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Motivation for QFT

Key motivation: consistent combination of Quantum Mechanics + Special Relativity

Naive combination: relativistic guantum mechanics describes system of fixed number of particles

Schrodinger eql.: ) Klein-Gordon eq.:
10,0(t, x) = <—%V2 + V(x)> d(t,x) = Hp(t, x) (02 = V2 + m?) (t, x) = (aﬂaﬂ n mz) () = ([]+mDp(x) = 0,
plane wave solutions: plane wave solutions:
P(t,x) x e HEITPX) = p=iPX H(t. x) o e~ EPT) = p=ipx
classical energy-momentum relation: relativistic energy-momentum relation:
gl - V(x). E* =m* +p*
2m

( Problem: negative energy solutions £ = =+ \/ pr+m?
spectrum not bounded from below



Notation/Conventions/SR recap

-

f 0
e h Space-time coordinate 4-vector: x" = (_)> = (x )

X X
u,v=>0,1,2,3 (greek indices) ( Einstein’s summation convention
i,j = 1,2,3 (latin indices) Lorentz transformation: x# = Z AF x¥ = A XV
v=0
Metric tensor is: Lorentz boost in x-direction: # Ny —yv 0 0 "
! |-yyw v 00 T
Yy - 0 0 1 0 Y
1 0 0 0 2 0 0 0 1 Z
r]’uy - g/w - O O _1 O 4—vector = 4x4 matrix A 4—vector x
O 0 0 -1

U

. . . . . _ //t _ MU
Use metric to raise/lower indices: x, =7, x" X" =n""x,



Notation/Conventions/SR recap

Invariant space-time interval: t* — X = xXxn,, = xMn,,x" = xInx = xHx, = x

>
Covariant 4-vector: x, = 1, x" = (, — X)

Lorentz invariant scalar product: a - b = ab = a*b, = a*n,, b .

relativistic energy-momentum relation
Important examples of 4-vectors: :

. 4-momentum p* = (E,p), ie. |p* = p'p, = E* - p* =m?

“Mass" is the "length" of the 4-momentum.
Note: p - x = p¥x, = Et — pX is invariant (regularly used in QFT)

. 4-derivative @M
)
6ﬂd” =0, — A

(0, 0;) is a covariant 4-vector, i.e. 0" = (d,, — 0,),
and d,p"(x) = 0op" + 0;p'




Lagrange formalism in classical mechanics

Classical mechanics can be formulated
as a least-action principle.

Action: S[x(?)] = [

B | ]
L(x(0), x(¢), f) dt Action.

I

with Lagrange function L = L(x(#),x(?),?) = T(x,x,t) — V(x, t) = kinetic energy — potential energy

position

Classical path such that: 6S[x(¥)] = S[x(?) + ox(?)] — S[x(¥)] = O paths o "
taken /

Equivalent with Euler-Lagrange (EL) equation: % T/

Ip Ip a L a L path taken
oS[x(1)] = J OL(x(t), x(¢), )dt = J (—éx(t) - — 55c(t)) dt start

', r \ OX ox ;

time
" (0L d oL oL s |
— | ox(t)dt + —ox(r)| =0
. ox dt ox 0X "

IBP) \. doL _dL

dt ox  o0x




Lagrange formalism in classical mechanics

Classical mechanics can be formulated
as a least-action principle.

ts )
Action: S[x(7)] = J L(x(?), x(0), 1) dt Action.

I

with Lagrange function L = L(x(#),x(?),?) = T(x,x,t) — V(x, t) = kinetic energy — potential energy

position

Classical path such that: 6S[x(¥)] = S[x(?) + ox(?)] — S[x(¥)] = O paths o "
taken /
Equivalent with Euler-Lagrange (EL) equation: %
Ip Ip oL oL path taken
oS[x(1)] = J OL(x(1), x(1), H)dt = J (—éx(t) F— 55c(t)) dt start
', r \ OX ox ;
time
(0L d JL oL s | .
= J ( , ) Sx()dt + —x(f)| =0 Example:
) , \Ox dt ox ox ’ . m_zxz_ V) - imx V() - oV(x) _ 0
IBP 7 7 2 dt ox ox
N[ - L OV
dt 0Xx  0Ox — mX = n = F(x)




Hamilton formalism In classical mechanics

Based on Lagrange function L = L(g,(¢), g/(t), t) for a set of generalised coordinates q;

oL
0g;
Aim to treat g;, p; as dynamical variables (instead of g, q).

define generalised momenta: p; =

For this define transformation H = Z p:q; — L(g;, q;, 1)

l

EL is equivalent to the Hamilton e.o.m: 44; — a_H
dp;  OoH

The time-dependance of an observable | = f(g;, p;, ) is then given by

Poisson bracket: {f, g} = Z

df

dt

= {f,H} -

of
ot

(

N

=1

(

of Og

of Odg

dq; op;

dp; 0q;

).



