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Guiding principles

• Causality 

• Unitarity (conservation of probability)

• Symmetry
• space-time: Lorentz invariance 

• internal: gauge invariance  

• Renormalisability

• Minimality / Occam's razor 

5



Symmetry transformations
Discrete transformations

Parity:  ϕ′￼(t, ⃗x) = Pϕ(t, ⃗x) = ϕ(t, − ⃗x)
Time-reversal:  ϕ′￼(t, ⃗x) = Tϕ(t, ⃗x) = ϕ(−t, ⃗x)
Charge-conj.:  ϕ′￼(t, ⃗x) = Cϕ(t, ⃗x) = ϕ†(t, ⃗x)

Continuous transformations 

Space-time symmetry :  ϕ′￼(x) = ϕ(x − a)
Internal symmetry  :   ϕ′￼(x) = eiα(x)ϕ(x)

Given a system is invariant under such a transformation  symmetry↔

Transformation of a quantum state: |ϕ′￼> = U |ϕ>

If symmetry:       i.e.  is unitary<ϕ′￼|ϕ′￼> = <ϕ |U†U |ϕ> = <ϕ |ϕ> → U†U = 1 U
6



Group theory
• Mathematical language of symmetry transformations: group theory
• Group: set with operation “ ”, such that  is also element of the group, where

‣  
‣  unity element e is element of a group: 
‣  for every group element there is an inverse:     
 

⋅ g3 = g1 ⋅ g2
g1 ⋅ (g2 ⋅ g3) = (g1 ⋅ g2) ⋅ g3

e ⋅ g = g
g ⋅ g−1 = e

• Abelian group:            for all group elements                    Example: U(1) of QED

• Non-abelian group:   for any two group elements             Example: SU(3) of QCD
gi ⋅ gj = gj ⋅ gi

gi ⋅ gj ≠ gj ⋅ gi

• Lie group: “a group on which you can make differential calculus”
➡ any group element can be obtained as  
➡ U(1)

U(x) = 1 + αa(x)Ta + … = eiαa(x)Ta

Ta = 1 →

: generators of the group Ta

(examples: integers with addition, 
rotations in 2D, modular arithmetic,…) 

linear combination

7
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SU(3)C ⇥ SU(2)L ⇥ U(1)Y
<H>���! SU(3)C ⇥ U(1)EM

The Standard Model 

• 3 families of matter particles (quarks and leptons) in “fundamental representations”

• 8+3+1 Gauge fields in “adjoint representations”

• 1 Higgs doublet in “fundamental representation” of SU(2) acquires vacuum expectation 

→ electroweak symmetry breaking (EWSB)

Symmetry:

Matter content:



Some SU(N) group theory

SU(N):  NxN unitary matrices U with determinant 1:     

This is a Lie group, thus every group element can be obtained as        (summation over a)

: generators of the group with commutator  

            matrices 

E.g.  

 

 

 

 

UU† = U†U = 1, det(U) = 1 .

U = eiαaTa

Ta [Ta, Tb] = i f abc Tc

a = 1…N2 − 1 N × N structure constants

SU(3)C ⇥ SU(2)L ⇥ U(1)Y
<H>���! SU(3)C ⇥ U(1)EM

8             +      3            +      1          = 12 generators  

                                                            gauge bosons  →

Tr (TaTb) = 1
2 δab

conventional normalisation:

9



Some more SU(N) group theory
 

All particles are embedded in a representation  of the gauge groups. 

                                                                                ( invertible matrices)  

E.g. "fundamental representation”: 

• fundmental rep:            ,  where  is N-component column vector, called “ ”

• anti-fundmental rep:    ,  where  is N-component row vector, called " ”

• singlet rep:                  ,  i.e. , called “ ”

• adjoint rep:                  , where  is a matrix, , called " ”

In the SM matter particles (fermions, Higgs) transform in the fundamental rep or as singlet.

Gauge bosons always transform in the adjoint representation.

