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Introduction
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Critical End Point

QCD phase diagram1 critical slowing down2

Relaxation time:τ = ξzf(kξ)
z:dynamic critical exponent

1临界现象与泛函重整化群. 核技术, 2023, 46(4).
2Anshul Kogar.
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Dynamic universality classes4

Model A:a non-conserved order parameter

∂tϕα(x, t) = −Γ0
δH [ϕ]

δϕα(x, t)
+ Γ0hα(x, t) + ηα(x, t)

Model H:critical end point in QCD3, Z(2), static

∂ϕ

∂t = λ0∇2 δF
δϕ

− g0∇ϕ · δF
δj + θ(x, t) ,

∂j
∂t = Π⊥

(
η0∇2 δF

δj + g0∇ϕ
δF
δϕ

+ ζ(x, t)
)

3D. T. Son and M. A. Stephanov(2004).
4Hohenberg and Halperin(1977).
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Closed time path
Green functions in non-equilibrium

⟨Tϕ(x)ϕ(y)⟩ ≡ 1

Trρ(t0)
Tr[ρ(t0)Tϕ(x)ϕ(y)]

=
1

Trρ(t0)
Tr[ρ(t0)TPϕI(x)ϕI(y)UCTP(t0)]

UCTP(t0) is the unitary evolution operator defined on a closed-time path

UCTP(t0) ≡TP

[
exp

(
−i
∫

CTP
dtHI(t)

)]
=TP

[
exp

(
−i
∫ ∞

t0
dt+HI(t+) + i

∫ ∞

t0
dt−HI(t−)

)]
Only states at t0 is involved which lead to the CTP

�t t0t

t
⇢(t0) tU U †

U

�t

tf = +1

+ contour

- contour t0 = �1

⇢(t0)⇢(tf )

a)

c)

| (t0)i
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fRG in the Schwinger-Keldysh field theory
The Keldysh generating functional

Z[Jc, Jq] =

∫
[dΦc][dΦq] exp

{
i
(

S[Φ] + ∆Sk[Φ] + (Ja
cΦa,q + Ja

qΦa,c)
)}

with the two-point regulator term

∆Sk[Φ] =
1

2
(Φa,c,Φa,q)

(
0 Rab

k
R∗ab

k 0

)(
Φb,c
Φb,q

)
=
1

2
(Φa,cRab

k Φb,q +Φa,qR∗ab
k Φb,c)

Keldysh rotation Φa,+ = 1√
2
(Φa,c +Φa,q),

Φa,− = 1√
2
(Φa,c − Φa,q)

The flow equation for the effective action

∂τΓk[Φ] =
1

2
(iGR

k,ab)∂τRab
k +

1

2
(iGA

k,ab)∂τR∗ab
k

Two-point Green functions

iGk =

(
iGK

k iGR
k

iGA
k 0

)
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Critical dynamics of Model A
Langevin equation:

∂tϕα(x, t) = −Γ
δH [ϕ]

δϕα(x, t)
+ Γhα(x, t) + ηα(x, t)

Time reversal symmetry
t → −t
ϕc → ϕc
ϕq → ϕq − 1

Γ∂tϕq

fluctuation–dissipation theorem
correlation response

C(k, ω) = 2T
ω

Imχ(k, ω)

Hamiltonian:

H [ϕ] =

∫
ddx

(
1

2
|∇ϕ(x)|2 + r

2
ϕ2 +

u
4
ϕ4

)
The classical action(average over the Langevin noise):

S =

∫
x,t

ϕα,qi∂tϕα,c + iΓϕα,q
δH [ϕ]

δϕα,c
− i2Γϕ2

q
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The effective action of Model A
Substituting the Hamiltonian with general form

