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Dynamic universality classes*

Model A:a non-conserved order parameter

0
Dra(,1) = —FOM% + Toha(x 8) + 7a(x,

Model H:critical end point in QCD3, Z(2), static

oo _ 2(5F_ ﬁ:

7(91’ =XV 7(5(’25 g Vo 5] + H(X7 t),
[ 20F oF

5 = II <770V 5 —|—g0V¢>5¢ +<¢(x, 1)

3D. T. Son and M. A. Stephanov(2004).
“Hohenberg and Halperin(1977).
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Closed time path

Green functions in non-equilibrium

(T = el (1) T390

= Trpl( o) Tr[p(to) Teoi(x)Pi(y) UcTe(to)]

Uctp(tp) is the unitary evolution operator defined on a closed-time path

Ucrp(to) =Tp [exp <—i/CTP dtH/(t))}
—Tp [exp (-i/: dty Hi(ty) + "/: dtH’(t)ﬂ

Only states at tg is involved which lead to the CTP

v v + contour \/ v

plty)g $ nlto)
ty =+oc /\ /\ - contour /\ /\ top = —00
XQCD 2024
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fRG in the Schwinger-Keldysh field theory

The Keldysh generating functional
Zdei i) = [0 dbg)exp {i(510] + ASD] + (£ag + £2,0))}

with the two-point regulator term .
P € Keldysh rotation

1 0 RPN (@),
Ask[(I)] :i((I)G,C? (I)a,q) <Riab é( > <q)zyq> (I) ((I)a c + (I)a q)

7
1 a q) L )
zi(q)achibq)b,q + q)a7qR2 b‘I)b7c) f( a,q)

The flow equation for the effective action
1
2

—_

O-L'[®] = (’Gfab)a Rib *(’Gkab)arR/tab

Two-point Green functions
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Critical dynamics of Model A
Langevin equation:

6]
0 ) =-—T Iho(x, t b
tPa(X; t) 36a(x, D) + Tha(x, t) + na(x, t)
Time reversal symmetry fluctuation—dissipation theorem
fy ¢ correlation response

bc = Pc
Pqg = ¢g — %athq

Hamiltonian:

2T
C(k7 w) = 71H1X(k, w)
w

1 r u
#16) = [ (GIV0007 + 57 + 1o
2 2 4
The classical action(average over the Langevin noise):

6
S == / ¢a,qiat¢a,c + IT¢a7q 6(;5 [¢] - IQF¢3
x,t a,c
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The effective action of Model A

Substituting the Hamiltonian with general form

216 = [ a%(52600)(00(06) + Vip) - a7

The effective action of Model A
Iy = / SoaZekiOeborc — osaZo () VP bovc

o §Z’¢, (pc)¢a q¢6 cv¢a cvd)ﬁ7 + Z¢ k(pc)qf)a qua CV¢5 Cv¢,3 c
+ IVi(p) Pavqbeorc — iV2coq — 12Z; 4 T¢a,q

e derivative expansion to O(9?)
@ Z;: kinetic coefficient
® Zy4 k(pc): wave function renormalization with field dependent
o V, (pc) the effective potential, ¢ has N components
XQCD 2024 July 17, 2024 8/36



Flow of Vi (p),Zsk(p) and Z:

Flow equation:

1 60,
0 Vilp) = 5 ,}:% Sha(po) P A a
0, . =3 - 5 \’:,,'
9 620,1[®] |

8TZ¢,k(P):,§§)0( )ap25¢aq( P)3¢a,c(p)

o 520.T4[®)
0,7, lim
tk = 0—>O apo 5(,253 q( )5¢a,c(p)

Dynamic critical exponent

222—77+77t
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Dimensionless, truncation scheme

Dimensionless:
p= Zd),kT_l k2_d,0
u(p) = Tk~ Vi(p)
25(p) = Zs.k(p)/ Zo,k
Truncation schemes:
e LPAO;Z; =0 (n=0)
o LPA0-Zyx #0 (n#0)
e O(9?%),consider flows of 9,1/ (p) and d,z4(p)
For the fixed-point equation of /(p) and z4(p)
@ the dynamic part decouples from the statics

o the flows of «/(p) and z,4(p) are same as Euclidean space calculation
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Field dependence of v/(p) and z,(p)
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The fixed-point solution of «/(p) and z,(p)
@ zero point pg increases with the decrease of dimension d

o field dependence of z4(p) should be considered with the decrease of
dimension d