D(U)

D : G →

D(U) = Uij for all U in SU(N)

ψ → ψ′￼ = U ψ ψ N

ψ → ψ′￼ = ψ U† ψ N

ϕ → ϕ′￼ = ϕ D(U) = 1 1

W → W′￼ = U W U† W = Wij i, j = 1…N N2 − 1

10



Field content of the SM
Source: The Particle Zoo

11



Field content of the SM
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Field content of the SM

SU(3)C ⇥ SU(2)L ⇥ U(1)Y
<H>���! SU(3)C ⇥ U(1)EM

13



Field content of the SM
SU(3)C ⇥ SU(2)L ⇥ U(1)Y

<H>���! SU(3)C ⇥ U(1)EM

3
2
1

: triplet

: doublet

: singlet

8 : octet

14



Non-abelian gauge theories I
Consider:        and we demand  to transform as :    under ℒDirac = ψ (i∂ − m) ψ ψ / ψ N / N ψ = ψi , ψ = ψj SU(N)

15



Non-abelian gauge theories I
Consider:        and we demand  to transform as :    under ℒDirac = ψ (i∂ − m) ψ ψ / ψ N / N ψ = ψi , ψ = ψj SU(N)

         this is invariant under global  , but not under local ℒDirac = ψi (i ∂ δij − mδij) ψj ψ → U ψ U = U(x)

16



Non-abelian gauge theories I
Consider:        and we demand  to transform as :    under ℒDirac = ψ (i∂ − m) ψ ψ / ψ N / N ψ = ψi , ψ = ψj SU(N)

         this is invariant under global  , but not under local ℒDirac = ψi (i ∂ δij − mδij) ψj ψ → U ψ U = U(x)

         with    ℒ = ψi (i Dij − mδij) ψj ∂μ → Dμ
ij = ∂μδij − ig Vμ

ij

vector/gauge-field 

Vμ
ij(x) =

N2−1

∑
a=1

Ta
ij Vμ,a(x)

minimal  
coupling 

17



Non-abelian gauge theories I
Consider:        and we demand  to transform as :    under ℒDirac = ψ (i∂ − m) ψ ψ / ψ N / N ψ = ψi , ψ = ψj SU(N)

         this is invariant under global  , but not under local ℒDirac = ψi (i ∂ δij − mδij) ψj ψ → U ψ U = U(x)

         with    ℒ = ψi (i Dij − mδij) ψj ∂μ → Dμ
ij = ∂μδij − ig Vμ

ij

vector/gauge-field 

minimal  
coupling 

This introduces a coupling between the the fermion and the vector field: 

ℒDirac → ℒ = ℒDirac + ℒint with ℒint = g ψγμVμψ = g ψγμTaψVa
μ

new Lagrangian is invariant under local gauge transformation 

ψ → ψ′￼ = U ψ

Vμ → V′￼μ = U Vμ U† −
i
g

(∂μU)U†

18

Vμ
ij(x) =

N2−1

∑
a=1

Ta
ij Vμ,a(x)



Non-abelian gauge theories II
We need to add a kinetic term for the gauge field to allow it to propagate

Generalisation of field-strength tensor

   

          

Fμν = ∂μAν − ∂νAμ =
i
e

[Dμ, Dν] → Fμν =
i
g

[Dμ, Dν]

19



Non-abelian gauge theories II
We need to add a kinetic term for the gauge field to allow it to propagate

Generalisation of field-strength tensor

   

          

Fμν = ∂μAν − ∂νAμ =
i
e

[Dμ, Dν] → Fμν =
i
g

[Dμ, Dν]

→ Fμν = ∂μVν − ∂νVμ − i g [Vμ, Vν] = TaFa
μν

Fa
μν = ∂μVa

ν − ∂νVa
μ + gf abc Vb

μ Vc
ν

Vμ = Ta Va
μ

20



Non-abelian gauge theories II
We need to add a kinetic term for the gauge field to allow it to propagate

Generalisation of field-strength tensor

   

          

Fμν = ∂μAν − ∂νAμ =
i
e

[Dμ, Dν] → Fμν =
i
g

[Dμ, Dν]