H [ϕ] =

∫
ddx

(
1

2
Zϕ(ρ)(∂iϕa)(∂iϕa) + V(ρ)− cσ

)
The effective action of Model A

Γk =

∫
x,t

ϕα,qZt,ki∂tϕα,c − iϕα,qZϕ,k(ρc)∇2ϕα,c

− i
2

Z′
ϕ,k(ρc)ϕα,qϕβ,c∇ϕα,c∇ϕβ,c +

i
4

Z′
ϕ,k(ρc)ϕα,qϕα,c∇ϕβ,c∇ϕβ,c

+ iV′
k(ρc)ϕα,qϕα,c − i

√
2cσq − i 2Zt,kTϕ2

α,q

derivative expansion to O(∂2)

Zt,k: kinetic coefficient
Zϕ,k(ρc): wave function renormalization with field dependent
V′

k(ρc): the effective potential, ϕ has N components
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Flow of V′
k(ρ),Zϕ,k(ρ) and Zt,k

Flow equation:

∂τV′
k(ρ) =

1

2
lim

p0→0
p→0

δ∂τΓk
δϕq(p, ω)

∂τZϕ,k(ρ) = lim
p0→0
p→0

(−i) ∂

∂p2

δ2∂τΓk[Φ]

δϕa,q(−p)δϕa,c(p)

∂τZt,k = lim
p0→0
p→0

∂

∂p0

δ2∂τΓk[Φ]

δϕa,q(−p)δϕa,c(p)

∂τ

 q

 =
1

2
∂̃τ

 c

q

c



∂τ

(
cq

)
= ∂̃τ

(
q

c

c

q

c c
+

1

2 c

q c

c

)

η =− ∂τZϕ,k
Zϕ,k

, ηt = −∂tZt,k
Zt,k

Dynamic critical exponent

z = 2− η + ηt
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Dimensionless, truncation scheme

Dimensionless: 
ρ̄ = Zϕ,kT−1k2−dρ

u(ρ̄) = T−1k−dVk(ρ)

zϕ(ρ̄) = Zϕ,k(ρ)/Zϕ,k

Truncation schemes:
LPA,∂τZϕ,k = 0 (η = 0)

LPA′,∂τZϕ,k ̸= 0 (η ̸= 0)

O(∂2),consider flows of ∂τu′(ρ̄) and ∂τzϕ(ρ̄)
For the fixed-point equation of u′(ρ̄) and zϕ(ρ̄)

the dynamic part decouples from the statics
the flows of u′(ρ̄) and zϕ(ρ̄) are same as Euclidean space calculation
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Field dependence of u′(ρ̄) and zϕ(ρ̄)
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N= 4
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d= 3

d= 3.2
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(ρ̄

)

N= 4

d= 2.8

d= 3
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The fixed-point solution of u′(ρ̄) and zϕ(ρ̄)
zero point ρ̄0 increases with the decrease of dimension d
field dependence of zϕ(ρ̄) should be considered with the decrease of
dimension d
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ν under three truncation schemes

2.0 2.5 3.0 3.5 4.0
d

0.5

1.0

1.5

2.0

ν

N= 1, LPA

N= 1, LPA′

N= 1, O( 2)

ε− expansion

2.0 2.5 3.0 3.5 4.0
d

0

1

2

3

4

5

6

7

ν

N= 4, LPA

N= 4, LPA′

N= 4, O( 2)

ε− expansion

critical exponent ν compare with ϵ expansion in the order of O(ϵ3)

ν corresponds to the negative eigenvalue of the stability matrix M
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Dynamic critical exponent z

2.0 2.5 3.0 3.5 4.0
d

2.00

2.05

2.10
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2.20

2.25

2.30

2.35

z

N= 1, LPA

N= 1, LPA′

N= 1, O( 2)

ε− expansion

2.0 2.5 3.0 3.5 4.0
d

2.00

2.05

2.10

2.15

z

N= 4, LPA

N= 4, LPA′

N= 4, O( 2)

ε− expansion

For d ≳ 3.5, LPA′ and O(∂2) are comparable with the ϵ expansion
N = 1, z ≥ 2 in the whole range of 2 ≤ d ≤ 4

N = 4, z < 2 for the derivative expansion when d < 2.5
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Critical dynamics of Model H

Langevin equation of Model H:

∂ϕ

∂t = λ0∇2 δH

δϕ
− g0∇ϕ · δH

δj + θ(x, t),

∂j
∂t = Π⊥

(
η0∇2 δH

δj + g0∇ϕ
δH

δϕ
+ ζ(x, t)

)
.