D B S



v under three truncation schemes

T T T T
@ N=1, LPA @ N=4,LPA |

°
20} ¢ -@- N=1,LPA" | —@- N=4,LPA
E —h— N=1,0(0") —— N=4,0() |7
——— ¢~ expansion ——— ¢ expansion

critical exponent v compare with € expansion in the order of O(e?)

@ v corresponds to the negative eigenvalue of the stability matrix M
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Dynamic critical exponent z

2.30F

2.15

®
—E-
&

N=4, LPA
N=4, LPA'
N=4,0(%)

€~ expansion

e For d > 3.5, LPA’ and O(9?) are comparable with the ¢ expansion

@ N=1, z> 2 in the whole range of 2 < d < 4

o N =4, z< 2 for the derivative expansion when d < 2.5

Yong-rui Chen

XQCD 2024

July 17, 2024

13/36



Critical dynamics of Model H

Langevin equation of Model H:

9 _\ g2 _ oA
ge = NV, Ve S+ 0k 0)

- L0H 5H
5= ( VIS aVoTs C(X,t)).

Hamiltonian:

1 r u 1
_ d_ (1 2,  Fo U4 L
ff_/dx<2|v¢(x)| + g+ 5o +2f>
The correlation function for the noise term

B(x, )0(X, 1)) = =22 V35 (x — X)d(t — t),
<C/L(Xa t)Cl/()J’ t,)> = _2770V26(X_ %)5“_ tj)(s,ulw
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Critical dynamics of Model H

characteristic frequency of the order parameter®

wo(K) = DRQ(KE) = Do> KO (KE)

D comes from "Kawasaki-Stokes" relation®

D= Xxy = RkgT/n§

Dynamic critical exponent is determined by

z=4—ny — x)
e-expansion results for x) and x,]6
18
X\ = Ee[l —0.033¢ + O(e%)], 9\ B
1 SO VLS A
Xy = g€l +0.238¢ + 0(e?)]. k Mk

5Ann. Phys. 61, 1(1970).
5Phys.Rev.B 13, 2110(1976).
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Model H within the real-time fRG approach
The effective action of Model H
T([®] = i/ddxdt bq <;¢C+ AkV2V2¢C>

Vi(pe)
d¢c

) .
<8 .ICﬁ nkv C,B)

— 8k Voc(—V3he) + 2nkV21'q,/3] .

1)
— Mg V2— + gkdg Ve - e + 20ubg V2 0q

+jq7aH

@ ¢:order parameter, j;momentum density

@ M\ :transport coefficient, 7,:shear viscosity, gx:mode couplings
@ scaling behavior: A\, ~ k> mp ~ k7

@ transverse projection:Hjﬁ = (698 — 4095/ G%)
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Flow equation for the correlation function

Flow equation:

o) D
1.3 ~ or =30 e
OVe) = | 3T 080G (T ( | ) 2 ( a )
w,q

9 5%0,T[d]

8T>\ =lim (=g~ s s -~ _ Ao ST T
) Gt 0P ) ()
19 (—)820,TW[®] )
87' = —— lim — - - o i -
T O B e 9 0 () <. ()
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Flow equation for the coupling constant f

The combination A7} whose exponent determines an exact scaling law’
Define a new dimensionless coupling constant

f: l/dii

7]
By combining the flow equations for A, ;7 and g (see backup)

O-f=(ny — (4—d))f— L —I,F

"Phys.Rev.B 13, 2110(1976).
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' (p) and static anomalous dimension 7

0.25 B ) ) . R

d=3 - - 3
5 N -4 - [RG
——— ¢ expansion

0.20 - \\ % 2dIsing, exact [
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b

e Field dependence of /(p) under three different dimensions

@ 14 as a function of spatial dimension d
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Spatial dimension dependence of x) and Xx,

