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Why this talk?

= Spatial resolution pops up everywhere...

= Good to know same basic mechanisms

= | love the topic since my PhD.
Always wanted to write a paper...
Some parts are now written up in N. Wermes's book..

= Mathematics can be fun.

* There will be some ‘take home messages...’

= Sorry for the old-fashioned style file. This used to be the
‘corporate design’ of Uni Heidelberg...
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What is it about

» [n Strips / Pixels / ..., ‘Hits’ (particles going through, X-rays,
Photon) produce signals

= These are measured
on one or more channels

* The data is used to
reconstruct the position.

= Questions:
» What is the spatial resolution?
* How does it depend on the reconstruction algorithm?
 How does it depend on noise?
* How does it depend on the ‘charge sharing’ mechanism?
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Overview

= Warmup:
Resolution with binary readout, optimal signal width

* Error of Center-of-Gravity: When do we need a fit?

= Influence of noise on spatial resolution
* Higher Moments
» Correlated Noise
2D structures
» Wide signals

* Error when doing ‘Eta-reconstruction’
» Search for ‘best’ response function
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BINARY READOUT OF BOX SIGNALS
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Spatial Resolution of Narrow Signals

= Consider very narrow signal
= — Only one strip is hit — Binary ‘yes/no’ - readout
» Reconstructed position = strip center. Error = offset in strip.

X
— S B S >
- p/2 p/2
Error 1 x.
= Average Error is 0! (No bias)
X
>
p/2
[ z2-1-da,
, . —p/2 o, P
= Sigma of Error o} ostion = — 572 BED) position = A%
[ 1-da,

—p/2 50 pm pitch -> 6=12 pym, FWHM = 28 ym
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Resolution with wider Signals (‘Binary’ Readout!)

» Consider ‘Box’ Signals for simplicity. Still binary readout.
= When 2 strips are hit — reconstruct at edge — small error

b
-LX
- p/2 p/2

Xy

b/2

;A A

= Minimum Error for b = p/2. Error becomes half: ¢ = % p/N12
* Note that we have 50% single and 50% double hits
* Note: Signals wider than p add no information!

= Mathematica !
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ANALOG READOUT
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= When we know the AMPLITUDE in each strip/pixel, ce can
do better.

= Simplest approach: x,., = Center of Gravity of the signals

= Thick detector, Inclined track -> Box |
« -> Tilt detector! |
- Lorentz Angle helps |

= Perfect reconstruction of w = p — R wo

= Diffusion -> Gauss 2

 Reconstruction ?

- Fit ! /\

« Can we do simpler ? How good is CoG?

HighRR Lecture Week, 10-14.6.2024, Bergen, Norway © P. Fischer, ziti, Uni Heidelberg, Seite 9




UNIVERSITAT
HEIDELBERG

CENTER-OF-GRAVITY RECONSTRUCTION:
WHEN IS IT SUFFICIENT -OR -

WHEN DO WE NEED A FIT?
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The question:

= A 1D signal with (spatial) shape f(x) falls onto a strip
structure with pitch a

« We assume [f(x)dx = 1 and f(x) symmetric.
* This generates (analogue) signals on several strips.
* We assume for now that noise = 0.

= Question:
What is the reconstruction error for CoG reconstruction?

» More precisely: Error for a single event? Average error? Sigma?

Xc
* We expect the answer to depend on

* signal shape
 Strip pitch a
* signal position (for single events)
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Remark

* The following calculation involves partial integrals over
arbitrary function.

= Normally we must give up soon analytically (consider
Gaussians..)

= But it turns out that
we can go quite a way...

‘never give up’

= Maybe showing the derivation would not really be
necessary, but | like the fact that so many ‘simple’ aspects
of basic analysis show up...
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1. Signal on Strips

We assume the
X signal on a strip m is
the integral of f(x)

Strip centers
t -
(m+1/2)a —
Spm(ze) = /( flrx —x.)dr

—1/2)a
m—1/2)a ‘Signal’ function

This is the signal in strip centered at x,
m when the charge cloud 50
's centered around X, = / f(x) - Recty(z — (ma — z.)) dr
_,')C

Box of width a
centered at m-a-x,
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- = position reconstructed by CoG
(we assumed a normalized signal)

Xrek ?