Hamiltonian:

H =

∫
ddx

(
1

2
|∇ϕ(x)|2 + r

2
ϕ2 +

u
4
ϕ4 +

1

2
j2
)

The correlation function for the noise term

⟨θ(x, t)θ(x′, t′)⟩ = −2λ0∇2δ(x − x′)δ(t − t′),
⟨ζµ(x, t)ζν(x′, t′)⟩ = −2η0∇2δ(x − x′)δ(t − t′)δµν .
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Critical dynamics of Model H

characteristic frequency of the order parameter6

ωϕ(k) = Dk2Ω(kξ) = D0ξ
2−zk2Ω(kξ)

D comes from ”Kawasaki-Stokes” relation5

D = λ/χϕ = RkBT/ηξ

Dynamic critical exponent is determined by

z = 4− ηϕ − xλ
ϵ-expansion results for xλ and xη6

xλ =
18

19
ϵ[1− 0.033ϵ+ O(ϵ2)] ,

xη =
1

19
ϵ[1 + 0.238ϵ+ O(ϵ2)].

xλ = −∂τλk
λk

, xη = −∂τηk
ηk

5Ann. Phys. 61, 1(1970).
6Phys.Rev.B 13, 2110(1976).
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Model H within the real-time fRG approach

The effective action of Model H
Γk[Φ] = i

∫
ddxdt ϕq

(
∂

∂tϕc + λk∇2∇2ϕc

)
− λkϕq∇2 δVk(ρc)

δϕc
+ gkϕq∇ϕc · jc + 2λkϕq∇2ϕq

+ jq,αΠ⊥
αβ

[(
∂

∂t jc,β − ηk∇2jc,β
)

− gk∇ϕc(−∇2ϕc) + 2ηk∇2jq,β

]
.

ϕ:order parameter, j:momentum density
λk:transport coefficient, ηk:shear viscosity, gk:mode couplings
scaling behavior:λk ∼ k−xλ , ηk ∼ k−xη

transverse projection:Π⊥
αβ = (δαβ − qαqβ/q2)

Yong-rui Chen XQCD 2024 July 17, 2024 16 / 36



Flow equation for the correlation function

Flow equation:

∂τV′
k(ρ) =

∫
ω,q

1

2
Γ
(3)
ϕqϕcϕc,k∂̃τGK

ϕϕ,k/(−λk∇2)

∂τλk = lim
p0→0
p→0

(−i) ∂

∂p4

δ2∂τΓk[Φ]

δϕq(−p)δϕc(p)

∣∣∣∣
ΦEoM

,

∂τηk =
1

d − 1
lim

p0→0
p→0

∂

∂p2

(−i)δ2∂τΓk[Φ]

δjq,α(−p)δjc,β(p)

∣∣∣∣
ΦEoM

Π⊥
αβ

∂τ

 q

 =
1

2
∂̃τ

 c c

q



∂τ

(
cq

)
= ∂̃τ

(
q

c

c

q

c c
+ q

c

c

c

c q

)

∂τ

(
cq

)
= ∂̃τ

 q

c

c

q

c c


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Flow equation for the coupling constant f

The combination λ̄η̄ whose exponent determines an exact scaling law7

Define a new dimensionless coupling constant

f = νd
ḡ2
λ̄η̄

By combining the flow equations for λ̄, η̄ and ḡ (see backup)

∂τ f = (ηϕ − (4− d))f − Iλf2 − Iηf2

7Phys.Rev.B 13, 2110(1976).
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u′(ρ̄) and static anomalous dimension ηϕ