1.8 0.16
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1.6 *X 1 0.14| e
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: 0.12} R
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§ o0.08f |
& sl | B
0.06 | okmh ey |
0.6l | Lt .,
SN
0.04 [ 3 R
0.4 1 AN
0.2} J 0.02 R
0.0 . . . 0.00 . . .
2.0 2.5 3.0 3.5 4.0 2.0 2.5 3.0 35 4.0
d d

@ x) shows excellent agreement with the perturbative expansion up to €2

@ x, from fRG calculation and e-expansion are comparable as d — 4
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Dynamic critical exponent z

4.0 :

-4~ RG
——— ¢ —expansion

351 B

251 B

2.0 2.5 3.0 3.5 4.0

z=4—n4 — x)
@ z as a function of the spatial dimension d

@ e-expansion for 14 and x, are also presented as comparison
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Summary and Outlook

@ Investigate the critical dynamics of Model A and Model H within the
real-time fRG appraoch

@ The effective action of Model A is expanded to the order of O(9?) in
the derivative expansion

@ Dynamic critical exponent z are obtained for Model A, Model H as a
function of spatial dimension

235F %,

230

225
220
w
215
210 . 1
205p T mmg T s 1
roof e e ]

2.0 25 3.0 35 2.0 2.0 25 3.0 35 2.0

Time-evolution of critical modes (see Yang-yang Tan's talk)

Thanks for your attentions!
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Order parameter propagators

R A K
G =—mmmmm , G = mmmmmm e , G = e mmmmmm e
c q q c c c

Diagrammatic representation of the propagators

. i
’Gllf,ab(q) = q 5 dab »
Zek Go + iZs k(p) G + iZ, kq2fs<7) MGk

i

A
’Gk,ab(q) = _ . 5 q ;
—Zik Qo + iZp k(pc)G* + iZskq fB<7> +im;

5ab 3

. 47 T
’GkK,ab(q) = : 2 Oab -

(Zt,k q0)2 + <Z¢>,k(l)c)q2 + Z¢,kq2r5(q—2> + m )
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Feynman rules of three-point vertices

3
‘Z/‘\c ITE( c)]cc(q17 q2, QS)

3
/Ti a)lqazad((h, g2, q3)

¢,k(pc)pi/2 (ql . q2531325a30 + q - q36alag,5320 + q> - q3532335310)

pi/Q Vf) (pc) (63132 5330 + 631335320 + 632336310) - 2,03/2 ‘/(3 pc 31063206330 B

D B T



Feynman rules of four-point vertices

N ‘ 4
’i""‘ = ’T5<7¢)7¢c5(q17 42,43, q4)

1
=3 ¢,k(pC) [(lh “q2+qs - q4)5313253334 + (Ch ‘g3
+q2- q4)5818353234 + (ql “qs+q2- q3)5ala463233:|

+ pczgl(pt:) (th . q26313253305340
+ q: - q3631a363205a40 + q: - q4531346a205330
+ q> - q35a22353105340 + q> - q45323453105330

+qs - q45aga463105320) 5
XQCD 2024 [ E——



Feynman rules of four-point vertices

Effective potential contributes to four-point vertices
(4)
Ly
1 p2
- 5 ‘/5( )(pc) <5313253334 + 5313353234 + 5313453233)

— Pc V§<3) (pC) (63132 63306340 + 53133 5a205340
+ (5313453205330 + 5323353105340 + 6323453105330

+ 5333452106320) 2pc‘/< Pc 310632053306340
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Flow equation of the effective potential

d-u'(p) = (=2 +np)d (p) + (=2 + d + ng)pu" (p)
v 01 2,(p)x+ 30" (p) + 2pu® (p)
—d(/dxx21¢p /a(i)2 P ps

2
+ - Z(p v (p
+(N—1)/dxx2_1¢(p3:(j;)2 (p)s(x))
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Flow equation of the z(p)

0-24(p) = 124(p) + (=2 + d+1)pZ,(p)

2_ _ ' g 1 !
+ 57 (%(0) v x / bt <LW(X)L§(X) ’ Lz(x>L0<x>>

0
+ 4pZ,(p)u @ (p)rg dxx2

s(x)
LW (X)L, (x)?

