝐺

= 2𝜋 𝑄L𝑄Z𝑃 − 𝐽6

𝑡 = 𝑏, Δ? = −
𝑡
4 = −

𝑄L𝑄Z
4 ,

𝑛 = 𝑃, ℓ = 𝐽,	

4𝜋 Δ|Δ?| 	= 2𝜋 𝑄L𝑄Z𝑃 − 𝐽6

𝑑 𝑛, ℓ; 𝑡 ≈ 	
Δ?
D ?,*L *L

Δ
Δ?
Δ

V046
𝑒=: > ># +⋯

𝑑 0,−1 = 2: Ramond grounds states.

 𝑤 + 4
6
= 𝑑 0,−1 − D ?,?

=
= −3	

𝑑 0,0 = ℎL,L = 20	 for K3

𝒵 𝜎, 𝜏, 𝑧 ==
[

𝜑 𝜏, 𝑧; 𝑆𝑦𝑚[(𝐾3) 𝑒6:)\[

Non-Universal Regime Δ? ≫ Δ ≫ 1 ∶ Δ? ∼ Λ=, Δ ∼ Λ6



½ -BPS 𝒩	=2 D=4

BMPV

𝑞? → Λ	𝑞?	, 	𝑝+→ Λ	𝑝+ ,
𝑞+ → Λ	𝑞+
Λ ≫ 1

𝑆!" 	=
𝐴"
4𝐺 	 +	𝑎#$%& log

𝐴"
4𝐺 +⋯

Local contribution, 
from massless fields

Zero modes, 
from isometries

𝐴"
4𝐺 = 2𝜋 �𝑞?𝑐+]^𝑝+𝑝]𝑝B

1
12

11 3 −𝒩 − 𝑛! + 𝑛"
1
2
(−6 + 8) = 1

𝑎#$%& =
1
12

23 − 𝑛Y + 𝑛"



½ -BPS 𝒩	=2 D=4 Microscopic Derivation: MSW / OSV  

BMPV

𝑞? → Λ	𝑞?	, 	𝑝+→ Λ	𝑝+ ,
𝑞+ → Λ	𝑞+
Λ ≫ 1

𝑆!" 	=
𝐴"
4𝐺 	 +	𝑎#$%& log

𝐴"
4𝐺 +⋯

Local contribution, 
from massless fields

Zero modes, 
from isometries

𝐴"
4𝐺 = 2𝜋 �𝑞?𝑐+]^𝑝+𝑝]𝑝B

𝑡+] = 𝑐+]^𝑝B , Δ? = −
𝑡
4 = −

𝑐+]^𝑝+𝑝]𝑝B

4 ,

𝑞? = 𝐿? − �𝐿?, ℓ+ = 𝑞+ 	, 	Δ = �𝑞?

4𝜋 Δ|Δ?| 	= 2𝜋 �𝑞?𝑐+]^𝑝+𝑝]𝑝B

𝑑 𝑛, ℓ

≈ 	 Δ? det 𝑡+]
Δ?
Δ

L08.= Δ?
_064

(Δ|Δ?|)
L
=
𝑒=:` >#

&
( +⋯

𝒵 𝜏, ̅𝜏, 𝑧+ = Tr(𝐹6 −1 a𝑒6:)	;	R# 𝑒6:)b;bR#𝑦ℓ/)	

Non-Universal Regime Δ? ≫ Δ ≫ 1 ∶ Δ? ∼ Λ4, Δ ∼ Λ

𝑤 = −
𝜒 + 24
36

𝜒 = 2(𝑛Y − 𝑛" + 1):	Euler number CY3

Extremely sensitive to the light spectrum!

1
12

11 3 −𝒩 − 𝑛! + 𝑛"
1
2
(−6 + 8) = 1

𝑎#$%& =
1
12

23 − 𝑛Y + 𝑛"



½ -BPS 𝒩	=2 D=4

BMPV

𝑞? → Λ	𝑞?	, 	𝑝+→ Λ	𝑝+ ,
𝑞+ → Λ	𝑞+
Λ ≫ 1

𝑆!" 	=
𝐴"
4𝐺 	 +	𝑎#$%& log

𝐴"
4𝐺 +⋯

Local contribution, 
from massless fields

Zero modes, 
from isometries

𝐴"
4𝐺 = 2𝜋 �𝑞?𝑐+]^𝑝+𝑝]𝑝B

𝑡+] = 𝑐+]^𝑝B , Δ? = −
𝑡
4 = −

𝑐+]^𝑝+𝑝]𝑝B

4 ,

𝑞? = 𝐿? − �𝐿?, ℓ+ = 𝑞+ 	, 	Δ = �𝑞?

