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Multipolar dark matter

Anapole moment

 WIMP interact electromagnetically with ordinary matter, via an electric or    
magnetic dipole moment 

 Contains derivative coupling  

 Pospelov and ter Veldhuris proposed another possible form of EM 
coupling to the DM 

Rich phenomenology
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FIG. 1: Feynman diagrams of the annihilation processes
that are crucial for the relic density calculation.

star and the subsequent dark heating. Next we explore,
the framework to analyse the neutrinos from captured
DM annihilation inside the Sun. We reviewed our re-
sults for dipole dark matter models in section 3. Finally,
we conclude in section 4. In Appendix A, we compare
scattering cross-sections for the di↵erent multipolar dark
matter scenarios discussed in this work.

2. ANAPOLE DARK MATTER

In this section, we will discuss the experimental status
of the anapole (AP) DM model [1, 2, 5]. The dim-6 inter-
action Lagrangian of a spin- 12 DM particle with photons
due to its anapole moment can be expressed as [5]

Lanapole =
1

⇤2
1

�̄�µ�5�@⌫F
µ⌫
, (2.1)

where �, Fµ⌫ are the Majorana DM field, electromagnetic
field strength tensor, respectively and ⇤1 is the EFT cut-
o↵ scale. The derivative coupling leads to a momentum
dependence in the photon mediated interaction of the
DM with the visible sector.

2.1. Relic Density

We will consider the usual thermal origin of the DM
i.e. the particles are in thermal equilibrium with the
primordial soup and after freeze-out the relic of the DM
particles saturates the measured density of DM. The relic
abundance of the DM can be obtained by solving the
relevant Boltzmann equation [32]
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where Y� = n�/s, n�, s being the DM number density
and total entropy density of the universe, respectively.
In Eq. (2.2), z = m�/T , m� is the DM mass and T is
the photon temperature, H(m�) is the Hubble expansion
rate and h�annvi is the thermally averaged annihilation
cross-section defined in [33]. In the case of anapole DM,
the DM annihilation to the fermions are shown in Fig.

1a, which is the relevant channel for relic calculations.
One can easily read o↵ from Eq. (2.1), that the process
��̄ ! �� is kinematically allowed but forbidden at tree
level, because @⌫F

µ⌫ = @
µ(@⌫A⌫) � @

2
A

µ = 0 for on-
shell photons. Thus the amplitude of Fig. 1b identically
goes to zero for anapole DM scenario. The di↵erential
cross-section of the annihilation rate is given by
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where ↵e is the fine-structure constant, mf is the mass of
the fermion, s and t are the Mandelstam variables. We
have solved Eq. (2.2) numerically by extracting the ther-
mally averaged annihilation cross-section utilising Eq.
(2.3) and obtained the relic contour by matching it with
the observed value obtained in Planck 2018 [31].

2.2. Direct Detection

At direct detection experiments, the ambient DM par-
ticles scatter o↵ the nuclei at state-of-the-art experimen-
tal facilities and the recoil rates are measured at the de-
tectors. The di↵erential recoil rate of DM scatters o↵ a
target nucleus is given by [34]

dR

dEnr
=

⌘exp

mk
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du� u� f(u�)
d�
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where mk is the mass of the target nucleus, ⌘exp is the
exposure time of the detector in kg-days and ⇢0, m� are
the local DM density and DM mass, respectively. In Eq.
(2.4), f(u�) is the normalized velocity distribution profile
of DM and d�

dEnr
is the di↵erential scattering cross-section.

The minimum velocity of the DM required to produce a
recoil event is given by [34]

umin =

s
Enr mT

2�2
�,k

, (2.5)

with ��,k is the reduced mass of DM and the nucleus
k. In Eq. (2.4), the Milky Way escape velocity is given
by uesc = 528 km/s [35]. The nuclear recoil rates for
anapole model has been obtained with WIMpy NREFT [36].
We update the constraints on the parameter space of
anapole DM with recent results from DarkSide-50 [29]
and LUX-ZEPLIN (LZ) [30]. A brief discussion about
these experiments are now in order.

1. DarkSide-50 Experiment

The DarkSide-50 experiment is located in the Hall C of
the Gran Sasso National Laboratory in Italy. DarkSide-
50 collaboration use liquid Ar as the detector material
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where ↵e is the fine-structure constant, mf is the mass of
the fermion, s and t are the Mandelstam variables. We
have solved Eq. (2.2) numerically by extracting the ther-
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(2.3) and obtained the relic contour by matching it with
the observed value obtained in Planck 2018 [31].
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with ��,k is the reduced mass of DM and the nucleus
k. In Eq. (2.4), the Milky Way escape velocity is given
by uesc = 528 km/s [35]. The nuclear recoil rates for
anapole model has been obtained with WIMpy NREFT [36].
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where ↵e is the fine-structure constant, mf is the mass of
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where ↵e is the fine-structure constant, mf is the mass of
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2.3. Dark Matter Capture

In this section, we will discuss possible constraints from
the capture of anapole DM inside the celestial objects.
As a celestial body wanders through a galactic halo of
DM particles, it can attract the DM in their gravita-
tional well. The DM particles can scatter with the SM
constituents of the celestial body and can loose su�cient
energy to become captured within the celestial environ-
ment. These accumulated DM particles can annihilate
which can increase the stellar luminosity or can produce
observable signals at Earth based experiments. As the
compact stars have more density than any detector at
Earth, indirect searches related to capture can probe
much deeper region in the DM parameter space. How-
ever, in the case of the DMmodel discussed in this article,
there is an additional advantage due to the momentum
dependent interaction topology. As the DM particles are
accelerated due to the gravitational focusing at the stars,
the DM velocity approaches the escape velocity of the
star which boosts the scattering cross-section of the DM
and SM particles as discussed in appendix A. The mod-
els of DM with derivative coupling to the visible sector
considered here has additional significance in terms of
the potency of DM capture in constraining its parameter
space. We will now explore the two possible complimen-
tary signals from DM capture that will be utilised to
constrain the parameter space of the anapole DM.

1. Heating Signature inside NS

Owing to its quantum nature, the compact neutron
stars are extremely dense with very high escape velocity
⇠ 0.6c, making them ideal for capture signals of DM sce-
narios like the anapole DM. After thermalization inside
the NS, the DM particles annihilate to SM states where
the annihilated products are expected to get trapped
within the dense neutron star environment given the SM
particles have mean free path smaller than the radius of
the star. This results in a stellar heating that can be
estimated as [40–42]
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where ��i is the DM scattering cross-section with target
i and �th,i is the NS threshold cross-section for target

i that can be written as, �th,i = ⇡R
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parameters have been considered to be the benchmark
ones i.e. MNS = 1.5M�, RNS = 10 km and mi, Ni are
the mass of the target nucleon and number of scattering
target inside a neutron star. To calculate the capture
fraction defined in Eq. (2.11), we have considered contri-
bution from both protons and neutrons. The photon has
interactions through monopole, dipole, and also higher
order multipoles with a SM fermion. However, as the
neutron is electrically neutral, the leading order contri-
bution to the photon coupling comes from the dipole term
that is produced at the loop level. But for the protons,
there exists a tree level coupling between the proton and
the photon. In this analysis, we have not considered the
sub-leading proton interactions via dipole coupling with
the photons. The sub-leading contribution is suppressed
by the nucleon mass and also by the low proton frac-
tion inside the neutron star. Within this approximation,
the contributions from the neutron and the proton are of
the same order for the anapole DM model considered in
this section. We take a conservative approach and taken
the proton fraction inside a NS to be 1% with the un-
derstanding that any increase in the proton fraction will
make our limits more stringent [43]. In the relativistic
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where mp, mn are the masses of the proton and neu-
tron, respectively. If the neutron star is old enough, it
can cool down to O(1000K) which can be explored by in-
frared telescopes like JWST [44], Thirty Meter Telescope
(TMT) [45], and European Extremely Large Telescope
(E-ELT) [46]. We have estimated sensitivities in the DM
coupling by considering the dark kinetic heating of NS to
be 1600K.