L east-action principle for classical fields

In classical field theory a field value is associated to every point in
space. For a scalar field ¢(x, ¢) this is a scalar value, while a vector field

AH(X, t) associates a 4-vector to every point in space.

In order to formulate an action-principle for a field theory it is crucial to
see the field itself as dynamical variable, while X plays the role of a label.

el

Least-action principle for field ¢(x, 1): 6S[¢p] = Jd4x Z(¢,0,¢,x) =0

is equivalent with EL for ¢p(X, 1):

As in classical mechanics we can define a conjugated momentum field n(x,t) =

0L

0L
" 0(0,9)

o

0

and a Hamilton density 7 (¢, n,x) = ndyp — Z (P, 0,¢, x)

0L

- Lagrange density

I =

0(0p)

P

d’x L




Quantisation

Classical Mechanics

. observables: g;, p., f(x;, p;)

* Poisson bracket
149, Dj} = 0;;
{Qia q]} — {plap]} — O

S

—)

Quantum Mechanics
. operators: X;, p;, f(fci, D:)

+ Commutators _——~ remember: /i = 1

o\

93 Dj) =105
[ql'a q]] — [plap]] — O

Field Quantisation

Classical Fields
. fields: @, x, f(@, 7)

. Poisscln brack_)et (at eq(ual jimg)
(p(t,%), 7(t,7)} =6V FX =y) _
{91, x), p(t,y)} = {a(t,x),7n(t,y)} =0

—_—)

—

Quantum Fields

. Quantum fields: d(x), #(x), f(D(x), #(x))

- Commutators (at equal time)
(1. %), 26, 7)] = isDE - F)
[p(2, %), Pp(2, y)] = [7(, %), 7#(t, )] = O

13



Free scalar field

_ 1 m> 42
Lagrangian for a free real scalar field, describing neutral spin=0 particles with mass m: 2 = P 6ﬂq§0”‘gb—7 ¢

Euler-Lagrange for ¢ yields:

(0,0" +m*) ¢p = (

+m?)p =0

This is a wave equation! — plane-wave solution as general ansatz

P(x) =

M

ensures Lorentz-invariance

Klein-Gordon equation

d’k —ikx & ikx
on)7 [ﬁ[a(k)e + a*(k)e™ ]

~_ _/

momentum-space coefficients

This solves the Klein-Gordon equation for kY =

—2

k + m? < relativistic energy-momentum relation

Having both a(k) and a*(k) ensures that ¢»(x) remains real.

Now we need to quantise this solution!



Free scalar field

d3k —ikx % ikx
o) Jﬁ[ (k) e + a*(k)e™ ]

General solution of KG equation: ¢(x) =

Determine associated conjugate momentum field z(X, ), interpret qg(x) and 7(x) as operators demanding

(1.3). (1. 5)] = 80T - )
[¢(2, %), P(1,y)] = [7(2,X), 22, y)] = O

We thus have to promote a(k) — a(k) and a(k)* — a'(k) to operators with commutators

[a(k), a" (k)] = (27)* 6Dk — k)
[a(k), ak] = [a' k), a" (k)] =

This is the algebra of a simple harmonic oscillator (SHO)!!

As for the SHO d(lz) and &T(l_c)) can be interpreted as ladder operators that create and annihilate one-particle states:

a'(k)|0> = k> creation operator

a(k) |k'> =2E, 6k —k) |0 > annihilation operator
15



SHO in QM

. A 152 me* 0
Hamiltonian of SHO: H = | X
2m 2
. L d - o .