4𝜋 Δ|Δ?| 	= 2𝜋 �𝑞?𝑐+]^𝑝+𝑝]𝑝B

𝑑 𝑛, ℓ

≈ 	 Δ? det 𝑡+]
Δ?
Δ

L08.= Δ?
_064

(Δ|Δ?|)
L
=
𝑒=:` >#

&
( +⋯

𝒵 𝜏, ̅𝜏, 𝑧+ = Tr(𝐹6 −1 a𝑒6:)	;	R# 𝑒6:)b;bR#𝑦ℓ/)	

Non-Universal Regime Δ? ≫ Δ ≫ 1 ∶ Δ? ∼ Λ4, Δ ∼ Λ

𝑤 = −
𝜒 + 24
36

𝜒 = 2(𝑛Y − 𝑛" + 1):	Euler number CY3

Extremely sensitive to the light spectrum!

1
12

11 3 −𝒩 − 𝑛! + 𝑛"
1
2
(−6 + 8) = 1

𝑎#$%& =
1
12

23 − 𝑛Y + 𝑛"

Microscopic Derivation: MSW / OSV  

Match!



Conclusion



Conclusion

𝒵 𝑄, 𝑃 = 1
ℳ	

𝒟𝑔	𝒟𝜙) 	𝑒*+ #,-! 	

log𝒵 	=
𝐴"
4𝐺 	 +	𝑎#$%& log

𝐴"
4𝐺 +⋯

o Local contribution, from 
massless fields.

o Zero modes, from isometries.

𝜑 𝜏, 𝑧 ==
8,ℓ

𝑑 𝑛, ℓ 𝑒6:);8𝑒6:)<ℓ

log 𝑑 𝑛, ℓ = 4𝜋 Δ|Δ?| + 𝑎>log	Δ + 𝑎>#log|Δ?| + ⋯	

o Universal Regime Δ ≳ Δ? ≫ 1

o Non-Universal Regime Δ? ≳ Δ ≫ 1

Quantified the imprint of light states 
on 𝑎> and 𝑎>#  



Conclusion

𝒵 𝑄, 𝑃 = 1
ℳ	

𝒟𝑔	𝒟𝜙) 	𝑒*+ #,-! 	

log𝒵 	=
𝐴"
4𝐺 	 +	𝑎#$%& log

𝐴"
4𝐺 +⋯

o Local contribution, from 
massless fields.

o Zero modes, from isometries.

𝜑 𝜏, 𝑧 ==
8,ℓ

𝑑 𝑛, ℓ 𝑒6:);8𝑒6:)<ℓ

log 𝑑 𝑛, ℓ = 4𝜋 Δ|Δ?| + 𝑎>log	Δ + 𝑎>#log|Δ?| + ⋯	

o Universal Regime Δ ≳ Δ? ≫ 1

o Non-Universal Regime Δ? ≳ Δ ≫ 1

Quantified the imprint of light states 
on 𝑎> and 𝑎>#  

Universality/Simplicity that might happen on each side is not preserved.
Important to develop tools that allow to quantify CFT observables for continuous N.



Gravitational Derivation Microscopic Derivation 

(Q,J)

𝑆!" 	=
𝐴"
4𝐺 	 +	𝑎#$%& log

𝐴"
4𝐺 +⋯

Local contribution, 
from massless fields

Zero modes, 
from isometries

Supersymmetric BHs in AdS4

𝑎#$%&
]
c&

 : A non trivial function of the charges!

If the EFT is  AdS4xS7 (infinite number of fields):

𝑎#$%& : A rational number independent of charges. S. Bhattacharyya, A. Grassi, M. Mariño, A. Sen 2012
J. T. Liu, L. Pando Zayas, V. Rathee, W. Zhao 2017

M. David, V. Godet, Z. Liu, L. Pando Zayas 2023
N. Bobev, M. David, J. Hong, V. Reys, X. Zhang 2024

If the EFT in AdS4 has a finite number of fields:



Gravitational Derivation Microscopic Derivation 

(Q,J)

𝑆!" 	=
𝐴"
4𝐺 	 +	𝑎#$%& log

𝐴"
4𝐺 +⋯

Local contribution, 
from massless fields

Zero modes, 
from isometries

Supersymmetric BHs in AdS4

𝑎#$%&
]
c&

 : A non trivial function of the charges!

If the EFT in AdS4 has a finite number of fields:

If the EFT is  AdS4xS7 (infinite number of fields):

𝑎#$%& : A rational number independent of charges.