2. Neutrinos from Sun

The complimentary possibility is that the annihilation
products from the captured DM is capable of escaping
from the gaseous stars and produce observable neutrino
signals at the Earth based observatories. Owing to its
proximity, the Sun provides the ideal site for analysing
such signals. However, if we consider the DM to domi-
nantly annihilate into long-lived mediators, we can also
detect charged particles and photons from the annihila-
tion of captured DM inside the Sun or any other celes-

[W. H. Press, D. N. Spergel  
Astrophys. J 296, 679-684 (1985)]
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2.3. Dark Matter Capture

In this section, we will discuss possible constraints from
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and SM particles as discussed in appendix A. The mod-
els of DM with derivative coupling to the visible sector
considered here has additional significance in terms of
the potency of DM capture in constraining its parameter
space. We will now explore the two possible complimen-
tary signals from DM capture that will be utilised to
constrain the parameter space of the anapole DM.

1. Heating Signature inside NS

Owing to its quantum nature, the compact neutron
stars are extremely dense with very high escape velocity
⇠ 0.6c, making them ideal for capture signals of DM sce-
narios like the anapole DM. After thermalization inside
the NS, the DM particles annihilate to SM states where
the annihilated products are expected to get trapped
within the dense neutron star environment given the SM
particles have mean free path smaller than the radius of
the star. This results in a stellar heating that can be
estimated as [40–42]
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parameters have been considered to be the benchmark
ones i.e. MNS = 1.5M�, RNS = 10 km and mi, Ni are
the mass of the target nucleon and number of scattering
target inside a neutron star. To calculate the capture
fraction defined in Eq. (2.11), we have considered contri-
bution from both protons and neutrons. The photon has
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bution to the photon coupling comes from the dipole term
that is produced at the loop level. But for the protons,
there exists a tree level coupling between the proton and
the photon. In this analysis, we have not considered the
sub-leading proton interactions via dipole coupling with
the photons. The sub-leading contribution is suppressed
by the nucleon mass and also by the low proton frac-
tion inside the neutron star. Within this approximation,
the contributions from the neutron and the proton are of
the same order for the anapole DM model considered in
this section. We take a conservative approach and taken
the proton fraction inside a NS to be 1% with the un-
derstanding that any increase in the proton fraction will
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where mp, mn are the masses of the proton and neu-
tron, respectively. If the neutron star is old enough, it
can cool down to O(1000K) which can be explored by in-
frared telescopes like JWST [44], Thirty Meter Telescope
(TMT) [45], and European Extremely Large Telescope
(E-ELT) [46]. We have estimated sensitivities in the DM
coupling by considering the dark kinetic heating of NS to
be 1600K.

2. Neutrinos from Sun

The complimentary possibility is that the annihilation
products from the captured DM is capable of escaping
from the gaseous stars and produce observable neutrino
signals at the Earth based observatories. Owing to its
proximity, the Sun provides the ideal site for analysing
such signals. However, if we consider the DM to domi-
nantly annihilate into long-lived mediators, we can also
detect charged particles and photons from the annihila-
tion of captured DM inside the Sun or any other celes-
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tial body or in a distribution of stars can be detected at
Earth based observatories like IceCube, Fermi Large Area
Telescope (LAT) and the Alpha Magnetic Spectrometer
(AMS), etc. [47–58]. However, as for the DM models
we have considered in the article does not have any dark
mediator, we will restrict ourselves to the neutrino obser-
vations which can escape from the solar interior. Being
a main sequence star, the capture rate within the Sun
needs to be calculated considering its chemical composi-
tion and it is given by [22, 59]
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where the sum is over all possible nuclei present in the
solar interior. w(r) is the velocity of the DM particles at
a distance r from the center of the sun which can be read
as w(r) =

q
u2
� + v2esc(r), vesc(r) is the escape velocity

of the Sun at the same location. fv�(u�) is the velocity
distribution profile of DM particles in the rest frame of
the Sun and is given by [22]
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where v� is the velocity of the Sun in the rest frame
of the DM halo and vd is the dispersion velocity. In
this work, we have considered the Maxwell-Boltzmann
profile for velocity distribution1. In Eq. (2.14), the term
⌦�

k (w) measures the capture probability of DM particles
coming with a velocity w(r) that interacts with a nucleus
k, which can be expressed as [26]
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where nk(r) is the density of nucleus k at radius r, ⇣k =
(m�/mk) and ⇣k,± = (⇣k ± 1) /2. In Eq. (2.16), d�k

dEnr

is the di↵erential recoil rate of the DM with the nucleus
which is given by [25, 26]
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1 For its deviation and their consequences see [60].

where Zk, Ik, and µk are the atomic number, spin, and
magnetic moment of the target nucleus, respectively. µN

is the nuclear magneton and FE(Enr), FM(Enr) are the
charge and magnetic dipole form factors as a function of
Enr which are extracted from [28]. To calculate the dif-
ferential recoil events, the magnetic moments and spins
of di↵erent nuclei have been taken from [61]. The number
of DM particles inside the Sun is dictated by the inter-
play of DM capture, annihilation and evaporation which
is given by

dN�

dt
= C� � Cann N

2
� � Cevap N�, (2.18)

where Cann, Cevap are the DM annihilation and evapora-
tion rate inside the Sun. For the DM mass range we are
considering i.e. m� > 5GeV, the evaporation rate is nu-
merically insignificant and under equilibrium condition,
we can relate the capture and annihilation rate by
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If the DM particles annihilate to SM particles other than
photons, the primary or secondary neutrinos from the
annihilation can escape from the solar atmosphere and
can be detected at Earth based neutrino detectors. The
di↵erential neutrino flux reaching at the surface of the
Earth can be expressed as

E
2
⌫
d�⌫

dE⌫
=
�ann
4⇡D2

�
⇥

✓
E

2
⌫
dN⌫

dE⌫

◆
, (2.20)

where D� is the distance between the Earth and the Sun,
dN⌫
dE⌫

is the neutrino spectra per DM annihilation. As in
our models, the DM particles annihilate to di↵erent fi-
nal state channels with di↵erent branching ratios and all
of the channels can contribute to the neutrino spectra,
we have taken care of all the channels that can lead to
neutrino spectra with proper weightage. The branching
fraction of each of the annihilation channels has been cal-
culated using Eq. (2.3) and the production spectra of the
neutrinos are obtained utilizing �aro⌫ [62]. These pro-
duced neutrinos need to be propagated through the solar
interior, vacuum, Earth and its atmosphere to reach the
detector. The propagation of the neutrinos have been
calculated using nuSQuIDS [63], where neutrino oscilla-
tions, scattering and tau regeneration have been consid-
ered and the obtained neutrino spectra has been utilized
in Eq. (2.20) to calculate the di↵erential neutrino flux at
the detector.
In this work, we have utilised the IceCube and Deep-

Core events published by the IceCube collaboration [24],
where the analysis uses the 3 years data between May,
2011 and May, 2014. The analysed events are muon
track-like events and have been studied with respect to
cosine of the solar opening angle ( �) in Fig. 6 of [24].
The DM induced di↵erential event rate in terms of ( �)

No of DM particles  
Inside Sun

Capture Annihilation Evaporation

[IceCube collaboration 
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131302 (2013)]
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tial body or in a distribution of stars can be detected at
Earth based observatories like IceCube, Fermi Large Area
Telescope (LAT) and the Alpha Magnetic Spectrometer
(AMS), etc. [47–58]. However, as for the DM models
we have considered in the article does not have any dark
mediator, we will restrict ourselves to the neutrino obser-
vations which can escape from the solar interior. Being
a main sequence star, the capture rate within the Sun
needs to be calculated considering its chemical composi-
tion and it is given by [22, 59]
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where v� is the velocity of the Sun in the rest frame
of the DM halo and vd is the dispersion velocity. In
this work, we have considered the Maxwell-Boltzmann
profile for velocity distribution1. In Eq. (2.14), the term
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k (w) measures the capture probability of DM particles
coming with a velocity w(r) that interacts with a nucleus
k, which can be expressed as [26]
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1 For its deviation and their consequences see [60].