The Schrodinger eq. zha |lw(t)> = H|w(f)> can be solved algebraically introducing ladder operators

PO (ﬂ S %+ — ,3) creation operator
V27 maw
a' = ﬁ (\/ma)fc— ;_w ﬁ) annihilation operator
. 1 .
In terms of these ladder operators the Hamiltonian reads H = hw (&T& + 5) — H|n>=E |n>
And we have [4,4"] = 1, [d4,a4] = [a",a"] =0 @' 10>~ |n> creation operator

(H,4"] = ho, [H,4] = — ho aln>~|n—1> annihilation operator

16



Back to the scalar field

a'(k)|0> = k> creation operator

a(k) | k'> =2k *k — k') |0 > annihilation operator [Cd]viN *d HODHE S w

In terms of these operators we find the Hamiltonian of the free scalar field as

3
_ Jd3k% _ J 'k 1 (AT(k)a(k) +— |ack), &T(k)]>

(2m)3 2 (
N ~ (27)°6(0) = o0

infinite number of SHOs
\\:: infinite ground-state energy — ignore

Vacuum state: d(k)|0>=0 and <0|0>=1 formally: “normal ordering”

As for SHO states aT(l_c)) 10> are eigenstates of the Hamiltonian H: ﬁ&*(l_c)) 10> =E, aT(l_c)) 10>

—)

Generic n-particle state: | ;... = (2E,)"*...QE )" atky))...a’k,) 10>

Note: we have \l_c)ll_c)z> ~ &T(kl)aT(kz) 10> = \kzkl > — Bose-Einstein statistics = scalar field is a boson

C 1R, 6" x#)] = 0



Particles <« Filelds

The field is a superposition of all possible momentum modes.
Thus, the field contains all freedom to describe all possible
configurations of one or more particles in a given momentum state.

particles = field excitations

Location of particles

A

we can define state  |¥> = $(0.X)|0> =

. - -

1 d3k —zz-x 7 "T_)
:(27;)3/2 2—koe |lk> where |k>=a'(k)|0>

i.e. | x> is a superposition of single-particle states that have well defined momentum and energy.

Interpretation: 43(0,55) field operator acts on the vacuum and creates a particle at position x. That
particle does not have a unique momentum, but the probability to find it with momentum £ is given by

<0] qg(O,)_c’) | k> ~ g +ik incoming state  _ _ _ _ _ _ .

-
L]

<l_<)\q§(0,)_c’) 10> ~ e **  outgoing state  +—-——— -

18



Particles <« Filelds

The field is a superposition of all possible momentum modes.
Thus, the field contains all freedom to describe all possible
configurations of one or more particles in a given momentum state.

particles = field excitations

Location of particles

A

we can define state  |¥> = $(0.X)|0> =

e T 4

1 d3k —zz-x 7 "T_)
:(27;)3/2 2—koe |lk> where |k>=a'(k)|0>

i.e. | x> is a superposition of single-particle states that have well defined momentum and energy.

Interpretation: 43(0,55) field operator acts on the vacuum and creates a particle at position X. That
particle does not have a unique momentum, but the probability to find it with momentum £ is given by 7> = $(0.3)[0>

<0 qg(O,Sé) | k> ~ gtiki incoming state _ __ _ __ . <O0] qg(t, X) | k> ~ e k> ) S
| x> = ¢, x)|0>

-

<k|$0.%)|0> ~ e *%  outgoing state = —————- <k|p(t,¥)|0> ~ et v

19



Feynman Propagator

<x|y>
Based on | X> we can also define a state | x> = ¢(x)|0> = (1,X)| 0> /\X
X
Amplitude for the propagation from y to x: <x|y> = <0] &(x)qﬁ(y) 10> = D(x,y) Y
dk 1
:D(x—y): :J e_lk‘(x_)’)
(2rm)’ 2E;

D(x, y) only depends on x — y: only the distance matters.

In order to ensure causality we need to further refine this picture and define the Feynman Propagator

D(x—y) if x>y A
Dpx—y) =4 DETY X ZY D100 y0) + Dy — OG0 -y = <017 () 0>
Diy—x) If y">x

where we make use of the time-ordering operator T
0Py it 0> y°
PPy ity > x°

The Feynman propagator is in essential ingredients of the Feynman rules needed to compute Feynman diagrams.