→ Fμν = ∂μVν − ∂νVμ − i g [Vμ, Vν] = TaFa
μν

Fa
μν = ∂μVa

ν − ∂νVa
μ + gf abc Vb

μ Vc
ν

Vμ = Ta Va
μ

Under the gauge transformation    we have  Vμ → U Vμ U† −
i
g

(∂μU)U† Fμν → F′￼μν = UFμνU†

   is gauge invariant Tr(F′￼μνF′￼
μν) = Tr(UFμνU† UFμνU†) = Tr(U†UFμνU† UFμν) = Tr(FμνFμν)

trace cyclic

21



Non-abelian gauge theories III
Kinetic term for non-abelian gauge bosons 

                              ℒYM = −
1
2

Tr(FμνFμν) = −
1
2

Tr(TaTb)Fa
μν Fb,μν = −

1
4

Fa
μν Fa,μν

1
2 δab

22



Non-abelian gauge theories III
Kinetic term for non-abelian gauge bosons 

                              ℒYM = −
1
2

Tr(FμνFμν) = −
1
2

Tr(TaTb)Fa
μν Fb,μν = −

1
4

Fa
μν Fa,μν

1
2 δab

kinetic-term

trilinear interactions  

quartic interactions  
determined by  
gauge structure 

= −
1
4

(∂μVa
ν − ∂νVa

μ) (∂μVa,ν − ∂νVa,μ)

−
g
2

fabc (∂μVa
ν − ∂νVa

μ) Vb,μ Vc,ν

−
g2

4
fabc fade Vb

μ Vc
ν Vd,μ Ve,ν

23

Fa
μν = ∂μVa

ν − ∂νVa
μ + gf abc Vb

μ Vc
ν



Non-abelian gauge theories III
Kinetic term for non-abelian gauge bosons 

                              ℒYM = −
1
2

Tr(FμνFμν) = −
1
2

Tr(TaTb)Fa
μν Fb,μν = −

1
4

Fa
μν Fa,μν

1
2 δab

= −
1
4

(∂μVa
ν − ∂νVa

μ) (∂μVa,ν − ∂νVa,μ)

−
g
2

fabc (∂μVa
ν − ∂νVa

μ) Vb,μ Vc,ν

−
g2

4
fabc fade Vb

μ Vc
ν Vd,μ Ve,ν

kinetic-term

trilinear interactions  

quartic interactions  
determined by  
gauge structure 

ℒ = ℒYM + ℒDirac = −
1
2

Tr(FμνFμν) + Ψ (i D − mδij) Ψ

ℒ = ℒYM + ℒcKG = −
1
2

Tr(FμνFμν) + (DμΦ)†(DμΦ) − m2 Φ†Φ

gauge-invariant fermion

gauge-invariant complex scalar
24
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SU(3)C ⇥ SU(2)L ⇥ U(1)Y
<H>���! SU(3)C ⇥ U(1)EM

The Standard Model 

• 3 families of matter particles (quarks and leptons) in “fundamental representations”

• 8+3+1 Gauge fields in “adjoint representations”

• 1 Higgs doublet in “fundamental representation” of SU(2) acquires vacuum expectation 

→ electroweak symmetry breaking (EWSB)

Symmetry:

Matter content:



•  QCD = invariance under local SU(3) 
•  quarks transform in fundamental rep of SU(3)  triplets, i.e. they carry an additional colour-charge index
•  the corresponding gauge field (=gluons) transforms in the adjoint rep. of SU(3), i.e. as  

→
8

QCD

26



•  QCD = invariance under local SU(3) 
•  quarks transform in fundamental rep of SU(3)  triplets, i.e. they carry an additional colour-charge index
•  the corresponding gauge field (=gluons) transforms in the adjoint rep. of SU(3), i.e. as  

→
8

QCD Lagrangian for one quark-type of mass :    m ℒQCD = − 1
4 GaμνGa

μν + ψi (iDij − m δij) ψj

quark-colour index 
i,j=1,2,3

gluon-colour index, a=1…8

where       Ga
μν = ∂μGa

ν − ∂νGa
μ + gs f abcGb

μGc
ν , Dμ

ij = ∂μδij + igsta
ijG

aμ

strong coupling “constant”:  αS =
g2

s

4π

generators of SU(3) in  
fundamental rep: 3x3 matrices

[ta, tb] = if abctc

structure constants of SU(3) 