0.05 0.10 0.15 0.20 0.25
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u
′ (
ρ̄
)

d= 3

d= 2.5
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2.0 2.5 3.0 3.5 4.0
d

0.00

0.05

0.10

0.15
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η φ

fRG

ε− expansion

2d Ising, exact

Field dependence of u′(ρ̄) under three different dimensions
ηϕ as a function of spatial dimension d
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Spatial dimension dependence of xλ and xη

2.0 2.5 3.0 3.5 4.0
d

0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8

x
λ

fRG

ε− expansion

2.0 2.5 3.0 3.5 4.0
d

0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

0.16

x
η

fRG

ε− expansion

xλ shows excellent agreement with the perturbative expansion up to ϵ2

xη from fRG calculation and ϵ-expansion are comparable as d → 4
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Dynamic critical exponent z

2.0 2.5 3.0 3.5 4.0
d

2.0

2.5

3.0

3.5

4.0

z

fRG

ε− expansion

z = 4− ηϕ − xλ
z as a function of the spatial dimension d
ϵ-expansion for ηϕ and xλ are also presented as comparison
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Summary and Outlook

Investigate the critical dynamics of Model A and Model H within the
real-time fRG appraoch
The effective action of Model A is expanded to the order of O(∂2) in
the derivative expansion
Dynamic critical exponent z are obtained for Model A, Model H as a
function of spatial dimension

2.0 2.5 3.0 3.5 4.0
d
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2.15
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z

N= 1, LPA

N= 1, LPA′

N= 1, O( 2)

ε− expansion

2.0 2.5 3.0 3.5 4.0
d

2.0

2.5

3.0

3.5

4.0

z

fRG

ε− expansion

Time-evolution of critical modes (see Yang-yang Tan’s talk)

Thanks for your attentions!
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Backup
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Order parameter propagators

iG
R
k =

c q
, iG

A
k =

q c
, iG

K
k =

c c

Diagrammatic representation of the propagators

iGR
k,ab(q) =

i
Zt,k q0 + iZϕ,k(ρc)q2 + iZϕ,kq2rB

(
q2

k2
)
+ im2

a,k

δab ,

iGA
k,ab(q) =

i
−Zt,k q0 + iZϕ,k(ρc)q2 + iZϕ,kq2rB

(
q2

k2
)
+ im2

a,k

δab ,

iGK
k,ab(q) =

4Zt,kT(
Zt,k q0

)2
+
(

Zϕ,k(ρc)q2 + Zϕ,kq2rB
(

q2

k2
)
+ m2

a,k

)2 δab .
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Feynman rules of three-point vertices

q

ր
q1

c

տ
q2

c

↓
q3

= iΓ(3)
k,qcc(q1, q2, q3)

iΓ(3)qcc
k,a1a2a3(q1, q2, q3)

= Z′
ϕ,k(ρc)ρ

1/2
c

(
q1 · q2δa1a2δa30 + q1 · q3δa1a3δa20 + q2 · q3δa2a3δa10

)
− ρ1/2c V(2)

k (ρc)
(
δa1a2δa30 + δa1a3δa20 + δa2a3δa10

)
− 2ρ3/2c V(3)

k (ρc)δa10δa20δa30 ,
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Feynman rules of four-point vertices

q

ր
q1

c

տ
q2

c

ւ
q3

c

ց
q4

= iΓ(4)
k,qccc(q1, q2, q3, q4)

iΓ(4)
k,I

=
1

2
Z′
ϕ,k(ρc)

[(
q1 · q2 + q3 · q4

)
δa1a2δa3a4 +

(
q1 · q3

+ q2 · q4

)
δa1a3δa2a4 +

(
q1 · q4 + q2 · q3

)
δa1a4δa2a3

]
+ ρcZ(2)