T ) p(y) = {

20



Momentum-space Feynman Propagator

The Feynman propagator is a Green’s function of the inhomogeneous Klein-Gordon equation:
(0,0" + m*) Di(x —y) = = 6%(x — y)

Solutions to this differential equation can be obtained via Fourier transformation:

D.(x—y) = J d'k D(k) o ~tk(x=y)

! (27)*

In Fourier/momentum-space the inhomogeneous Klein-Gordon equation reads: remember:
dk .
(kK> —m*)Dk) =1 «__ ey = [t
With the momentum-space Feynman propagator as solution:
convention = \L _
1 D(k) = : . L .
k? —m? + ic ensures time-ordering i.e. causality

X~




Momentum-space Feynman Propagator

The Feynman propagator is a Green’s function of the inhomogeneous Klein-Gordon equation:
(0,0" + m*) Di(x —y) = = 6%(x — y)

Solutions to this differential equation can be obtained via Fourier transformation:

D.(x—y) = J d'k D(k) o ~tk(x=y)

! (27)*

In Fourier/momentum-space the inhomogeneous Klein-Gordon equation reads: remember:
dk .
(kK> —m*)Dk) =1 «__ ey = [t
With the momentum-space Feynman propagator as solution:
convention = \L _
1 D(k) = : . L .
k? —m? + ic ensures time-ordering i.e. causality

X~

We can see this via
Cd%k e ] Jd3k
] @t k2=—m2+ie , 2n)3 ) 2kO

d'k integral via contour in lower/upper half-plane 29

iDp(x —y) =

QLD —)0) + M VOGO~ x| = <0] Th) d(y) 0>
k0=\/k + m?



Quantum Pictures

Schrodinger picture:

shutterstock.com + 1457167367

.states | ¢g(¢)> are time-dependent: | p(1)> = e~ s~ | po(1,)> = U(t, 1) | Polto) >

- operators A are time-independent C
time-evolution operator

Helisenberg picture:

. states | > = | (1)) > are time-independent
. operators A ,(f) time-dependent: A,, = U'(z, 1)) A, U(t, t,)

A
| (/(“.//lﬁ/rml\‘.\w‘ )

23



Interaction picture:

. separate

Quantum Pictures

.states | @,(f)> are time-dependent: | ¢,(1)> = ¢ Ho(i=1o) | () > = lA]g(t, i) | (1) >

= ¢~ M=l | ds(ty)> = U 1t 1) | () >

— states evolve with interaction Hamiltonian A /
.operators A (7) time-dependent: A; = U/ (1, 1)) Ag U(t, 1)

— operators evolve with free Hamiltonian H|,

To be precise:

Vo

Ut t) =Te

A
—1 | H,(t')dt'
[0

0 ~ A .
as a solution of iE U(t, 1y) = H(1r) U(t, 1)

/N

24



S-matrix

Ultimately we want to compute cross sections for scattering processes, i.e. probabilities for

P P
free in-states Interactions free out-states
lIn>=|p,...,ppyIn> =[Pt =—00)> —> |out>==|p;,...,pyout>= |t =+ 00)>

In interaction picture free in-state evolves in interaction region: | ¢(¢) > = U(t, — o0) |in>

The projection of this state | @(¢) > onto the out-state defines the S-matrix element

S. = <f|S|i>= lim <f|@(t)> = <out|Uj(+o0, — 00)|in >

{—4+00

- S=UH+o0, — ) = e L O

Note: for H, =0 = S =1

25



S-matrix

Ultimately we want to compute cross sections for scattering processes, i.e. probabilities for

P P
free in-states Interactions free out-states
lIn>=|p,...,ppyIn> =[Pt =—00)> —> |out>==|p;,...,pyout>= |t =+ 00)>

In interaction picture free in-state evolves in interaction region: | @(1) > = Uy(t, — o0) |1n>

The projection of this state | @(¢) > onto the out-state defines the S-matrix element

S. = <f|S|i>= lim <f|@(t)> = <out|Uj(+o0, — 00)|in >
t——+00

- S = lA](+oo, — ) = Te_i—LOH’(ﬂ)dﬂ = f(l — 1 J H/(t") dt' + )

C i

perturbative expansion

26



S-matrix

Ultimately we want to compute cross sections for scattering processes, i.e. probabilities for

P P
free in-states Interactions free out-states
lIn>=|p,...,ppyIn> =[Pt =—00)> —> |out>==|p;,...,pyout>= |t =+ 00)>

In interaction picture free in-state evolves in interaction region: | @(1) > = Uy(t, — o0) |1n>

The projection of this state | @(¢) > onto the out-state defines the S-matrix element

S. = <f|S|i>= lim <f|@(t)> = <out|Uj(+o0, — 00)|in >
t——+00

L 8= D400, — o) = Te LA _ T(1 i J H (') dt' + ) — T(l i J 7 (x) d*x + )

C i

perturbative expansion

27



Scattering amplitude in ¢4-theory

P1 / 1 m A
P ¥ =—0, o 2 — —g*
)< 2 PO" P o ¢ 4!45
P> pé =°90+°§I

Ay, =85 =<1|S]1>=<0] af)iaf)’é S aglagz | 0> (assume: vacuum identical for in- and out-states)

o0

O - . N 34 1 r L A 74 34
where S%T(l—l %I(x)dx>=T<1 dx)

( _Oo( _ 4!