where Zk, Ik, and µk are the atomic number, spin, and
magnetic moment of the target nucleus, respectively. µN

is the nuclear magneton and FE(Enr), FM(Enr) are the
charge and magnetic dipole form factors as a function of
Enr which are extracted from [28]. To calculate the dif-
ferential recoil events, the magnetic moments and spins
of di↵erent nuclei have been taken from [61]. The number
of DM particles inside the Sun is dictated by the inter-
play of DM capture, annihilation and evaporation which
is given by
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2
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where Cann, Cevap are the DM annihilation and evapora-
tion rate inside the Sun. For the DM mass range we are
considering i.e. m� > 5GeV, the evaporation rate is nu-
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If the DM particles annihilate to SM particles other than
photons, the primary or secondary neutrinos from the
annihilation can escape from the solar atmosphere and
can be detected at Earth based neutrino detectors. The
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where D� is the distance between the Earth and the Sun,
dN⌫
dE⌫

is the neutrino spectra per DM annihilation. As in
our models, the DM particles annihilate to di↵erent fi-
nal state channels with di↵erent branching ratios and all
of the channels can contribute to the neutrino spectra,
we have taken care of all the channels that can lead to
neutrino spectra with proper weightage. The branching
fraction of each of the annihilation channels has been cal-
culated using Eq. (2.3) and the production spectra of the
neutrinos are obtained utilizing �aro⌫ [62]. These pro-
duced neutrinos need to be propagated through the solar
interior, vacuum, Earth and its atmosphere to reach the
detector. The propagation of the neutrinos have been
calculated using nuSQuIDS [63], where neutrino oscilla-
tions, scattering and tau regeneration have been consid-
ered and the obtained neutrino spectra has been utilized
in Eq. (2.20) to calculate the di↵erential neutrino flux at
the detector.
In this work, we have utilised the IceCube and Deep-

Core events published by the IceCube collaboration [24],
where the analysis uses the 3 years data between May,
2011 and May, 2014. The analysed events are muon
track-like events and have been studied with respect to
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tial body or in a distribution of stars can be detected at
Earth based observatories like IceCube, Fermi Large Area
Telescope (LAT) and the Alpha Magnetic Spectrometer
(AMS), etc. [47–58]. However, as for the DM models
we have considered in the article does not have any dark
mediator, we will restrict ourselves to the neutrino obser-
vations which can escape from the solar interior. Being
a main sequence star, the capture rate within the Sun
needs to be calculated considering its chemical composi-
tion and it is given by [22, 59]
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where the sum is over all possible nuclei present in the
solar interior. w(r) is the velocity of the DM particles at
a distance r from the center of the sun which can be read
as w(r) =
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of the Sun at the same location. fv�(u�) is the velocity
distribution profile of DM particles in the rest frame of
the Sun and is given by [22]
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where v� is the velocity of the Sun in the rest frame
of the DM halo and vd is the dispersion velocity. In
this work, we have considered the Maxwell-Boltzmann
profile for velocity distribution1. In Eq. (2.14), the term
⌦�

k (w) measures the capture probability of DM particles
coming with a velocity w(r) that interacts with a nucleus
k, which can be expressed as [26]
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where nk(r) is the density of nucleus k at radius r, ⇣k =
(m�/mk) and ⇣k,± = (⇣k ± 1) /2. In Eq. (2.16), d�k
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where Zk, Ik, and µk are the atomic number, spin, and
magnetic moment of the target nucleus, respectively. µN

is the nuclear magneton and FE(Enr), FM(Enr) are the
charge and magnetic dipole form factors as a function of
Enr which are extracted from [28]. To calculate the dif-
ferential recoil events, the magnetic moments and spins
of di↵erent nuclei have been taken from [61]. The number
of DM particles inside the Sun is dictated by the inter-
play of DM capture, annihilation and evaporation which
is given by
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where Cann, Cevap are the DM annihilation and evapora-
tion rate inside the Sun. For the DM mass range we are
considering i.e. m� > 5GeV, the evaporation rate is nu-
merically insignificant and under equilibrium condition,
we can relate the capture and annihilation rate by
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If the DM particles annihilate to SM particles other than
photons, the primary or secondary neutrinos from the
annihilation can escape from the solar atmosphere and
can be detected at Earth based neutrino detectors. The
di↵erential neutrino flux reaching at the surface of the
Earth can be expressed as
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where D� is the distance between the Earth and the Sun,
dN⌫
dE⌫

is the neutrino spectra per DM annihilation. As in
our models, the DM particles annihilate to di↵erent fi-
nal state channels with di↵erent branching ratios and all
of the channels can contribute to the neutrino spectra,
we have taken care of all the channels that can lead to
neutrino spectra with proper weightage. The branching
fraction of each of the annihilation channels has been cal-
culated using Eq. (2.3) and the production spectra of the
neutrinos are obtained utilizing �aro⌫ [62]. These pro-
duced neutrinos need to be propagated through the solar
interior, vacuum, Earth and its atmosphere to reach the
detector. The propagation of the neutrinos have been
calculated using nuSQuIDS [63], where neutrino oscilla-
tions, scattering and tau regeneration have been consid-
ered and the obtained neutrino spectra has been utilized
in Eq. (2.20) to calculate the di↵erential neutrino flux at
the detector.
In this work, we have utilised the IceCube and Deep-

Core events published by the IceCube collaboration [24],
where the analysis uses the 3 years data between May,
2011 and May, 2014. The analysed events are muon
track-like events and have been studied with respect to
cosine of the solar opening angle ( �) in Fig. 6 of [24].
The DM induced di↵erential event rate in terms of ( �)
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tial body or in a distribution of stars can be detected at
Earth based observatories like IceCube, Fermi Large Area
Telescope (LAT) and the Alpha Magnetic Spectrometer
(AMS), etc. [47–58]. However, as for the DM models
we have considered in the article does not have any dark
mediator, we will restrict ourselves to the neutrino obser-
vations which can escape from the solar interior. Being
a main sequence star, the capture rate within the Sun
needs to be calculated considering its chemical composi-
tion and it is given by [22, 59]
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where the sum is over all possible nuclei present in the
solar interior. w(r) is the velocity of the DM particles at
a distance r from the center of the sun which can be read
as w(r) =

q
u2
� + v2esc(r), vesc(r) is the escape velocity

of the Sun at the same location. fv�(u�) is the velocity
distribution profile of DM particles in the rest frame of
the Sun and is given by [22]
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where v� is the velocity of the Sun in the rest frame
of the DM halo and vd is the dispersion velocity. In
this work, we have considered the Maxwell-Boltzmann
profile for velocity distribution1. In Eq. (2.14), the term
⌦�

k (w) measures the capture probability of DM particles
coming with a velocity w(r) that interacts with a nucleus
k, which can be expressed as [26]
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where nk(r) is the density of nucleus k at radius r, ⇣k =
(m�/mk) and ⇣k,± = (⇣k ± 1) /2. In Eq. (2.16), d�k

dEnr

is the di↵erential recoil rate of the DM with the nucleus
which is given by [25, 26]
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1 For its deviation and their consequences see [60].

where Zk, Ik, and µk are the atomic number, spin, and
magnetic moment of the target nucleus, respectively. µN

is the nuclear magneton and FE(Enr), FM(Enr) are the
charge and magnetic dipole form factors as a function of
Enr which are extracted from [28]. To calculate the dif-
ferential recoil events, the magnetic moments and spins
of di↵erent nuclei have been taken from [61]. The number
of DM particles inside the Sun is dictated by the inter-
play of DM capture, annihilation and evaporation which
is given by

dN�

dt
= C� � Cann N

2
� � Cevap N�, (2.18)

where Cann, Cevap are the DM annihilation and evapora-
tion rate inside the Sun. For the DM mass range we are
considering i.e. m� > 5GeV, the evaporation rate is nu-
merically insignificant and under equilibrium condition,
we can relate the capture and annihilation rate by
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If the DM particles annihilate to SM particles other than
photons, the primary or secondary neutrinos from the
annihilation can escape from the solar atmosphere and
can be detected at Earth based neutrino detectors. The
di↵erential neutrino flux reaching at the surface of the
Earth can be expressed as
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where D� is the distance between the Earth and the Sun,
dN⌫
dE⌫

is the neutrino spectra per DM annihilation. As in
our models, the DM particles annihilate to di↵erent fi-
nal state channels with di↵erent branching ratios and all
of the channels can contribute to the neutrino spectra,
we have taken care of all the channels that can lead to
neutrino spectra with proper weightage. The branching
fraction of each of the annihilation channels has been cal-
culated using Eq. (2.3) and the production spectra of the
neutrinos are obtained utilizing �aro⌫ [62]. These pro-
duced neutrinos need to be propagated through the solar
interior, vacuum, Earth and its atmosphere to reach the
detector. The propagation of the neutrinos have been
calculated using nuSQuIDS [63], where neutrino oscilla-
tions, scattering and tau regeneration have been consid-
ered and the obtained neutrino spectra has been utilized
in Eq. (2.20) to calculate the di↵erential neutrino flux at
the detector.
In this work, we have utilised the IceCube and Deep-