𝑍)8Dde 𝜏, 𝑧 ==
8,ℓ

𝑑 𝑛, ℓ 𝑒6:);8𝑒6:)<ℓ

log 𝑑 𝑛, ℓ = 4𝜋𝑁	𝑓(𝑛, ℓ) + 𝑎8	log	N + ⋯	

To date: not a single example of 𝑎8
]
c&

.
Always independent of charges! 

Lessons:

o GPI responds differently at the quantum 
level depending on the matter content.

o Could provide non-trivial insight about 
scale separation in AdS/CFT.

o We need a better understanding of what 
controls 𝑎8	 in the CFT!



Thank you!



Extra material



Symmetric Product Orbifolds and 
Exponential Lifts



Symmetric Product Orbifolds and 
Exponential Lifts

Rademacher Expansion

𝑑 𝑛, ℓ = 	 =
>'J?

=
ℓ'K*C

C*L

𝑑 𝑛M, ℓM =
@KL

N
2𝜋
𝑐 −

ΔM

Δ

4
=
𝐼4
6

4𝜋
𝑐 −ΔΔM 𝐾𝑙(Δ, ℓ, ΔM, ℓM; 𝑐)

We will not use this. Why?

Gravity path integral (holography or black holes) is coarse: 𝑡 → Λ⋕	𝑡 with Λ ≫ 1,
And this enters in the logarithmic corrections.  



Symmetric Product Orbifolds and 
Exponential Lifts

𝜑B,C 𝜏, 𝑧 = =
8G?
ℓ∈ℤ

𝑑 𝑛, ℓ 𝑒6:);8𝑒6:)<ℓ

Gravity path integral (holography or black holes) is coarse: 𝑡 → Λ⋕	𝑡 with Λ ≫ 1,
And this enters in the logarithmic corrections.  

𝒵 𝜎, 𝜏, 𝑧 ==
C

𝜑B,C 𝜏, 𝑧 𝑒6:)\C

Sum over theories!



𝒵 𝜎, 𝜏, 𝑧 ==
[

𝜑?,C0[ 𝜏, 𝑧; 𝑆𝑦𝑚[(𝐶?) 𝑒6:)\C0[

	 = �
f,8,ℓ

1
1 − 𝑒6:);8𝑒6:)<ℓ𝑒6:)\f D(8f,ℓ)

Symmetric Product Orbifolds and 
Exponential Lifts

𝜑?,C0 𝜏, 𝑧 = =
8G?
ℓ∈ℤ

𝑑 𝑛, ℓ 𝑒6:);8𝑒6:)<ℓ

[DMVV]
Symm Prod Orb

A class of modular forms where it is natural to sum over the index

𝑆𝑦𝑚! 𝐶" =
𝐶"
⊗!

𝑆!

𝐶?

𝐶?…
…

Orbifold by the 
permutation group 𝑆!

N copies of a unitary and 
compact CFT2. 
𝐶#	= seed theory



Symmetric Product Orbifolds and 
Exponential Lifts

Coefficients of symmetric product orbifolds

𝑑 𝑛, ℓ; 𝑡 = 1
g

𝑑𝜏𝑑𝑧
𝑁D ?,*h# *L

𝑑 0, −𝑏? − 1 ! 	𝜑N 𝜏, 𝑧 	𝑒*6:) 8;0
C<&
; *h<; 0ℓ	< 	+ ⋯

Use poles in 𝒵 𝜎, 𝜏, 𝑧 	and countour deformations. Main assumption is Δ Δ? ≫ 1
[David, Sen; Sen; Belin, AC, Gomes, Keller]

𝒵 𝜎, 𝜏, 𝑧 ==
[

𝜑?,C0[ 𝜏, 𝑧; 𝑆𝑦𝑚[(𝐶?) 𝑒6:)\C0[ = �
f,8,ℓ

1
1 − 𝑒6:);8𝑒6:)<ℓ𝑒6:)\f D(8f,ℓ)

𝑡 = 𝑡?𝑁,
𝑏 = 𝑏?𝑁



Symmetric Product Orbifolds and 
Exponential Lifts

𝑑 𝑛, ℓ; 𝑡 = 1
g

𝑑𝜏𝑑𝑧
𝑁D ?,*h# *L

𝑑 0, −𝑏? − 1 ! 	𝜑N 𝜏, 𝑧 	𝑒*6:) 8;0
C<&
; *h<; 0ℓ	< 	+ ⋯

Use poles in 𝒵 𝜎, 𝜏, 𝑧 	and countour deformations. Main assumption is Δ Δ? ≫ 1

Effective 𝜌R 𝑛, ℓ : counts polar states 
with fixed Δ in the limit 𝑁 → ∞ 

[David, Sen; Sen; Belin, AC, Gomes, Keller]