A
leading order A= 4—!454

A AN AN AN

1 A .
> A,_, =<0| 5,4 A | 0> T <0| (a3 a5, pPpp aﬁlaﬁz) | 0>

=0%

<fli>=0



Scattering amplitude in ¢4-theory

P1 / 1 m? A
P1 — _ p 2 _ = p4
o 2 %uPP 2 ? 4! ?
Ayp = 8 = <t] S [i>=<0]a af)iaf)’é S a;a; 10> (assume: vacuum identical for in- and out-states)
o0 . o0
Q T : N 4 T % 14 74
where S%T(l—l ?/I(x)dx>=T<1 0 qbdx)
( — ( 2 — Wick’s theorem:
leading order K= qu“ such expectations values of multiple field operators

— Can be decomposed into products of
two-point function = propagators

A AN AN AN

\r Ay, = <0|dza;at at

L A
5. 5T gt
py d A 10> 0 <0|7(a5a; PP aa.)|0> /
o |

<0]p)P(y)|0> = Dp(x —y) = .

o q. _ Y
=0T 1 dddd10> = + |+ X +><+

29



Scattering amplitude in ¢4-theory

P1 / 1 m? A
P1 — _ p 2 _ = p4
o 2 %uPP 2 ? 4! ?
Ayp = 8 = <t] S [i>=<0]a af)iaf)’é S a;a;;z 10> (assume: vacuum identical for in- and out-states)
o0 . o0
Q T : N 4 T % 14 74
where S%T(l—l ?/I(x)dx>=T<1 0 qbdx)
( — ( 2 — Wick’s theorem:
leading order K= qu“ such expectations values of multiple field operators

— Can be decomposed into products of
two-point function = propagators

A AN AN AN

\r Ay, = <0|dza;at at

L A
5. 5T gt
py d A 10> 0 <0|7(a5a; PP aa.)|0> /
o |

<0]p)P(y)|0> = Dp(x —y) = .

o q. . Y
=0T 1 dddd10> = + |+ X +><+

30



Scattering amplitude in ¢4-theory

P1 / 1 m A
P1 ¥ =—0, ¢po* 2_ ot
)< 2 PO" P o ¢ 4!45

Ay, =85 =<1|S]1>=<0] af)iaf)’é S aglagz | 0> (assume: vacuum identical for in- and out-states)

O - . N 34 1 r L A 74 34
where S T (1-i | 7,00 d') =71 B )

¢ =C

A
leading order A= 4—!454

A AN AN AN

1 A .
> A,_, =<0| 5,4 A | 0> T <0| (a3 a5, pPpp aﬁlaﬁz) | 0>

=07 <0|T(pad)|0>=<0|p|p>=1-e7P* |
- use: P A | — external lines
<fli>=0 <O‘T(Cl]—5¢)‘0>:<l_5‘¢‘()>:l.elp'x

( —» external momentum-space wf 31



A2—>2 — Sﬁ

where S‘

C

leading

Scattering amplitude in ¢4-theory

D1 m? A
_ 1 y » Mg
d,0" ¢ > ¢ 2 ¢
1%, =Zy+ 7
<f| S 1 >=<0]a.a, S a’a’ | 0> (assume: vacuum identical for in- and out-states)

P1 P2 P1 P2

o0

T - N 4 T % 14 34
%T(l—z ?/I(x)dx>=T<1 0 qbdx)

%I:

4
n?

order

A AN AN AN

A
k—v A2_)2 — <O‘Cl—>/d—>/ Ai AT ‘O> ;' <O‘T(CZ—>/CZ—>/ ¢¢¢¢&T AT)‘O>
! P1 P2

5

drop disconnected diagrams

P2 "p ps

— iA2n)*6 W (p, + p, — py — P>) = sum of all connected diagrams at given order

C -

4 . —Ip:X o —ID,X ,+IpiX Ip-X .
vertex rule Jd xe Pt TPt eIt o'P2 from external lines