Core events published by the IceCube collaboration [24],
where the analysis uses the 3 years data between May,
2011 and May, 2014. The analysed events are muon
track-like events and have been studied with respect to
cosine of the solar opening angle ( �) in Fig. 6 of [24].
The DM induced di↵erential event rate in terms of ( �)
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tial body or in a distribution of stars can be detected at
Earth based observatories like IceCube, Fermi Large Area
Telescope (LAT) and the Alpha Magnetic Spectrometer
(AMS), etc. [47–58]. However, as for the DM models
we have considered in the article does not have any dark
mediator, we will restrict ourselves to the neutrino obser-
vations which can escape from the solar interior. Being
a main sequence star, the capture rate within the Sun
needs to be calculated considering its chemical composi-
tion and it is given by [22, 59]
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where the sum is over all possible nuclei present in the
solar interior. w(r) is the velocity of the DM particles at
a distance r from the center of the sun which can be read
as w(r) =

q
u2
� + v2esc(r), vesc(r) is the escape velocity

of the Sun at the same location. fv�(u�) is the velocity
distribution profile of DM particles in the rest frame of
the Sun and is given by [22]
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where v� is the velocity of the Sun in the rest frame
of the DM halo and vd is the dispersion velocity. In
this work, we have considered the Maxwell-Boltzmann
profile for velocity distribution1. In Eq. (2.14), the term
⌦�

k (w) measures the capture probability of DM particles
coming with a velocity w(r) that interacts with a nucleus
k, which can be expressed as [26]
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k (w) = nk(r)w(r)
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where nk(r) is the density of nucleus k at radius r, ⇣k =
(m�/mk) and ⇣k,± = (⇣k ± 1) /2. In Eq. (2.16), d�k

dEnr

is the di↵erential recoil rate of the DM with the nucleus
which is given by [25, 26]
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1 For its deviation and their consequences see [60].

where Zk, Ik, and µk are the atomic number, spin, and
magnetic moment of the target nucleus, respectively. µN

is the nuclear magneton and FE(Enr), FM(Enr) are the
charge and magnetic dipole form factors as a function of
Enr which are extracted from [28]. To calculate the dif-
ferential recoil events, the magnetic moments and spins
of di↵erent nuclei have been taken from [61]. The number
of DM particles inside the Sun is dictated by the inter-
play of DM capture, annihilation and evaporation which
is given by

dN�

dt
= C� � Cann N

2
� � Cevap N�, (2.18)

where Cann, Cevap are the DM annihilation and evapora-
tion rate inside the Sun. For the DM mass range we are
considering i.e. m� > 5GeV, the evaporation rate is nu-
merically insignificant and under equilibrium condition,
we can relate the capture and annihilation rate by
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2
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, (2.19)

If the DM particles annihilate to SM particles other than
photons, the primary or secondary neutrinos from the
annihilation can escape from the solar atmosphere and
can be detected at Earth based neutrino detectors. The
di↵erential neutrino flux reaching at the surface of the
Earth can be expressed as
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where D� is the distance between the Earth and the Sun,
dN⌫
dE⌫

is the neutrino spectra per DM annihilation. As in
our models, the DM particles annihilate to di↵erent fi-
nal state channels with di↵erent branching ratios and all
of the channels can contribute to the neutrino spectra,
we have taken care of all the channels that can lead to
neutrino spectra with proper weightage. The branching
fraction of each of the annihilation channels has been cal-
culated using Eq. (2.3) and the production spectra of the
neutrinos are obtained utilizing �aro⌫ [62]. These pro-
duced neutrinos need to be propagated through the solar
interior, vacuum, Earth and its atmosphere to reach the
detector. The propagation of the neutrinos have been
calculated using nuSQuIDS [63], where neutrino oscilla-
tions, scattering and tau regeneration have been consid-
ered and the obtained neutrino spectra has been utilized
in Eq. (2.20) to calculate the di↵erential neutrino flux at
the detector.
In this work, we have utilised the IceCube and Deep-

Core events published by the IceCube collaboration [24],
where the analysis uses the 3 years data between May,
2011 and May, 2014. The analysed events are muon
track-like events and have been studied with respect to
cosine of the solar opening angle ( �) in Fig. 6 of [24].
The DM induced di↵erential event rate in terms of ( �)
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tial body or in a distribution of stars can be detected at
Earth based observatories like IceCube, Fermi Large Area
Telescope (LAT) and the Alpha Magnetic Spectrometer
(AMS), etc. [47–58]. However, as for the DM models
we have considered in the article does not have any dark
mediator, we will restrict ourselves to the neutrino obser-
vations which can escape from the solar interior. Being
a main sequence star, the capture rate within the Sun
needs to be calculated considering its chemical composi-
tion and it is given by [22, 59]
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where the sum is over all possible nuclei present in the
solar interior. w(r) is the velocity of the DM particles at
a distance r from the center of the sun which can be read
as w(r) =

q
u2
� + v2esc(r), vesc(r) is the escape velocity

of the Sun at the same location. fv�(u�) is the velocity
distribution profile of DM particles in the rest frame of
the Sun and is given by [22]
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where v� is the velocity of the Sun in the rest frame
of the DM halo and vd is the dispersion velocity. In
this work, we have considered the Maxwell-Boltzmann
profile for velocity distribution1. In Eq. (2.14), the term
⌦�

k (w) measures the capture probability of DM particles
coming with a velocity w(r) that interacts with a nucleus
k, which can be expressed as [26]

⌦�
k (w) = nk(r)w(r)
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where nk(r) is the density of nucleus k at radius r, ⇣k =
(m�/mk) and ⇣k,± = (⇣k ± 1) /2. In Eq. (2.16), d�k

dEnr

is the di↵erential recoil rate of the DM with the nucleus
which is given by [25, 26]
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1 For its deviation and their consequences see [60].

where Zk, Ik, and µk are the atomic number, spin, and
magnetic moment of the target nucleus, respectively. µN

is the nuclear magneton and FE(Enr), FM(Enr) are the
charge and magnetic dipole form factors as a function of
Enr which are extracted from [28]. To calculate the dif-
ferential recoil events, the magnetic moments and spins
of di↵erent nuclei have been taken from [61]. The number
of DM particles inside the Sun is dictated by the inter-
play of DM capture, annihilation and evaporation which
is given by

dN�

dt
= C� � Cann N

2
� � Cevap N�, (2.18)

where Cann, Cevap are the DM annihilation and evapora-
tion rate inside the Sun. For the DM mass range we are
considering i.e. m� > 5GeV, the evaporation rate is nu-
merically insignificant and under equilibrium condition,
we can relate the capture and annihilation rate by

�ann =
1

2
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2
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2

, (2.19)

If the DM particles annihilate to SM particles other than
photons, the primary or secondary neutrinos from the
annihilation can escape from the solar atmosphere and
can be detected at Earth based neutrino detectors. The
di↵erential neutrino flux reaching at the surface of the
Earth can be expressed as
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where D� is the distance between the Earth and the Sun,
dN⌫
dE⌫

is the neutrino spectra per DM annihilation. As in
our models, the DM particles annihilate to di↵erent fi-
nal state channels with di↵erent branching ratios and all
of the channels can contribute to the neutrino spectra,
we have taken care of all the channels that can lead to
neutrino spectra with proper weightage. The branching
fraction of each of the annihilation channels has been cal-
culated using Eq. (2.3) and the production spectra of the
neutrinos are obtained utilizing �aro⌫ [62]. These pro-
duced neutrinos need to be propagated through the solar
interior, vacuum, Earth and its atmosphere to reach the
detector. The propagation of the neutrinos have been
calculated using nuSQuIDS [63], where neutrino oscilla-
tions, scattering and tau regeneration have been consid-
ered and the obtained neutrino spectra has been utilized
in Eq. (2.20) to calculate the di↵erential neutrino flux at
the detector.
In this work, we have utilised the IceCube and Deep-