ϕ,k(ρc)
(

q1 · q2δa1a2δa30δa40

+ q1 · q3δa1a3δa20δa40 + q1 · q4δa1a4δa20δa30

+ q2 · q3δa2a3δa10δa40 + q2 · q4δa2a4δa10δa30

+ q3 · q4δa3a4δa10δa20
)
,
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Feynman rules of four-point vertices

Effective potential contributes to four-point vertices

iΓ(4)
k,II

=− 1

2
V(2)

k (ρc)
(
δa1a2δa3a4 + δa1a3δa2a4 + δa1a4δa2a3

)
− ρcV(3)

k (ρc)
(
δa1a2δa30δa40 + δa1a3δa20δa40

+ δa1a4δa20δa30 + δa2a3δa10δa40 + δa2a4δa10δa30

+ δa3a4δa10δa20
)
− 2ρ2cV(4)

k (ρc)δa10δa20δa30δa40 .
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Flow equation of the effective potential

∂τu′(ρ̄) = (−2 + ηϕ)u′(ρ̄) + (−2 + d + ηϕ)ρ̄u′′(ρ̄)

− νd
2

(∫
dx x d

2
−1

z′ϕ(ρ̄)x + 3u′′(ρ̄) + 2ρ̄u(3)(ρ̄)
lσ(x)2

s(x)

+ (N − 1)

∫
dx x d

2
−1

z′ϕ(ρ̄)y + u′′(ρ̄)
lπ(x)2

s(x)
)
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Flow equation of the z(ρ̄)
∂τ zϕ(ρ̄) = ηzϕ(ρ̄) + (−2 + d + η)ρ̄z′ϕ(ρ̄)

+
2

d ρ̄
(
z′ϕ(ρ̄)

)2
νd ×

∫ 1

0

dx x d
2 s(x)

(
1

Lπ(x)L2
σ(x)

+
1

L2
π(x)Lσ(x)

)
+ 4ρ̄z′ϕ(ρ̄)u(2)(ρ̄)νd

∫ 1

0

dx x d
2−1 s(x)

Lπ(x)Lσ(x)2

− 4ρ̄
(
u(2)(ρ̄)

)2
νd

∫ 1

0

dx x d
2−1 s(x)

L2
π(x)L2

σ(x)
(
∂xLπ(x)

)
+

8

d ρ̄
(
u(2)(ρ̄)

)2
νd

∫ 1

0

dx x d
2

(
1

L2
π(x)L3

σ(x)
+

1

L3
π(x)L2

σ(x)

)(
∂xLπ(x)

)2s(x)

− νd

∫ 1

0

dx x d
2
8

d ρ̄
(
u(2)(ρ̄)

)2 1

L2
π(x)L2

σ(x)
(
∂2

x Lπ(x)
)
s(x)

−
(
z′ϕ(ρ̄) + 2ρ̄z(2)ϕ (ρ̄)

)
νd

∫ 1

0

dx x d
2−1 1

L2
σ(x)

s(x)

− (N − 1)z′ϕ(ρ̄)νd

∫ 1

0

dx x d
2−1 1

L2
π(x)

s(x)
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Flow equation of the Zt,k

∂τZt,k =− Zt,k2ρ̄
(
u(2)(ρ̄)

)2
νd

∫ 1

0

dx x d
2−1s(x)× L2

π(x) + 4Lπ(x)Lσ(x) + L2
σ(x)

L2
π(x)L2

σ(x)
[
Lπ(x) + Lσ(x)

]2
with

s(x) =
[
2− η(1− x)

]
Θ(1− x) ,

Lπ(x) =zϕ(ρ̄)x + (1− x)Θ(1− x) + u′(ρ̄) ,

Lσ(x) =zϕ(ρ̄)x + (1− x)Θ(1− x) + u′(ρ̄) + 2ρ̄u(2)(ρ̄)
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Order parameter propagators

iG
R
k =

c q
, iG

A
k =

q c
, iG

K
k =

c c

The expression for order parameter propagators

iGR
ϕ,k(q) =

i
q0 + iλkq2

(
q2
(
1 + rB

(
q2

k2
))