32



Feynman rules for qb4 theory

_____ P 1 Example
cecapoecafecccaa T ——
9 j P1 Pi
®---->----0 - , ,
k? —m? + ie qa Yqg+p—p;
P 24
1 L e @
¢2_m¢ 4 »
. —i/ =
\_/ S
" dt l l
%(_M)z 6]4 2 2 N2 2
) 4n)* qc—m= (g + p; — p1)-—m
4
< e J - X 27)*6(py + py = pi — P))
R (4r)*

+ symmetry factors

33



Cross-sections

scattering process a+b — by + by + --- + b, withmomenta P,=p,+p,=P,=p; + - +p,
initial state: |i> = |a(p,), b(p,) > final state: |f> = |b(py), -0, (p,)>
Amplitude for transition from |i> into | f> given by S-matrix element

S; = <[l Sli>=2n)* SW(P; — P) M, (27)~3(+212

total momentum conservation <> L» matrix-element from Feynman rules

cross section: ¢ = — - probability of interactions

N ; ; .
— Phase-space integral for final-state particles
Flux factor _ i . H dq)‘(z{)zlém)(]g —P) | M ‘2 9
in massless limit o F f i f fi
F =25 - f
*= Pt p) 1 |B, JV% |2ds2/ dQ = sinddddg
for 2 — 2 scattering (" - 64x2s Do f

34



Alternative field quantisation: Path integral

Wikipedia:

The path integral formulation of quantum field theory represents the
transition amplitude (corresponding to the classical correlation function)
as a weighted sum of all possible histories of the system from the initial
to the final state.

35



Source: DOE

Source: unkown

LEPTONS

BOSONS

s

15 field

HIGGS BOSON

Forces

Standard Model of Elementary Particles

interactions / force carriers

three generations of matter

Source: CERN

(

(elementary fermions)

Quarks

three generations of antimatter
(elementary antifermions)

Field content of the SM

Source: Ars Technika

(elementary bosons)

Source: BBC

STANDARD MODEL OF
ELEMENTARY PARTICLES

mass =2.2 MeV/c? =1.28 GeV/c? =173.1 GeV/c? =2.2 MeV/c? =1.28 GeV/c? =173.1 GeV/c? =124.97 GeV/c? @ @ @ { @ \
charge 3% 24 24 -4 = -3/ = -3/ 0 H
- @I @I @€ ¥ D || @ g |. H
) . . _ up charm top gluon Higgs
up charm top antiup anticharm antitop gluon higgs \ /
=4,7 MeV/c? =96 MeV/c? =4.18 GeV/c? =4.7 MeV/c? =96 MeV/c? =4.18 GeV/c? 0 @ @ @ @
4 - 0
d S b d S D | @
down strange bottom photon
down strange bottom antidown @ antistrange antibottom photon
AN AN AN A
=(0.511 MeV/c? =105.66 MeV/c? =1.7768 GeV/c: =(0.511 MeV/c? =105.66 MeV/c? =1.7768 GeV/c? =01.19 GeV/c? @ @ @ @
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Field content of the SM

Source: The Particle Zoo

=
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Field content of the SM

field spin
(a), (2), (),
d L /L b L Y
quarks UR CR tp 1/2
d b 1/2 . . V&)
R °R i / spin-1/2 fermion fields y = W
(0), (), (), 3
leptons e /. - T ), 4
ER HUR TR 1/2
. ¢
Higgs-doublet ( & ) 0 } spin-0 (complex) scalar field ¢ = Re¢ + i Im¢@
L /A()\
a T . . 1
Gl j“ spin-1 vector fields A* = A2
gauge bosons W, 1 . A
s massless and massive |43,




Free massive vector fields

¢ Maxwell term ¢~ mass term
2

m
The dynamics of a free massive vector field is described by: | ZLp. .. = — ZF P > 2,2F

with the field-strength tensor| F** = 0"'Z" — 0"Z" | and the 4-potential Z" = (¢, 7)
J

scalar potential vector potential

EL eq. with respect to Z* gives free Proca equations: [( + m?) ghv — 6”6”] Z,=0

Plane wave solutions of Proca equations: ~ eﬁﬂ)(k) o Ik

{_ polarisation vectors with A = 1,2,3 (2 x transverse, 1 x longitudinal)

3 k k
Chosen such that ¢ - k = 0 : e e = — 0, and we have Z 6;9)*6,5’1) = — 8 - 2”
m
L orthonormal A=1 L completness
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Free massive vector fields

General solution of Proca equation is given by superposition of plane waves:

1 d’k T . .