Core events published by the IceCube collaboration [24],
where the analysis uses the 3 years data between May,
2011 and May, 2014. The analysed events are muon
track-like events and have been studied with respect to
cosine of the solar opening angle ( �) in Fig. 6 of [24].
The DM induced di↵erential event rate in terms of ( �)
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is given by [23]
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where Ae↵(E⌫) is the e↵ective area of the detector that
has been extracted from Fig. 4 of [24] and T = 532 days
is the exposure time for which the Sun is below the hori-
zon. In Eq. (2.21), the flux is calculated for the muon
flavour neutrino and anti-neutrino only, as the analysis
done in Ref. [24] considered muon track-like events. The
dispersion (� ) in Eq. (2.21) is given by

� =

�����

p
2 (1� cos [� (E⌫)])

2 erf�1 (0.5)

����� , (2.22)

where � (E⌫) be the angular resolution of the detector
shown in Fig. 4 of [24]. The exclusion limits have been
obtained through �

2-analysis where �
2 is defined as
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where Bi, Di, Ni, � and �i are the background, observed
data, DM induced events and variance in the i-th bin of
 �. These data have been extracted from Ref. [24]. We
have obtained upper limits for each of the models by
iterating the DM coupling for a fixed DM mass at 95%
confidence level.

2.4. Results

In Fig. 2, we present the exclusion limits from the syn-
ergy of direct and indirect detection experiment on the
parameter space of the anapole DM. The black line in
Fig. 2 denotes the relic contour of the concerned model
by solving Boltzmann equation described in sec 2 2.1 and
matching the abundance with the Planck 2018 observa-
tion [31]. The brown line in the Fig. 2 depicts the contour
satisfying ⇤1 = m� beyond which the calculations using
an e↵ective theory cannot be trusted. In Fig. 2, the
direct detection limits have been shown with blue solid
lines. The DarkSide-50 provides more stringent limit for
DM mass ⇠ 10 GeV, beyond which the LZ limits become
more stringent. We have analysed the indirect detec-
tion bounds from the signatures of annihilating DM con-
sidering the combined analysis of Fermi-LAT and Major
Atmospheric Gamma Imaging Cherenkov (MAGIC) [64]
telescopes and the latest observations from High Energy
Stereoscopic System (H.E.S.S.) [65]. However, for the
considered DM mass range the indirect detection bounds
constraint the parameter space upto 1/⇤2

1 ⇠ 10�5 GeV�2

and remains sub-dominant compared to the direct detec-
tion bounds. We do not show them in Fig. 2 to reduce

clutter. The bounds obtained by analysing the neutrino
signatures from solar captured DM are shown in green
colour, where the dashed and solid lines are obtained by
utilizing the DeepCore and IceCube data, respectively
[24]. In Fig. 2, we have also shown the projected limits
obtained from the dark heating of a old cold NS with
red solid line where the surface temperature of the NS is
considered to be 1600K.

We find that the updated direct detection results and
the exclusion contours from the high energetic solar neu-
trinos from captured DM leave a narrow window of al-
lowed parameter space that is both theoretically consis-
tent and phenomenologically viable. We further demon-
strate that this region lies within the sensitivity range
for the neutron star heating experiments to explore in
the near future.

3. DIPOLE DARK MATTER

Next we turn our attention to the class of models where
the DM couples to the electric dipole (ED) and mag-
netic dipole moment (MD) of the visible sector through
a momentum dependent coupling with the photon. The
Lagrangian of the the models are given by [3, 4]

Ldipole =
1
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+
i
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, (3.1)

where ⇤2, ⇤3 are EFT cut-o↵ scale of the corresponding
models.

We repeat the analysis done in the previous section
to constrain the parameter space of these models. To
keep the analysis generic, we have treated the electric
and magnetic dipole model separately. Any specific com-
bination can be easily constrained from the results pre-
sented here. Now we systematically enumerate the main
analytic expressions central to our analysis. The annihi-
lation cross-sections of the of DM to fermions for both
the models are given by
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The cross-sections for the photon annihilations are same
for both the electric and magnetic dipole models and is
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Summary

 Derivative coupling, by enhancing the scattering rate, 
increase the DM capture rate in celestial bodies  

   Updated direct detection and capture disfavour the viable 
parameter space in  EDM   and MDM 

  A narrow window survives in Anapole that lies within 
the reach of  JWST
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and the integration region (E, > m, E, > m,Icos 01 Q 1) transforms into 

153 

E,,h, sa4m2. (3.5) 

Thus, the numerator in eq. (3.1) can be computed as follows: 

/ UUMd e 
-E,/TeFE2/Td3p, d’p2 = 2,rr2 / +/dE_/dscrvM~,E,E2e-E+‘T dE 

= 4,rr2 jd suF\/l- F jdE+ eeE+lTdG 

= 2r2T/ ds u (S - 4m2)hK,(h/T), (3.6) 

where the integration over E, can be performed because aF = uuMvla, E, E, is a 
function of s only, and in the last step we have used F = fJ=. In a 
similar way, the denominator in eq. (3.1) becomes 

/ 
e-“I/Te-E2/Td3p, d”p, = [4rrm2TK2(m/T)12. (3.7) 

The resulting special functions Ki are the modified Bessel functions of order i (see 
e.g. ref. [8]). Dividing eq. (3.6) by eq. (3.71, we get the thermal average in terms of a 
single integral 

1 
(UUMO,) = jrn cr(s-4m2)fiK,(h/T)ds. 

8m”TKz( m/T) 4d 
(3.8) 

This is one of our primary results. 
Eq. (3.8) has been obtained for particles with Maxwell-Boltzmann statistics. It is 

applicable to other statistics provided that T 5 3m. When in the computation of 
relic abundances the relevant temperatures are less than the particle mass, we can 
safely use eq. (3.8) for all statistics. The insensitivity of the final abundance of 
heavy relics on the statistics of the particles was already noticed in ref. [9]. 

An expression similar to eq. (3.8) was obtained in ref. 1101 for massless par- 
ticles with Maxwell-Boltzmann statistics, but the formula was for (a) instead of 
buM(a,) = (dl - cos 0)). In any case, the use of Maxwell-Boltzmann statistics 

• Obtained for MB statistics, applicable for all 

statistics for T ≤ 3m
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under consideration remain in kinetical equilibrium also after decoupling; (iv) the 
initial chemical potential of the species under consideration is negligible. 

3. Thermal average 

The thermal average of the annihilation cross section times velocity has usually 
been done by expanding the cross section at low relative velocity. As discussed in 
sect. 1, there are cases in which the cross section is poorly approximated by its 
expansion, or in which its expansion is even divergent. It is in these cases that an 
integral formula is particularly useful. We have seen in sect. 2 that the quantity 
that enters the Boltzmann equation for the evolution of a species is (uu~~,). Here 
we derive a general formula for the thermal average in the relativistic context, 
which involves a single integration and does not require expansion of the cross 
section. 