Lrek (Ic)z Z ma - Sm (Ic)

m

= a / f (17)2 m-Box,(z + x. — ma) dx

a f(IlT) g(:p,) dr Staircase = g(x)
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g(x) _>§ r_ —>.|_;.<—_ g(l) - gsym(l‘) —+ gant,isym(r)
1 L g(z) +g(-z)
i L gaym(Z) = 9
-2a -a I 0 a 2a
R
...... SO(\\\J L al2
9(-x) I_ =4 "“\57\9, \.e- ):;ﬁ\o\en\
3'2?(0\1\[\\ e
S S TS
rl . r:-l r:-l rl g T) = 1 lz Box,_oy_ (z — ma)
- T _,a I 0 I ! , | Sy lll 2 .2 — a—2LXe
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= Integral of g,nsym(X) is zero because f is assumed symmetric

= We are left with Write Sum of Boxes

as convolution of a
Trek(Te) = @ /f(:z) Gsym () dx single Box with
: Dirac Comb
a a
=5-3 | f(x) Z Box, oy (x — ma) dx \

m

a a

=573 /f(:l) [Boxa_gxc () * Comba(ar)] dx

» To solve this, move to Fourier Space with
f(k) = /f(f[') R

* We can use [a(z)b(z)dr = [ a(k)b(k)dk and axb=a-b
(for symmetrical a, b)

HighRR Lecture Week, 10-14.6.2024, Bergen, Norway © P. Fischer, ziti, Uni Heidelberg, Seite 16




RUPRECHT-KARLS-

UNIVERSITAT
HEIDELBERG

5. Get rid of the Integral

‘ a a This is again a
Trek(Te) = 5775 /f( )[Boxa 2x () * Comba (2 )]d : Dirac Com%, i.e. a

sum of peaks at
N . dist 1
-2 / F(k) - BoxXa_s.(k) - Comby () dk e

sinc

po| R

integral can be carried out.
Sum is left

— g_g Zx:xf (m) sin (m7r _

mi

2mrmzc )
a
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Treat m=0:
o (o 2Trma. ~f(0) = 1
~/m SIn (mmr — =< '
Trek —2_ 2 Z 7 (’") ( a) Sin(m k)/m — k
2 2 < a mm -> 1-2x//a
m=—0o0
a Ex: J; (m) sin (m7r — 2"%"-) Use symmetry
= r. — — _
c T a m m & -Mm.
- m=1
Center position \
X. shows up !

sin(mm — x) = sin(mmn) cos(x) — cos(mm) sin(x)
= —(—1)"sin(x)

4

o'e ,
a —1)" ~/m\ . [2mmax,
were(we) = 2 30 A7 (%) sin ()
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A First Check

o0 ,
—1)™ ~/m\ . 2T
> =07 f (—) sin (—‘ C)
m a a

a
:rerr(mc) — —
t m=1

» For very narrow f(x), f(x) — Dirac(x) and therefore f(’t) — 1

so that
a ~— (=1)™ . 2z,
Torrlle) = — —sIn (| mT——
(v = 5 30 S sin (mr e )
» This is the Fourier Series of a Saw-Tooth, as expected!
Error 1 Xe
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o0 ,
a —1)" < /m 2T
relze) = 2 T (o ()
T m a

m=1 |

~

m ) sin m

= For a box of width a, f (&) = 22T s Zero for meN.

— reconstruction is perfect. Same for width = multiple of a.

5k

w=1.2a | f(x)

4 ﬂgwgwk

Xerr

w=1.0a

w=0.5a

,a{m/\ ]

HighRR Lecture Week, 10-14.6.2024, Bergen, Norway © P. Fischer, ziti, Uni Heidelberg, Seite 21




RUPRECHT-KARLS-

UNIVERSITAT

HEIDELBERG Check with Gaussians

Xerr
c=0.5a

“{V\

c=0.1a

» Error already very small for c = 0.5a

HighRR Lecture Week, 10-14.6.2024, Bergen, Norway © P. Fischer, ziti, Uni Heidelberg, Seite 22




RUPRECHT-KARLS-

UNIVERSITAT
HEIDELBERG

o & (<) (mY . (2mma
1 0/2 < T‘err(mc) = = Z f <_> sin < C)
2 2 T m=1 m a a
o = - s (xe) dx,

rec a —a,/) err
a o= (=1 /N < /m\ (Y2 | 2mnxe | 2Tmae
= — Z — fl=17— sin ——— sin ———— dx,
2 A= nm a a) J-a/2 a a
—/m\ ~/m\ a / .
Z P ()7 (™) .. sin() are
nm a a/ 2 orthorgonal!
n.m=1
2 o0 1 .
rec ¢ ‘ ‘
2 m? a
m=1
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Check This for Narrow Signal