QCD

27



•  QCD = invariance under local SU(3) 
•  quarks transform in fundamental rep of SU(3)  triplets, i.e. they carry an additional colour-charge index
•  the corresponding gauge field (=gluons) transforms in the adjoint rep. of SU(3), i.e. as  

→
8

QCD Lagrangian for f={u,d,c,s,t,b} quarks:            ℒQCD = − 1
4 GaμνGa

μν + ∑
f

ψ f
i (iDij − mf δij) ψ f

j

QCD

6 identical copies

28



QCD Feynman rules

p →

j k

p →µ ν

a b

j k

a

µ igsγ
µT a

kj

−igsγμta
kj

a b

c

pµ qν

rρ

a b

cd

−ig2
s (f abe f cde(gμρgνσ − gμσgνρ)

+f ace f bde(gμνgρσ − gμσgνρ)
+f ade f bce(gμνgρσ − gμρgνσ))

gs f abc (gμν(p − q)ρ + gνρ(q − r)μ + gρμ(r − p)ν)

δkj
i(p + m)

p2 − m2 + iε

δab −igμν

p2 + iε

 Gavin’s QCD course after the coffee break→

all the same

29
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SU(3)C ⇥ SU(2)L ⇥ U(1)Y
<H>���! SU(3)C ⇥ U(1)EM

The Standard Model 

• 3 families of matter particles (quarks and leptons) in “fundamental representations”

• 8+3+1 Gauge fields in “adjoint representations”

• 1 Higgs doublet in “fundamental representation” of SU(2) acquires vacuum expectation 

→ electroweak symmetry breaking (EWSB)

Symmetry:

Matter content:



3131

with the field strength tensors:

structure constants

Ga
µ⌫ = @µG

a
⌫ � @⌫G

a
µ + gsf

abcGb
µG

c
⌫ , (0a)

W i
µ⌫ = @µW

i
⌫ � @⌫W

i
µ + g2✏

ijkW j
µW

k
⌫ , (0b)

Bµ⌫ = @µB⌫ � @⌫Bµ

gauge couplings 

ℒYM = − 1
4 Ga μνGa

μν−
1
4 Wi μνWi

μν−
1
4 BμνBμν

The unbroken Standard Model 
SU(3)C × SU(2)L × U(1)Y

:  bosons, 8 gluons  
:  bosons,  bosons 
:  boson

Ga
μ SU(3)C

Wi
μ SU(2)L W0, W1, W2

Bμ U(1)Y
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Chiral fermions

Wu experiment 1957: weak interactions violate parity conservation

charged currents only involve left-handed particles (right-handed anti-particles)

 under  left-handed fermions: doublets, while right-handed fermions: singletsSU(2)L

assign hyper-charge  such that  

=electromagnetic charge
(Gell-Mann - Nishijima relation) 
 

Y

Q = I3 +
Y
2

Q
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Chiral fermions II

Starting from a Dirac  fermion we define ψ ψL =
1 − γ5

2
ψ , ψR =

1 + γ5

2
ψ

γ5 = iγ0γ1γ2γ3

ψ j
L = (

ψ j
L+

ψ j
L−)

ψ j
R+L up-type     = e, μ, τ, u, c, t

L down-type = νe, νμ, ντ, d, s, b ψ j
R−

R up-type     = e, μ, τ, u, c, t

R down-type = d, s, b

no right-handed neutrinos

generation flavour=j = e, μ, τ, u, c, t

DL
μ = ∂μ + i g2 Ii Wi

μ + i g1
Y
2

1 Bμ

 - invariant covariant derivatives:SU(2)L × U(1)Y

DR
μ = ∂μ + i g1

Y
2

1 Bμ

for massless fermions: 
chirality = helicity

 generstor   (Pauli matrices)SU(2)L Ii = 1
2 σi

 generatorU(1)Y
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with the field strength tensors:

structure constants

Ga
µ⌫ = @µG

a
⌫ � @⌫G

a
µ + gsf

abcGb
µG

c
⌫ , (0a)

W i
µ⌫ = @µW

i
⌫ � @⌫W

i
µ + g2✏

ijkW j
µW

k
⌫ , (0b)