As discussed before, we consider particle species whose equilibrium distribution 
function at temperature T is Maxwell-Boltzmann, i.e. f(E) a exp( - E/T), in the 
cosmic comoving frame, the frame where the gas is assumed to be at rest as a 
whole. In this case, the definition of (au,,,), eq. (2.141, reads 

-WTe-WTd$,, &, 
e-“z/Td3p, d”p, ’ (3.1) 

where p, and pz are the three-momenta and E, and E, the energies of the 
colliding particles in the cosmic comoving frame. The momentum-space volume 
element can be written as 

d3p, d3p, = 4rp,d E, 4rp,d E, fd cos 0, (3.4 

where 0 is the angle between p1 and p2, p, = Ip, 1, p2 = lpzl, and we have used 
the relativistic relation between energy and momentum. Changing integration 
variables from E,, E,, 13 to E,, E-, s, given by 

E,= E, +E,, E-=E,-E,, 

s=2m2-?-2E,E,-2p,p,cos8, (3.3) 

the volume element becomes 

d3p, d3pZ = 2rr2E,E2 dE, dE_ ds, (3.4) 
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At this point, it is evident how to include all accessible final channels: one 
replaces w,2 -t 34 with the total annihilation cross section 

u= cq,,,. (2.9 
all I 

Using eqs. (2.5)-(2.8), the integrated collision term becomes 

dn, dn, - dn;“ dn;q) , 

where n,, n2 are the particle number densities, nfq and rz’2” their equilibrium 
values, and the momentum-space differentials drzi are defined as in eq. (2.3). We 
call uMB, = F/E,E, the Mgller velocity, after de Groot et al. [4]. It is defined in 
such a way that the product u M0,n,1r2 is invariant under Lorentz transformations 
and equals the product of the relative velocity ulab and of the particle densities 
~,,,~,,n,,,~,, in the rest frame of one of the incoming particles (the so-called lab 
frame). This definition of uMo, is such that the (invariant) interaction rate per unit 
volume per unit time can be written in any reference frame as [6] 

dN 
- = ou~&z;n~) 
dVdt 

(2.11) 

where u is the invariant cross section and ub,,, ni,ng are given in the chosen 
reference frame*. In our case, the densities and the Moller velocity in eq. (2.10) 
refer to the cosmic comoving frame. In terms of the particle velocities u, =p,/E, 
and u2 =pJE,, the Mgller velocity Use, is given by 

UMo, = [I”, - u212 - Iu, x u21y2. (2.12) 

The presence of the Moller velocity instead of the relative velocity lu, - u21 in eq. 
(2.11) has been known for a long time [7], but has not been recognized in relation 
to computations of relic densities. 

From symmetry considerations [5], the distributions in kinetic equilibrium are 
proportional to those in chemical equilibrium, with a proportionality factor inde- 
pendent of momentum. This is true if the species 1 and 2 are maintained in kinetic 
equilibrium through scattering with other particles in the thermal bath during all 
of their evolution, even after their decoupling when they are out of chemical 

*The cross section CJ is actually the area of the target in its rest frame. If one would let the cross 
section transform under Lorentz transformations as an area, (r +(r’, then one would have 
dN/dVdf = u’u&,n’,n;, with & = ID’, -u>] the relative velocity and n’,, n> the particle number 
densities in the new frame, without introduction of u)M,,,. 

P. Gondolo, G. Gclmini / Cosmic abundances 149 

At this point, it is evident how to include all accessible final channels: one 
replaces w,2 -t 34 with the total annihilation cross section 

u= cq,,,. (2.9 
all I 

Using eqs. (2.5)-(2.8), the integrated collision term becomes 

dn, dn, - dn;“ dn;q) , 

where n,, n2 are the particle number densities, nfq and rz’2” their equilibrium 
values, and the momentum-space differentials drzi are defined as in eq. (2.3). We 
call uMB, = F/E,E, the Mgller velocity, after de Groot et al. [4]. It is defined in 
such a way that the product u M0,n,1r2 is invariant under Lorentz transformations 
and equals the product of the relative velocity ulab and of the particle densities 
~,,,~,,n,,,~,, in the rest frame of one of the incoming particles (the so-called lab 
frame). This definition of uMo, is such that the (invariant) interaction rate per unit 
volume per unit time can be written in any reference frame as [6] 

dN 
- = ou~&z;n~) 
dVdt 

(2.11) 

where u is the invariant cross section and ub,,, ni,ng are given in the chosen 
reference frame*. In our case, the densities and the Moller velocity in eq. (2.10) 
refer to the cosmic comoving frame. In terms of the particle velocities u, =p,/E, 
and u2 =pJE,, the Mgller velocity Use, is given by 

UMo, = [I”, - u212 - Iu, x u21y2. (2.12) 

The presence of the Moller velocity instead of the relative velocity lu, - u21 in eq. 
(2.11) has been known for a long time [7], but has not been recognized in relation 
to computations of relic densities. 

From symmetry considerations [5], the distributions in kinetic equilibrium are 
proportional to those in chemical equilibrium, with a proportionality factor inde- 
pendent of momentum. This is true if the species 1 and 2 are maintained in kinetic 
equilibrium through scattering with other particles in the thermal bath during all 
of their evolution, even after their decoupling when they are out of chemical 

*The cross section CJ is actually the area of the target in its rest frame. If one would let the cross 
section transform under Lorentz transformations as an area, (r +(r’, then one would have 
dN/dVdf = u’u&,n’,n;, with & = ID’, -u>] the relative velocity and n’,, n> the particle number 
densities in the new frame, without introduction of u)M,,,. 

P. Gondolo, G. Gclmini / Cosmic abundances 149 

At this point, it is evident how to include all accessible final channels: one 
replaces w,2 -t 34 with the total annihilation cross section 

u= cq,,,. (2.9 
all I 

Using eqs. (2.5)-(2.8), the integrated collision term becomes 

dn, dn, - dn;“ dn;q) , 

where n,, n2 are the particle number densities, nfq and rz’2” their equilibrium 
values, and the momentum-space differentials drzi are defined as in eq. (2.3). We 
call uMB, = F/E,E, the Mgller velocity, after de Groot et al. [4]. It is defined in 
such a way that the product u M0,n,1r2 is invariant under Lorentz transformations 
and equals the product of the relative velocity ulab and of the particle densities 
~,,,~,,n,,,~,, in the rest frame of one of the incoming particles (the so-called lab 
frame). This definition of uMo, is such that the (invariant) interaction rate per unit 
volume per unit time can be written in any reference frame as [6] 

dN 
- = ou~&z;n~) 
dVdt 

(2.11) 

where u is the invariant cross section and ub,,, ni,ng are given in the chosen 
reference frame*. In our case, the densities and the Moller velocity in eq. (2.10) 
refer to the cosmic comoving frame. In terms of the particle velocities u, =p,/E, 
and u2 =pJE,, the Mgller velocity Use, is given by 

UMo, = [I”, - u212 - Iu, x u21y2. (2.12) 

The presence of the Moller velocity instead of the relative velocity lu, - u21 in eq. 
(2.11) has been known for a long time [7], but has not been recognized in relation 
to computations of relic densities. 

From symmetry considerations [5], the distributions in kinetic equilibrium are 
proportional to those in chemical equilibrium, with a proportionality factor inde- 
pendent of momentum. This is true if the species 1 and 2 are maintained in kinetic 
equilibrium through scattering with other particles in the thermal bath during all 
of their evolution, even after their decoupling when they are out of chemical 

*The cross section CJ is actually the area of the target in its rest frame. If one would let the cross 
section transform under Lorentz transformations as an area, (r +(r’, then one would have 
dN/dVdf = u’u&,n’,n;, with & = ID’, -u>] the relative velocity and n’,, n> the particle number 
densities in the new frame, without introduction of u)M,,,. 

dN
dVdt

= σvmoln1n2 Lorentz invariant



For spin 1/2 Majorana fermions vector and tensor currents identically 
vanish. 

Pieces that survive in the non-relativistic limit:  

• Time like component of scalar current gives spin- indep term  
• space like axial current gives spin dependent term

q2 ≪ m2
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WIMP with spin s can interact with external E and B field

This paper is organized as follows. The calculations of the WIMP-nuclei cross sections
are performed in the next section. In section 3 we present direct limits on the form factors,
using the results of various underground experiments. In section 4 we obtain indirect limits
on the form factors, using limits on neutrino fluxes. Our conclusions are reserved for section
5.

2 Electromagnetic form factors of WIMPs

The interaction of any compact object and a slowly varying electro-magnetic field can be
parametrized via a set of electro-magnetic form factors. In our case, the object is a WIMP
with spin S, and its interactions, linear in external fields B and E, can be written as
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Here µ and d are magnetic and electric dipole moments, and M and Q are magnetic and
electric quadrupole moments. The anapole moment a is the form factor which describes
the contact interaction with the external current density j [7].