* For very narrow signals, we have again f(’\) — 1 so that

Oerr 2 1 > 1 1
( a ) = Z 3715 B expected....

m=1

n2/6

« This is probably the most complicated way to get the 1/12...
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= For a Gaussian signal with width o

~

1 2 . 2,2 2
G(x) = 5 exp (— ) with G(k) = exp (—27r k 03)

972
207

1 =2 exp|———=
we get ("err)Q_LZ I( a’

(a
= For a Box of width s-a:
2 : : X ana(Dmm @
(aerr> _ L Z cos(2mms) _ .o for5=0.
a 360 5.2 47('4.5'2 — 772’4 =0 for s integer

* For integer width s, cos(..)=1, so the sumis not O...
" But  becomes zero thanks to %(1/m*) = n%/90..
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Oerr 030

For fun: Slope is
—1/ i ~ —0.98
T

Error becomes
negligible for
c=04a, or

FWHM = a

0.20 -
015+
0.10 |

005

0.00

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0.0 0.2 04 0.6 0.8 10

The result ‘Error = 0 for FWHM = a’ can be found for many
pulse shapes. We knew this... but now we know for sure...
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» Error is zero for integer box width.
= Behavior in-between is not trivial (see next slide)...

0.30
Uerr

vvvvvvvvv

—1—
12

a 0.25 -
oan]
0.15 X
0.10 -

005

0.00

7Y ¥ I ' S ¥ S W|dth/a
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* Why does the error — 0 for wider Gauss while it is # 0 also
for wide boxes?

 This very reasonable question has been asked after the talk.

= \We consider an example case:
a=1,b=1.5x.=0.25
1

Box Signal 2/3

with area 1 Integration /

1/3 Binning 2/3 1/3

-1/2 0 1/2 1 -1/2 0 1/2 1

» The central part has weight 2/3 and position O
* The right part has weight 1/3 and position 1
— reconstructed position is 1/3 and NOT 0.25

* This shows: the ‘central parts’ of the box carry no
information, the edges are badly assigned to bins
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Noise

= This was for an ideal, noise-free case.

* The ‘reconstruction error’ was systematical, or from
insufficient knowledge (small box)

= But even for wide signals with ‘good’ shape, NOISE will
degrade the reconstruction
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LIMIT OF SPATIAL RESOLUTION FROM NOISE
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* How is spatial resolution degraded by noise?

e
SNR
This states, that the resolution degrades with noise ‘linearly
to first order’.
* The proportionality k is empirical. We want to calculate it

= We all ‘know’ Gy = K- 0, =

= \We also want to check what happens with correlated noise

= We want to see what happens to higher order
* What is this here? It is the distribution of the noise...

» WWe assume we can reconstruct with CoG (more later...)
= We restrict on a 1D treatment, but 2D is straight forward
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1. Write down X, with noise

= A Signal at Z is distributed over N strips at positions Z;
= Signal on i-th strip is S;(Z)
* The sum of all signals shall be normalized to 1 (‘trivial’):

> si- .

= Assume we can perfectly reconstruct the position as center
of gravity: g
_ 7. ~
xr = %,IS' L — Z Si:Ei ‘
i

= Now assume noise n; on all strips, signals are then S;+n,
= the reconstructed position is:

o (T) = > (Si+m)T; T+ ) mT;
Trekl®) = > (S; + ny) - 14> n;
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2. Assume noise is small. Get the standard dev.

* This becomes (Trick: Taylor Expansion of Denominator):

Trok(Z) = 1 +ZZ " = (:z:-l-z ni:L‘-i) (1 — Z ni + ()(712)>
» The reconstruction error (Xq;=Xex-X) IS:

Lerr )— Zn (xl —{—()(71 )

= \We need the standard deviation:

2 =2 . 2
Oerr = <1 0rr> o <l°"> Average error is zero!

We need to average over
- ALL possible positions x
- ALL noise values
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o 2 — <£2 > J ferr(a—f) - Zni(j’i - .’I_J') + (‘/)(,,12)'

err err z

<n nJ>< T; — T)(Z; — ")> + <() n3)>

For uncorrelated
noise

(nin;) = 0;5 - o2

or -3 (& — F)%) + O(ad)
= [f we chose the origin such that

> =0 3
i This is K2 !
this simplifies to: SIS K

N
ol =0 (Z T2 4+ N(:Z~’2>> + O(o).