Bµ⌫ = @µB⌫ � @⌫Bµ

gauge couplings 

ℒclassical
SM = ℒYM + ℒDirac + …

ℒYM = − 1
4 Ga μνGa

μν−
1
4 Wi μνWi

μν−
1
4 BμνBμν

The unbroken Standard Model 

ℒDirac =
3

∑
i=1

[qi
L

†σ̄μDμqi
L + ui

R
†σμDμui

R + di
R

†σμDμdi
R

+li
L

†σ̄μDμli
L + ei

R
†σμDμei

R ]

Dµ = @µ + igsT
aGa

µ + ig2I
iW i

µ + ig1
Y

2
1Bµ

with the gauge covariant derivative:

➡ F-F-V,  V-V-V (TG) and V-V-V-V (QG) couplings are related!
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ℒclassical
SM = ℒYM + ℒDirac + …

ℒYM = − 1
4 Ga μνGa

μν−
1
4 Wi μνWi

μν−
1
4 BμνBμν

The unbroken Standard Model 

ℒDirac =
3

∑
i=1

[qi
L

†σ̄μDμqi
L + ui

R
†σμDμui

R + di
R

†σμDμdi
R

+li
L

†σ̄μDμli
L + ei

R
†σμDμei

R ]

still:  terms not allowed by gauge invariance   
 no vector-boson mass terms allowed

Wi
μνWi μν

→

also: no fermion mass terms allowed as  would mix 
left- and right-handed fields,

mψψ = m (ψLψR + ψRψL)

Solution: Spontaneous Symmetry Breaking (SSB)
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Spontaneous Symmetry Breaking

Key idea: Lagrangian is invariant under gauge symmetry, but vacuum is not = vacuum breaks symmetry. 

unbroken symmetry broken symmetry 

Goldstone theorem: for every broken generator there is a massless mode

Goldstone theorem combined with gauge theories: massless goldstone modes are absorbed 

(=eaten) to become longitudinal modes of the gauge bosons associated to the broken generators.

source: quantumdiaries.org

source: wikipedia
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LHiggs = (Dµ�)†(Dµ�)� V (�) V (�) = �µ2�†�+
�

4
(�†�)2 ,Higgs potential:

The Higgs mechanism
ℒclassical

SM = ℒYM + ℒDirac + ℒHiggs + …

complex scalar SU(2)-doublet Φ(x) = (ϕ+(x)
ϕ0(x))

Dμ = ∂μ + i g2
σa

2
Wa

μ + i
g1

2
Bμ
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LHiggs = (Dµ�)†(Dµ�)� V (�) V (�) = �µ2�†�+
�

4
(�†�)2 ,Higgs potential:

µ2,� > 0minimum at

The Higgs mechanism
ℒclassical

SM = ℒYM + ℒDirac + ℒHiggs + …

complex scalar SU(2)-doublet Φ(x) = (ϕ+(x)
ϕ0(x))

Dμ = ∂μ + i g2
σa

2
Wa

μ + i
g1

2
Bμ

Φ†Φ = 2μ2

λ

<Φ> =
1

2 (0
v) with v =

2μ

λ

such that  Q <Φ> = (I3 +
Y
2 ) <Φ> = (1 0

0 0) (0
v) = 0

vacuum expectation value 

vacuum electrically neutral / invariant under U(1)EM

vacuum NOT invariant under  transformationsSU(2)L × U(1)Y
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�(x) =

✓
�+(x)

1p
2
(v + h0(x) + i�0(x))

◆
Expand -field around minimum:Φ

would-be Goldstone bosons
<h0 > = <χ0 > = <ϕ± > = 0

The Higgs mechanism
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�(x) =

✓
�+(x)

1p
2
(v + h0(x) + i�0(x))

◆
Expand -field around minimum:Φ

would-be Goldstone bosons
<h0 > = <χ0 > = <ϕ± > = 0

= 1

2 ( 0
v + h0(x))

gauge 
transformation
=“unitary gauge”

The Higgs mechanism
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�(x) =

✓
�+(x)

1p
2
(v + h0(x) + i�0(x))