If the spin of the WIMP is zero, these moments do not exist and the interaction with
electromagnetic field is given by the charge radius rD of the WIMP and the polarizabilities
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If time reversal is a good symmetry, then d, M and χEB necessarily vanish. Conserved
parity also forbids the existence of a. Here we do not assume that these symmetries are
preserved a priori, and we allow all of the form factors to exist.

In what follows we calculate the cross section of the elastic scattering of a WIMP off
a nucleus due to the existence of the electromagnetic form factors. We start with the
scattering due to the magnetic moment which is arguably the most interesting case.

The calculation can be done in the non-relativistic limit, as v/c ∼ 10−3 on average for
WIMPs in the halo. We assume that the possible size of the form factors is of the order of,
or smaller than, the respective characteristic values for nuclei, µ < µn, Q < e fm3, and so
on. It can then easily be checked that this range of velocities also ensures the applicability
of the Born approximation. In our units, h̄ = 1, c = 1, e2 = α = 1/137 and µn = e/2mp.

The cross-section for the scattering of a Wimp through the interaction of its magnetic
moment with the magnetic moment of the nucleus is
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2.3. Dark Matter Capture

In this section, we will discuss possible constraints from
the capture of anapole DM inside the celestial objects.
As a celestial body wanders through a galactic halo of
DM particles, it can attract the DM in their gravita-
tional well. The DM particles can scatter with the SM
constituents of the celestial body and can loose su�cient
energy to become captured within the celestial environ-
ment. These accumulated DM particles can annihilate
which can increase the stellar luminosity or can produce
observable signals at Earth based experiments. As the
compact stars have more density than any detector at
Earth, indirect searches related to capture can probe
much deeper region in the DM parameter space. How-
ever, in the case of the DMmodel discussed in this article,
there is an additional advantage due to the momentum
dependent interaction topology. As the DM particles are
accelerated due to the gravitational focusing at the stars,
the DM velocity approaches the escape velocity of the
star which boosts the scattering cross-section of the DM
and SM particles as discussed in appendix A. The mod-
els of DM with derivative coupling to the visible sector
considered here has additional significance in terms of
the potency of DM capture in constraining its parameter
space. We will now explore the two possible complimen-
tary signals from DM capture that will be utilised to
constrain the parameter space of the anapole DM.

1. Heating Signature inside NS

Owing to its quantum nature, the compact neutron
stars are extremely dense with very high escape velocity
⇠ 0.6c, making them ideal for capture signals of DM sce-
narios like the anapole DM. After thermalization inside
the NS, the DM particles annihilate to SM states where
the annihilated products are expected to get trapped
within the dense neutron star environment given the SM
particles have mean free path smaller than the radius of
the star. This results in a stellar heating that can be
estimated as [40–42]
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where ⇢� is the DM density at the vicinity of the NS
which is fixed to the local neighbourhood value of 0.4

GeV/cm3 and x =
⇣

vNS
230km/s

⌘
, where vNS is the velocity

of the NS that has been considered to be same as the
Sun. In Eq. (2.10), fcap is the fraction of DM particles
that are captured within the NS and is given by

fcap ⇠

X
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�th,i
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where ��i is the DM scattering cross-section with target
i and �th,i is the NS threshold cross-section for target

i that can be written as, �th,i = ⇡R
2
NS/Ni, where NS

parameters have been considered to be the benchmark
ones i.e. MNS = 1.5M�, RNS = 10 km and mi, Ni are
the mass of the target nucleon and number of scattering
target inside a neutron star. To calculate the capture
fraction defined in Eq. (2.11), we have considered contri-
bution from both protons and neutrons. The photon has
interactions through monopole, dipole, and also higher
order multipoles with a SM fermion. However, as the
neutron is electrically neutral, the leading order contri-
bution to the photon coupling comes from the dipole term
that is produced at the loop level. But for the protons,
there exists a tree level coupling between the proton and
the photon. In this analysis, we have not considered the
sub-leading proton interactions via dipole coupling with
the photons. The sub-leading contribution is suppressed
by the nucleon mass and also by the low proton frac-
tion inside the neutron star. Within this approximation,
the contributions from the neutron and the proton are of
the same order for the anapole DM model considered in
this section. We take a conservative approach and taken
the proton fraction inside a NS to be 1% with the un-
derstanding that any increase in the proton fraction will
make our limits more stringent [43]. In the relativistic
limit, the di↵erential scattering cross-section of DM with
proton and neutron are respectively given by
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where mp, mn are the masses of the proton and neu-
tron, respectively. If the neutron star is old enough, it
can cool down to O(1000K) which can be explored by in-
frared telescopes like JWST [44], Thirty Meter Telescope
(TMT) [45], and European Extremely Large Telescope
(E-ELT) [46]. We have estimated sensitivities in the DM
coupling by considering the dark kinetic heating of NS to
be 1600K.

2. Neutrinos from Sun

The complimentary possibility is that the annihilation
products from the captured DM is capable of escaping
from the gaseous stars and produce observable neutrino
signals at the Earth based observatories. Owing to its
proximity, the Sun provides the ideal site for analysing
such signals. However, if we consider the DM to domi-
nantly annihilate into long-lived mediators, we can also
detect charged particles and photons from the annihila-
tion of captured DM inside the Sun or any other celes-
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products from the captured DM is capable of escaping
from the gaseous stars and produce observable neutrino
signals at the Earth based observatories. Owing to its
proximity, the Sun provides the ideal site for analysing
such signals. However, if we consider the DM to domi-
nantly annihilate into long-lived mediators, we can also
detect charged particles and photons from the annihila-
tion of captured DM inside the Sun or any other celes-
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the dispersion method, which was not used in previous calculations8–11 and have
shown the gauge-invariant final result, which agreed with a conclusion of Ref. 11.
Despite the results of Ref. 11, which figured out the general four-fermion scattering
amplitude for the anapole and the NCR, we developed our results in order to get
the toroid form factors of νe,µ,τ Majorana neutrinos in the wide range of transverse
momentum, 0 ≤ |q2|/2m2

W ≤ 10−2, and to generalize them for a case of Dirac
neutrinos.

The plan of this paper is as follows. In Sec. 2, we introduce the toroid moment
of the neutrino in the SM and clarify the reason why the Majorana neutrinos
can possess only this electromagnetic characteristic in the static limit. We also
discuss the distinctions and similarities of the anapole and the TDM of the 1

2 spin
particle and show the definition of the TDM, which is valid for both relativistic and
nonrelativistic limits. Using some examples in Sec. 3, we mention the new features
of the electromagnetic interaction of neutrinos induced by their toroid moment.
Further, in Sec. 4, using the dispersion method, we calculate the TDM of the
Majorana neutrino in the one-loop approximation of the SM. All external particles
are on the mass shells and there are no problems with the physical interpretation
of the final result. Then, using numerical computation we present the behavior of
the toroid form factor of νe,µ,τ neutrinos. We summarize our results in Sec. 5.

2. The Toroid Dipole Moment of the Neutrino

The amplitude of the interaction with an external electromagnetic field Aµ,
M ∝ eJEM

µ (q)Aµ(q), is defined by the particle (Dirac) and particle and antiparticle
(Majorana) contributions

JEM
µ (q)Dirac =

[
ūf (p′)Γµ(q)ui(p)

]
,

JEM
µ (q)Majorana =

[
ūf (p′)Γµ(q)ui(p) + v̄i(p)Γµ(q)vf (p′)

]
(1)

≡ ūf (p′)
[
Γµ(q)−

(
C−1Γµ(q)C

)T ]
ui(p) ,

where e is the charge of an electron, qµ = p′µ−pµ is the transferred four-momentum,
u(p) and v(p) are bispinors and C is the charge conjugation matrix [we will use the
chiral representation of the gamma matrices with C = iγ0γ2 and the normalization
ū(p)u(p) = 1]; here Γµ(q) is the electromagnetic vertex, which is characterized by
a set of electromagnetic form factors.5,12 One popular way of defining the Lorentz
structure of Γµ(q) is as follows:

Γµ(q) = F (q2)γµ + M(q2)σµνq
ν + E(q2)σµνq

νγ5 + A(q2)[q2γµ − q̂qµ]γ5 , (2)

where F , M , E and A are called the normal magnetic, anomalous magnetic, elec-
tric and anapole dipole form factors, respectively. These form factors are physically
observable quantities as q2 → 0 and their combinations define the well-known mag-
netic (µ), electric (d) and anapole (a) dipole moments. In the nonrelativistic limit,
the energy of interaction with an external electromagnetic field has the form

HDirac
int ∝ −µ(σ ·B)− d(σ ·E)− a(σ · curl B) ,
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the dispersion method, which was not used in previous calculations8–11 and have
shown the gauge-invariant final result, which agreed with a conclusion of Ref. 11.
Despite the results of Ref. 11, which figured out the general four-fermion scattering
amplitude for the anapole and the NCR, we developed our results in order to get
the toroid form factors of νe,µ,τ Majorana neutrinos in the wide range of transverse
momentum, 0 ≤ |q2|/2m2

W ≤ 10−2, and to generalize them for a case of Dirac
neutrinos.