+ m2
ϕ,k

) ,

iGA
ϕ,k(q) =

i
q0 − iλkq2

(
q2
(
1 + rB

(
q2

k2
))

+ m2
ϕ,k

) ,

iGK
ϕ,k(q) =

4λkq2

q20 +
[
λkq2

(
q2
(
1 + rB

(
q2

k2
))

+ m2
ϕ,k

)]2 .
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Momentum density propagators

iG
R
j,k =

c q
, iG

A
j,k =

q c
, iG

K
j,k =

c c

The expression for momentum density propagators

iGR
j,k(q) =

i
q0 + iηkq2

(
1 + rB

(
q2

k2
))Π⊥ ,

iGA
j,k(q) =

i
q0 − iηkq2

(
1 + rB

(
q2

k2
))Π⊥ ,

iGK
j,k(q) =

4ηkq2

q20 +
[
ηkq2

(
1 + rB

(
q2

k2
))]2Π⊥ .
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Flow equation for u′(ρ̄)

∂τu′(ρ̄) = (−2 + ηϕ)u′(ρ̄) + (−2 + d + ηϕ)ρ̄u(2)(ρ̄)

− 2νd
d

(
1−

ηϕ
d + 2

)(
3u(2)(ρ̄) + 2ρ̄u(3)(ρ̄)

(1 + u′(ρ̄) + 2ρ̄u(2)(ρ̄))2

)
,

Dimensionless 

λ̄ = k4−zλk

η̄ = k2−zηk

ḡ = k1+ d
2
−zgk

ρ̄ = k2−dρ

u(ρ̄) = k−dVk(ρ)
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Flow equation for transport coefficient λ̄

∂τ λ̄ =− (z − 4 + ηϕ)λ̄

− 2ḡ2
η̄

1

(1 + m̄2)2

∫
d�d(−1 + cos2 θ) cos2 θ

+
2

d
2ḡ2
η̄

1

(1 + m̄2)2

∫
d�d(2− 6 cos2 θ + 4 cos4 θ)

− 2ḡ2
η̄

1

1 + m̄2

∫
d�d(cos4 θ − cos2 θ)

+
6ḡ2λ̄
η̄2

∫
d�d(−1 + cos2 θ) cos2 θ

+
2

d + 2

6ḡ2λ̄
η̄2

(1 + m̄2)

∫
d�d(−1 + cos2 θ)

− 3ḡ2λ̄
η̄3

∫
d�d(4 cos2 θ − 4 cos4 θ)

+
2

d + 4

32ḡ2λ̄2

η̄3
(1 + m̄2)

∫
d�d(cos2 θ − cos4 θ) ,

Yong-rui Chen XQCD 2024 July 17, 2024 34 / 36



Flow equation for η̄ and ḡ

∂τ η̄ =− (z − 2)η̄

+
2

d
ḡ2
λ̄

1

(1 + m̄2)3

∫
d�d(1− 3 cos2 θ + 2 cos4 θ) ,

∂τ ḡ = −(z − 3 + (4− d)/2)ḡ .

Here we neglect the loop diagram correction for the coupling gk.
Define a new dimensionless coupling constant

f = νd
ḡ2
λ̄η̄
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Flow equation for the coupling constant f

By combining the flow equations for λ̄, η̄ and ḡ

∂τ f = (ηϕ − (4− d))f − Iλf2 − Iηf2

Function Iλ and Iη

Iλ =− 2

(1 + m̄2)2

∫
d�d(−1 + cos2 θ) cos2 θ

+
4

d
1

(1 + m̄2)2

∫
d�d(2− 6 cos2 θ + 4 cos4 θ)

− 2

1 + m̄2

∫
d�d(cos4 θ − cos2 θ) ,

Iη =
2

d
1

(1 + m̄2)3

∫
d�d(1− 3 cos2 θ + 2 cos4 θ) .
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