1=1
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Si(z) = (z2 — x)/a and S3(z) = (z + x2)/a

50 um pitch
S/N =10
-> o=4 um
(FWHM = 10 pm)

Example: Two Strips with linear signal sharing

= Consider two strips at x; =-a/2 and x, = +a/2 (N = 2)

ID,G'
@ . O i @ o uiiitiea: i

Si+S,=1, X1 S1+XS,=X; X +X%X,=0

Terr | 2 ["2 2
= We get (Crr) %$%+$§+—/ :c2d:v=§a2

On a /.,

- Or Torr = 0816-a -0y | " 57

» For 6, = 0.1 (Signal/Noise = 10), resolution = 8% - a
= Resolution is better than optimal binary readout for S/IN>5.6
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Correlated Noise ?

= For FULLY correlated noise, n; = n; and (nin;) = o

= We get o2

crr

* For the strip example

6. =aoc,/V3=0.57 ac, (instead of 0.816..)

= Correlated noise is less harmful than ‘normal’ noise
» Note: For mixed noise, superimpose both components

» Note: If the Amplitude of the signal is KNOWN (X-ray),
noise becomes correlated and resolution improves!
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= Noise can have different distributions.

* They have different higher moments: (n7) = oy,
(n}) = pB-o
4. 3 : Gauss
= They are g := Jn p(n.) an =< 9/5: Box
(/ n?p(n) dn) 1 : Peaks

* We need then higher order correlations (not trivial..):

(ni) =0
(nin;) = 5,Ja
(ninsnyk) =
(ninj'n.knl) L(Skl (.3 — 3) 0';41 +(5 Ok + O,L(Sﬂ - Ozléjk) 0'
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Higher Orders

= Repeating the derivation yields Previous result

0?2 = 0. (A+NB)

<1+3[3 3+ N p

n

2N
A+3N B] 2) Correction

» Only the correction depends on the ‘type’ (shape) of noise.

= Remember:
 For small noise, there is no need to simulate Gaussian noise
 Randomly adding or subtracting + c,, has the same effect!
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Recanstruction Error vs. Naise Reconstruction Error vs. Noise Reconstruction Errar vs. Noise
Noise: 2 peaks | | Noise: Box | Noise: Gauss

| Red: Simulation | 15l Red: Simulation | ,Red: Simulation |
“| Blue: Linear Theory | | Blue: Linear Theory | Blue: Linear Theory

. Green: higher order | | Green: higher order | Green: higher order ,
ot ot { o { o Lo —
005 i | ot 05

| P el e e e [ e e e

0 005 01 015 02 0 005 0f 015 02 0 005 01 015 02

« Reconstruction for Gauss noise fails completely in few cases
due to very high noise values
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2D Structures

= Can be treated similarly
= Observations:

« Small number of electrodes is good
» Well confined acceptance is good (‘circle’)

Oer = O
Geometry o1p theory Value
linear correction (A=p=1)
strips \/g P \/1 + 3802 0.8165
square % VA 3(3 + )02 1.1547
hexagon ‘/5+1/4 VA \/ 1+ 3 ,B) o2 0.4905

* Hexagons are best (least sensitive to noise!)
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BACK To CoG
Now WITH NOISE
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Problems with Centroid

» Resolution for small o is bad — make f(x) wide

» BUT: Summing up many strips creates increasing noise

= Must chose N small but such that reconstruction is ‘just’ ok.

* The choice is fairly arbitrary

= And:

* In real system, there is often a threshold (hits below this are
not read out)

* The reconstructed amplitude is wrong (signals below threshold
are lost)

* Broken pixels need special treatment
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= Many possibilities... | do not go in details cod curves:
\gr\OTG
S/N =40 S/N = 80
0,0um  2,5um 5,0um  7,5um 10,0um 12,5um 15,0um 17,5um 20,0um 0,0upm  2,5um 50um  7,5um 10,0um 12,5um 15,0um 17,5um 20,0um
0,30 Y T Y T Y T T T T T T T T T T 7,50pm 0,30 Y T Y T Y T Y T Y T Y T Y T Y 7,50pm
—a— Theory 1 —=— Theory
0,25 F Optimum 4 6,25um 025 |- —e— Optimum|_ | g 55,
—a— Centroid —aA— Centroid
c 020} 500um C 0,20 |- 5,00pm
2 O
-~ -~
) )
O 015 3,75um © 015 3,75um
(7p] (7p]
(O] (O]
o 0,10 |- 2,50pm o 0,10 | 2,50um
0,05 |- 1,25um 0,05 | 1,25um
0,00 : : : : : T S — 0,00pm 0,00 : : : : : : : 0,00um
0,0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8
Cluster Width Cluster Width

» Error does not go to 0 for wide signals when we have noise.
* The optimum signal width is still close to FWHM = a!
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ETA FUNCTION
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Motivation

= Often the Signals Distribution function (e.g. on 2 strips) is
not linear.