The plan of this paper is as follows. In Sec. 2, we introduce the toroid moment
of the neutrino in the SM and clarify the reason why the Majorana neutrinos
can possess only this electromagnetic characteristic in the static limit. We also
discuss the distinctions and similarities of the anapole and the TDM of the 1

2 spin
particle and show the definition of the TDM, which is valid for both relativistic and
nonrelativistic limits. Using some examples in Sec. 3, we mention the new features
of the electromagnetic interaction of neutrinos induced by their toroid moment.
Further, in Sec. 4, using the dispersion method, we calculate the TDM of the
Majorana neutrino in the one-loop approximation of the SM. All external particles
are on the mass shells and there are no problems with the physical interpretation
of the final result. Then, using numerical computation we present the behavior of
the toroid form factor of νe,µ,τ neutrinos. We summarize our results in Sec. 5.

2. The Toroid Dipole Moment of the Neutrino

The amplitude of the interaction with an external electromagnetic field Aµ,
M ∝ eJEM

µ (q)Aµ(q), is defined by the particle (Dirac) and particle and antiparticle
(Majorana) contributions

JEM
µ (q)Dirac =

[
ūf (p′)Γµ(q)ui(p)

]
,

JEM
µ (q)Majorana =

[
ūf (p′)Γµ(q)ui(p) + v̄i(p)Γµ(q)vf (p′)

]
(1)

≡ ūf (p′)
[
Γµ(q)−

(
C−1Γµ(q)C

)T ]
ui(p) ,

where e is the charge of an electron, qµ = p′µ−pµ is the transferred four-momentum,
u(p) and v(p) are bispinors and C is the charge conjugation matrix [we will use the
chiral representation of the gamma matrices with C = iγ0γ2 and the normalization
ū(p)u(p) = 1]; here Γµ(q) is the electromagnetic vertex, which is characterized by
a set of electromagnetic form factors.5,12 One popular way of defining the Lorentz
structure of Γµ(q) is as follows:

Γµ(q) = F (q2)γµ + M(q2)σµνq
ν + E(q2)σµνq

νγ5 + A(q2)[q2γµ − q̂qµ]γ5 , (2)

where F , M , E and A are called the normal magnetic, anomalous magnetic, elec-
tric and anapole dipole form factors, respectively. These form factors are physically
observable quantities as q2 → 0 and their combinations define the well-known mag-
netic (µ), electric (d) and anapole (a) dipole moments. In the nonrelativistic limit,
the energy of interaction with an external electromagnetic field has the form

HDirac
int ∝ −µ(σ ·B)− d(σ ·E)− a(σ · curl B) ,
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we obtain the connection between the anapole and toroid dipole form factors

A(q2) = T (q2) +
m2

i −m2
f

q2 −∆m2
[D(q2)−D(∆m2)] . (5)

As can be seen, they coincide only in the static limit (mi = mf ). The definition
of the anapole moment by two independent form factors, T (q2) and D(q2), leads
to confusion in the classical limit and gives no way for an analytical continuation
of the anapole form factor on the mass shell. The toroid dipole moment, which
defines only by one toroid form, avoids these troubles. It has a simple classical
analog and represents the first term of the third independent multipole family,
toroid moments,5 similar well-known magnetic and electric dipole moments.

Using the standard definitions of dipole moments,13 we define the TDM of the
1
2 spin particle as a pseudovector τ that is directed along the spin of the particle,
the only vector characteristic in its own rest frame,

Tµ = τ ū(0)γµγ5u(0) , τ = τϕ†σϕ , τ = eT (0) ,

where ϕ is the Pauli spinor. In the coordinate representation, τ is the total moment
of the density distribution

g(r) =
1

10
[r(Jr)− 2r2J] ,

where J is the current density that produces the magnetic field. The interaction
of the TDM of the 1

2 spin particle with an external electromagnetic field has the
form14

Hint = eT (q2)ψ̄(x)[q2γµAµ(x)− γµqµqνAν(x)]γ5ψ(x)

= eT (q2)ψ̄(x)γµγ5ψ(x)

[
∂2Aµ(x)

∂xν∂xν
− ∂2Aν(x)

∂xν∂xµ

]

= eT (q2)ψ̄(x)γµγ5ψ(x)
∂Fµν(x)

∂xν
, (6)

where ψ(x) is the particle field, which has a usual plane wave expansion,c and
Fµν(x) is the tensor of the electromagnetic field, which in turn produces an external
current,

∂νF
µν(x) = −Jµ

EM(x) .

It is easy to see that in the nonrelativistic limit, when the particle is in its own rest
system of reference,

q2 → 0 , ψ̄γ0γ5ψ → 0 , ψ̄γγ5ψ → ϕ†σϕ ,

cIn the case of the Majorana neutrino the field, ψ(x), satisfies the condition

ψc(x) = Cψ(x)C−1 = Cψ̄T (x) = ψ(x) .
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we obtain the connection between the anapole and toroid dipole form factors

A(q2) = T (q2) +
m2

i −m2
f

q2 −∆m2
[D(q2)−D(∆m2)] . (5)

As can be seen, they coincide only in the static limit (mi = mf ). The definition
of the anapole moment by two independent form factors, T (q2) and D(q2), leads
to confusion in the classical limit and gives no way for an analytical continuation
of the anapole form factor on the mass shell. The toroid dipole moment, which
defines only by one toroid form, avoids these troubles. It has a simple classical
analog and represents the first term of the third independent multipole family,
toroid moments,5 similar well-known magnetic and electric dipole moments.

Using the standard definitions of dipole moments,13 we define the TDM of the
1
2 spin particle as a pseudovector τ that is directed along the spin of the particle,
the only vector characteristic in its own rest frame,

Tµ = τ ū(0)γµγ5u(0) , τ = τϕ†σϕ , τ = eT (0) ,

where ϕ is the Pauli spinor. In the coordinate representation, τ is the total moment
of the density distribution

g(r) =
1

10
[r(Jr)− 2r2J] ,

where J is the current density that produces the magnetic field. The interaction
of the TDM of the 1

2 spin particle with an external electromagnetic field has the
form14

Hint = eT (q2)ψ̄(x)[q2γµAµ(x)− γµqµqνAν(x)]γ5ψ(x)

= eT (q2)ψ̄(x)γµγ5ψ(x)

[
∂2Aµ(x)

∂xν∂xν
− ∂2Aν(x)

∂xν∂xµ

]

= eT (q2)ψ̄(x)γµγ5ψ(x)
∂Fµν(x)

∂xν
, (6)

where ψ(x) is the particle field, which has a usual plane wave expansion,c and
Fµν(x) is the tensor of the electromagnetic field, which in turn produces an external
current,

∂νF
µν(x) = −Jµ

EM(x) .

It is easy to see that in the nonrelativistic limit, when the particle is in its own rest
system of reference,

q2 → 0 , ψ̄γ0γ5ψ → 0 , ψ̄γγ5ψ → ϕ†σϕ ,

cIn the case of the Majorana neutrino the field, ψ(x), satisfies the condition

ψc(x) = Cψ(x)C−1 = Cψ̄T (x) = ψ(x) .
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