— E _ (4) —1kx T D1k L, ikx

Z,(x) = (2m)¥? £ JZkO _%(k) e (k) e ™ + al(k) e (k)* e |
a/(k)|0> = |ki> creation operator

a,(k)|k'A'> =2k°8%k —k»)5,,]0>  annihilation operator

wave-functions <O|A,(x) | kA> ~ glfp(k) e”**  jncoming massive vector W
for external state ~ _,, A,(6)[ 0> ~ Gﬁﬂ)(k)* ¢**  outgoing massive vector ./\;\i\/\,u

propagator: [( T ’””2) g — 0”ap] Dpy(x -y) =g, 54(X - )

Green’s function of 2 N o\ LuLp o
inhomogeneous Proca eq. (=k* +m?) g + K'k?| D, (k) = g",

>  momentum space

momentum-space propagator

kykp
k2 — m2 + ic Sup m?2

iD,, (k) =

40



Free massless vector fields

¢ Maxwell term

The dynamics of a free massless vector field is described by: | £py = — —F, F* F* = 0"A" — 0°A"

4

EL equation with respect to A” gives free Maxwell equations:

AY — 9, AF =0 = 9, F"

propagator: ,
Green’s function of (—k g + k”kp) Dpy(k) =g’
inhomogeneous Maxwell eq.

/i\ not invertible=degeneracy
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Free massless vector fields

¢ Maxwell term

The dynamics of a free massless vector field is described by: | £py = — —F, F"

EL equation with respect to A” gives free Maxwell equations:

propagator:
Green’s function of
inhomogeneous Maxwell eq.

(—k2 ghP 4 kﬂkﬂ) Dpy(k) — g”y

4

Fr = gFAY — 0¥ A¥

AY — 9, AF =0 = 9, F"

F* is invariant under gauge transformations A*(x) — A*(x) — 0"y(x)

/i\ not invertible=degeneracy

This freedom is related to unphysical degrees of freedom: 2 d.o.f. for massless vector field vs 4 components of A*

1 1 2
Add gauge-fixing term to the Maxwell Lagrangian: & = — 1 F,F" 2 (6MA/“‘)
<« kk,
iD,, (k) = e | g, +(1—9¢ = momentum-space propagator

(& arbitrary,
no physical impact)

(can e.g. choose & = 1
to simplify computations
—Feynman gauge)
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Free Fermion field

The dynamics of a free fermion field is described by the Dirac Lagrangian: | £ p;... = 1/7(1'7//“‘6” —m)y

Wy (x)
: : . : W, (X)
) Y is a 4-component spinor field: w(x) = ()
l//j(x) r Pauli matrices
i) Dirac y”-matrices are 4x4 matrices in spinor space with y~ = 0o 1) "=\_, o
B — Ok

(‘ anti-commutator
yH-matrices fulfil {y*, y"} = v#y* + y*y* = 2 g*¥ (defining property)

i) 7 =y = W vy, — i, —yy) needed such that ywy is Lorentz invariant

EL eq. for 7 yields: | (iy*d, —m)y =0 Dirac equation

_ip.x - — ]
. . . 7) e incoming fermion
Two types of plane-wave solutions of Dirac equation: L (p ) g

IpX . ;- .
with E(p) = /52 + m? w_= v(p)e outgoing anti-fermion



Free Fermion field
fﬁ = a,r"

Spinors u(p), v(p) fulfil the algebraic Dirac equations: (p — m) u(p) =0, + m v(p)

Ql
\/

Can be classified according to eigenvalues with respect to helicity operator 2 = (

Kazilﬂf \

- S 1 —
5 (2 . I’l) ua(p) — Uua(p) ) — 5 (Z ) I’l) Va(p) — Gva(p) n = ‘ _)‘ direction of travel
P

General solution of Dirac equation is given by superposition of plane waves ., :

1//()(;) — Z J [a (k) ’ (k) e—zkx b;(k) Va(k) elkx] (similar for )
(2m)3/2 . ZkOJ
annihilation operators for particles k creation operators for anti-particles
wave-functions <0|yx)|f ko > ~ u(k)e ™ ” — <f,ko|yp(x)|0> ~v (k) elkr o pi
for external state <f, kG‘ W(x) ‘ 0> ~ I/_to.(k) eikx ° pi <0 ‘ '/_/(X) ‘]?’ ko> ~ Vg(k) e—ikx - °
p —
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Dirac propagator