= This is related to the famous’ eta-function.

Linear Charge Sharing Arbitrary function

* The position then cannot be calculated by CoG, but by
using the inverse function (or the ‘eta’-lookup table)

» Question: How does resolution depend on f(x)?
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* The signals on the two strips shall be
Si(z) = Qf(z)
So(z) = Q—Si(z)=Q (1— f(x))

(we assume no signal is lost, i.e. we require S;+S, = Q

= \We require
e f(x) is strictly monotonic (obvious)
* f(x) shall be symmetric in x (may not always be the case)

= Obviously

S‘
Lrek = f_l [ 1 ]
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P Adding Noise
gf,t*:g ~,
LY
S

= With Noise on S; and S, we get

- =1 [ f(l) -+ N1 ] Add noise
Lrek — f - | J
| L +nq + no Taylor (as before)
[ + i (l — 1 — '77'2)] Only 15t order in noise
~ [T f(x) + (1 = f(2) — naf(z))
d f (.S')
~ T+ ‘ |[n1(1 = f(z)) —naf(z)]
ds
f(z) _
Taylor Series for f-1 around f(x)
A ‘forgotten’ math theorem:
- RN L The derivative of the inverse
- _ 72.-1(1 o f(l)) o n'?f(_l') function is the inverse of the
Lerr — f, ( T.) derivative
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= To get v = = f(&)) = naf(x)
o 9 NOZv f'(z)
Terr = <‘l’er'r> o <l’ >

= we average first over noise. We get

1 2 2 _

» Coefficients depend on the shape of the response function
* They are small where the response function is steep (obvious..)
 Vice versa: Flat parts in eta are bad.

» For uncorrelated noise, only the first term matters

Uzr'r B < 1 — 2]0 4+ 2f2 > Average over

position
f/2
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» What does this mean for linear interpolation, f(x) = x+0.5 ?
= et us first look at the position dependent error

02, 1—2f +2f? 1,20
CT% f/2 9

0.2

0.0

-0.4 -0.2 0.0 0.2 0.4

* This is NOT constant. It doubles at the edges !!!
* \When we reconstruct in the middle, we know the error is smaller!

* The average error is

o2 /271 y
err __ - 9 2| _ =2
O',r% /_1/2 2 T 3

as before.
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= Very exciting: Can we find a f(x) such that the integral is
better than with linear interpolation

* Probably not (?) But let’s see...

= Easier: Can we find a distribution function so that the error
is independent of position?

= One line of Mathe;nahca Is enough: (2+ (1+42) 2% (14+42)29)

friat(x) = 5 (1 — Sinh|2zArcSinh(1)])

N

The average 2 is 0.643, which is (a little bit) better than 2/3=0.66 !

We found a distribution which is better than linear interpolation!
(it is less noise sensitive)
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10— e
0.8
0.6

0.2

0'0 1 1 1 1 1 1 1 1 1 Il 1 1 1 1 I 1 1
-04 -0.2 0.0 0.2 0.4

= Are there better functions???
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= Basic Algebra is fun.....

» CoG is ‘perfect’ as soon as signal width >= strip width

= Wider (too wide) signals are more sensitive to noise

= |deal « for strips is 0.816

* Analogue readout for S/N<G6 is useless.

* Noise shape (distribution) does not matter for S/N > 10

» Correlated noise is less harmful

» Hexagons have better res. and are less sensitive to noise

» Linear interpolation has more error at the edges (on the
stips)

» There is a better reconstruction function than linear
* but the difference is negligible....
* | did not find better so far...

HighRR Lecture Week, 10-14.6.2024, Bergen, Norway © P. Fischer, ziti, Uni Heidelberg, Seite 53




RUPRECHT-KARLS-

UNIVERSITAT
HEIDELBERG

Thank you for your attention!
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