𝒵 𝜎, 𝜏, 𝑧 ==
[

𝜑?,C0[ 𝜏, 𝑧; 𝑆𝑦𝑚[(𝐶?) 𝑒6:)\C0[ = �
f,8,ℓ

1
1 − 𝑒6:);8𝑒6:)<ℓ𝑒6:)\f D(8f,ℓ)

𝑡 = 𝑡?𝑁,
𝑏 = 𝑏?𝑁

[Belin, AC, Muehlmann, Keller 2019]

Coefficients of symmetric product orbifolds



Symmetric Product Orbifolds and 
Exponential Lifts

𝑑 𝑛, ℓ; 𝑡 = 1
g

𝑑𝜏𝑑𝑧
𝑁D ?,*h# *L

𝑑 0, −𝑏? − 1 ! 	𝜑N 𝜏, 𝑧 	𝑒*6:) 8;0
C<&
; *h<; 0ℓ	< 	+ ⋯

Use poles in 𝒵 𝜎, 𝜏, 𝑧 	and countour deformations. Main assumption is Δ Δ? ≫ 1
[David, Sen; Sen; Belin, AC, Gomes, Keller]

𝒵 𝜎, 𝜏, 𝑧 ==
[

𝜑?,C0[ 𝜏, 𝑧; 𝑆𝑦𝑚[(𝐶?) 𝑒6:)\C0[ = �
f,8,ℓ

1
1 − 𝑒6:);8𝑒6:)<ℓ𝑒6:)\f D(8f,ℓ)

𝑡 = 𝑡?𝑁,
𝑏 = 𝑏?𝑁

𝜑" 𝜏, 𝑧 	: for K3 generating of perturbative ¼-BPS 
6D SUGRA states  on AdS3xS3

Coefficients of symmetric product orbifolds



Symmetric Product Orbifolds and 
Exponential Lifts

𝑑 𝑛, ℓ; 𝑡 = 1
g

𝑑𝜏𝑑𝑧
𝑁D ?,*h# *L

𝑑 0, −𝑏? − 1 ! 	𝜑N 𝜏, 𝑧 	𝑒*6:) 8;0
C<&
; *h<; 0ℓ	< 	+ ⋯

Use poles in 𝒵 𝜎, 𝜏, 𝑧 	and countour deformations. Main assumption is Δ Δ? ≫ 1
[David, Sen; Sen; Belin, AC, Gomes, Keller]

𝒵 𝜎, 𝜏, 𝑧 ==
[

𝜑?,C0[ 𝜏, 𝑧; 𝑆𝑦𝑚[(𝐶?) 𝑒6:)\C0[ = �
f,8,ℓ

1
1 − 𝑒6:);8𝑒6:)<ℓ𝑒6:)\f D(8f,ℓ)

𝑡 = 𝑡?𝑁,
𝑏 = 𝑏?𝑁

Coefficients of symmetric product orbifolds

Complete classification,
Controlled by seed 𝐶?

[Belin, AC, Muehlmann, Keller 2019]



𝒵 𝜎, 𝜏, 𝑧 ==
[

𝜑?,C0[ 𝜏, 𝑧; 𝑆𝑦𝑚[(𝐶?) 𝑒6:)\C0[ = �
f,8,ℓ

1
1 − 𝑒6:);8𝑒6:)<ℓ𝑒6:)\f D(8f,ℓ)

Symmetric Product Orbifolds and 
Exponential Lifts

Symm Prod Orb

𝑑 𝑛, ℓ; 𝑡 = 1
g

𝑑𝜏𝑑𝑧
𝑁D ?,*h# *L

𝑑 0, −𝑏? − 1 ! 	𝜑N 𝜏, 𝑧 	𝑒*6:) 8;0
C<&
; *h<; 0ℓ	< 	+ ⋯

Use poles in 𝒵 𝜎, 𝜏, 𝑧 	and countour deformations. Main assumption is Δ Δ? ≫ 1

𝑡 = 𝑡?𝑁,
𝑏 = 𝑏?𝑁

[David, Sen; Sen; Belin, AC, Gomes, Keller]

Universal Regime Δ ≳ Δ? ≫ 1 Non-Universal Regime Δ? ≳ Δ ≫ 1

In perfect agreement with crossing kernels! 