—4p(u (2) Vd/ dxx?~ s (8 Lr(x))

HEE
8 2) 1\ 2 1 1 2
+ P 0) ”"/o dod (L%(X)Li’(x) B ) (L)

— v [t 56 (9) g (2L 09) 59

1
_ _ _ g1 1
— (Z(p) + 2pz§52) (p))Vd/O dxxz~! B

L21(x) s(x)
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Flow equation of the Z;

" Lfr (x) +4L: (X)L, (x) + L?, (x)
L2(x)L2(3) [Ln (%) + Ly ()]

1
0rZe ) =— Zt’k2ﬁ(u(2)(,6))2ud/ dxx%_ls(x)
0

with

s(x) =[2—n(1-x)]O0(1 —x),
La(x) =25(p)x+ (1 = x)O(1 = x) + ' (p),

Lo(x) =24(p)x+ (1 = 0)O(1 = x) + «/ (p) + 2pu® ()

XQCD 2024 July 17, 2024 30/36



Order parameter propagators

[ . iGE = emmmm oo . GE = emmemm
c 7 q c c c

The expression for order parameter propagators

i

ing(Q) = & + Mg < (1 + r5<%>> + m?),k> )

i

iGyk(q) =
¢7k . ?
qo — iNkg? <q2 (1 + rg(%;» + mik)

Mg

q + P‘k‘ﬁ ( (1 + ”3(%» + mi’k)r |
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Momentum density propagators

iG] = Q00000009 Gk = Q00000000 G =\Q00000000)
2 : : }

The expression for momentum density propagators

i

IG_/,,?k(q) = . e HL,
qo + inkq? (1 + rB(p))

. i

’Gink(q) = . 5 e I+ )
do — Mkq (1 + rB(p))

. ~K 477kq2 €

'Gj,k(q) = -

< {1+ a(E))]
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Flow equation for «/(p)

0 (p) = (=24 np)u/ (p) + (=2 + d + 1) pu'? ()

2y <1_ Mo > 3u?(p) + 2pu® (p)
(1+(p) +2puP(p))? ]’

Dimensionless

(A=K7,
7= K"
g=ktieg,
p=k"
u(p) = k~“Vi(p)

D B T 17, 2
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Flow equation for transport coefficient \

({97)\2—(2—4-1-77(;5)5\

28° 1 2 2
_%L - -1 ;

5 (1+Fn2)2/dd( + cos” 0) cos” 0

228 1 ) 4

—_— 2 — 4

+d77 (1+_2)2/dd( 6 cos” 0 4+ 4 cos™ )

28 1 4 2

7 1+m2/dd(COS 0 — cos® 0)

6g2)\/dd( 1+ cos? 0) cos? 0

n*

2 6g%\ _ 9

—_— 1 -1

J12 772( +m)/dd( + cos® )

3g2)\

/dd (4 cos? @ — 4cos 9)

2 3282\ ) A
+d—|—4 = (I+m )/dd(cos 0 — cos™ 0),

D B T 17, 2
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Flow equation for 7 and g

(9777 ———(2—2)17
2g2 1 2 4
Ze __ © 1— 2
+ X (1 _2)3/dd( 3 cos” 6 + 2 cos 0),

Org=—(z-3+(4-4d)/2)e.

Here we neglect the loop diagram correction for the coupling gx.
Define a new dimensionless coupling constant

f=uv4=>—
l/d)\'r_]
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Flow equation for the coupling constant f

By combining the flow equations for \, 7 and g

Orf=(ny— (4 —d))f— L —I,F

Function [\ and /,

2
I =— /dd( 1 4 cos®6) cos? 0
(14 m?)?
4 ! /d (2 — 6cos® 0 + 4 cos )
- a2 —
Ty w2
2 4 2
1+m2/dd(c0s 0 —cos“0),

1

2
by =————= 1-— 20 +2cos9).
n j<1+m‘2)3/dd( 3cos” 0 cos” 0)

36/36
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