Determine Green’s function of inhomogeneous Dirac equation: (i;/”ﬁﬂ —m)Spx—y)=1 SWP(x — )

> Fourier
4

d’k .
Solution via Fourier ansatz: Sp(x —y) = J o) S(k) e K=Y with (k—m)Sk) = 1.
T

| | . l 1 (k+ m)
Dirac propagator is 4x4 matrix | i S(k) = — = ,
k—m+ic k?—m?+ie




Maxwell equation sourced by 4-current:

1
Corresponding Lagrangian: Z\w = ZLpy + Ly = — —FF,, — JFA,

QED interaction

4 M
—

A suitable 4-current in terms of a fermion (electron) field can be constructed as: J* ~ wy*wy

(_
This is indeed a conserved current iff Y/ is a solution of the Dirac eq: @ﬂJ’" = l/‘/ﬂl//+ 1/7(131//)
= (—mp)y + y (my) =0

Fixing the proportionality factor in J* to

—e (charge of electron) yields the QED Lagrangian:

1 _ _
gQED = gEM T gDiraC T gint — = ZFW/F,MI/ + l//(lﬂ — m)y + ey yﬂl/jA//t

6ﬂ — Dﬂ — 0ﬂ — ieAﬂ

covariant derivative

1 .
C—v — — ZF””FW + i (iD — m)y

J,F* =J"| whereod,J” =0  (current conservation)

Lorentz vector

(+ gauge-fixing)
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The Standard Model coffee mug
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Not a coffee mug

T “5(). ¥, D rhe
gl V(@
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Summary: QED Feynman rules

Incoming

> u(p)
P —

ey

< v(p)
P —

VNN
K p —

Outgoing

+ symmetry factors
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The Feynman van
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Example: Coulomb scattering

amplitude

completeness relations,
Dirac equations for spinors
y# trace simplifications,

Mandelstam invariants

e(p) u(k) — e(p’) u(k’) __ Feynman rules

S

iM = ie* [u(p) y* u(p)] O

= [atk) v u(h))

q
sum over final-state
1 2 2 ' o

g) | 2 ) and average over initial-state
|| = ) 2 — 2 2 | A | polarisations

1 4
4 <q€2>2 2 @) v w(pIEAP) ” u(p)I*

r,r

X 2 [I/_tsf(k/) Vi Ms(k)] [ﬁsf(k') Y, us(k)]* ,

3
= <(pk) (P'K) + (PK)(P'K) + 2mm; — my(pp") — m;; (kk,)>

- <(S —m? — m/f)2 + (U —m? — m/f)2 + 2t (m? + mﬁ))
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Example: Coulomb scattering

) e(p) k) — e(p’)u(k’)

4

. _ 2e
le  unpolarised squared amplitude: | Z | = — <(S — m82 _ mﬁ)Z + (u— mez _ mi)z Yy (mez n mﬁ))
[
p(k)
do | |p] J’ ,
differential cross section: —— = — | A |
dQ  64x2s 4

. t=—4p%sin?(0/2), u=—4p’cos’(0/2)

( do  a? 1+ cos*(0/2)
dQ  2s  sin*(6/2)




Crucial observation: gauge symmetry in QED

1
The QED Lagrangian ZLopp = — ZFWF”” W (id — m)y + ey y'yA,

= — ZFWFW + (iD — m)y is invariant under

a local (=x-dependent) gauge transformation w(x) — w'(x) = e "Wy (x)

|
A x) > Ax) =A,x)+ ;dﬂa(x)
Notes:

. I, is invariant by construction but the shift of A, in interaction term cancels exactly the additional Dirac term

- we can demand this U(1) gauge invariance to construct the QED interaction term

.aterm ~ A¥A  (see ZLp,y,) is NOT gauge-invariant — massless photon

.0, - D,=0,6—1eA, ensures gauge invariance by construction — “minimal coupling”

53



Guiding principles

- Causality

» Unitarity (conservation of probability)
- Symmetry

» space-time: Lorentz invariance

* Internal: gauge invariance

* Renormalisability

» Minimality / Occam's razor
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Conclusions

» QFT = OM + SR

» Every quantum field is superposition of quantised SHOs

» S = <f|S|i> = <out|Uy(+oo, — o0)|in >

» Feynman diagrams: graphical representation of Wick's theorem

» Guiding principle to construct consistent theories: symmetries

» Local U(l) symmetry — QED interactions



Questions!?
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