◆
Expand -field around minimum:Φ

would-be Goldstone bosons
<h0 > = <χ0 > = <ϕ± > = 0

= 1

2 ( 0
v + h0(x))

gauge 
transformation
=“unitary gauge”

V = μ2(h0)2 +
μ2

v
(h0)3 +

μ2

4v2
(h0)4 =

mh

2
(h0)2 + …

mh0 = 2μ = vμ
2

The Higgs mechanism

I. Higgs potential



�(x) =

✓
�+(x)

1p
2
(v + h0(x) + i�0(x))

◆
Expand -field around minimum:Φ

would-be Goldstone bosons
<h0 > = <χ0 > = <ϕ± > = 0

= 1

2 ( 0
v + h0(x))

gauge 
transformation
=“unitary gauge”

Gauge boson masses

(DμΦ)†(DμΦ) =
1
2 ( g2

2
v)

2

(W2
1 + W2

2) +
1
2 ( v

2 )
2

(W3
μ, Bμ) ( g2

2 g1g2

g1g2 g2
1 ) (W3,μ

Bμ ) + …

diagonalise!redefine!

mass terms for W, B!!

42

II. kinetic term
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�(x) =

✓
�+(x)

1p
2
(v + h0(x) + i�0(x))

◆
Expand -field around minimum:Φ

would-be Goldstone bosons
<h0 > = <χ0 > = <ϕ± > = 0

= 1

2 ( 0
v + h0(x))

gauge 
transformation
=“unitary gauge”

Gauge boson masses

(DμΦ)†(DμΦ) =
1
2 ( g2

2
v)

2

(W2
1 + W2

2) +
1
2 ( v

2 )
2

(W3
μ, Bμ) ( g2

2 g1g2

g1g2 g2
1 ) (W3,μ

Bμ ) + …

diagonalise!redefine!

(
Zμ

Aμ) = ( cos θW sin θW

−sin θW cos θW) (
W3

μ

Bμ)W±
μ =

1

2
(W1

μ ∓ iW2
μ)

physical fields unbroken fields 

mass terms for W, B!!

II. kinetic term
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�(x) =

✓
�+(x)

1p
2
(v + h0(x) + i�0(x))

◆
Expand -field around minimum:Φ

would-be Goldstone bosons
<h0 > = <χ0 > = <ϕ± > = 0

= 1

2 ( 0
v + h0(x))

gauge 
transformation
=“unitary gauge”

Gauge boson masses

(DμΦ)†(DμΦ) =
1
2 ( g2

2
v)

2

(W2
1 + W2

2) +
1
2 ( v

2 )
2

(W3
μ, Bμ) ( g2

2 g1g2

g1g2 g2
1 ) (W3,μ

Bμ ) + …

diagonalise!

= M2
W W+

μ W−μ +
1
2

(Aμ, Zμ)(0 0
0 M2

Z) (Aμ

Zμ) + ⋯

redefine!

(
Zμ

Aμ) = ( cos θW sin θW

−sin θW cos θW) (
W3

μ

Bμ)W±
μ =

1

2
(W1

μ ∓ iW2
μ)

physical fields unbroken fields 

mass terms for W, B!!

II. kinetic term
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�(x) =

✓
�+(x)

1p
2
(v + h0(x) + i�0(x))

◆
Expand -field around minimum:Φ

would-be Goldstone bosons
<h0 > = <χ0 > = <ϕ± > = 0

= 1

2 ( 0
v + h0(x))

gauge 
transformation
=“unitary gauge”

Gauge boson masses

(DμΦ)†(DμΦ) =
1
2 ( g2

2
v)

2

(W2
1 + W2

2) +
1
2 ( v

2 )
2

(W3
μ, Bμ) ( g2

2 g1g2

g1g2 g2
1 ) (W3,μ

Bμ ) + …

diagonalise!

= M2
W W+

μ W−μ +
1
2

(Aμ, Zμ)(0 0
0 M2

Z) (Aμ

Zμ) + ⋯

redefine!

(
Zμ

Aμ) = ( cos θW sin θW

−sin θW cos θW) (
W3

μ

Bμ)W±
μ =

1

2
(W1

μ ∓ iW2
μ)

MW =
1
2

g2v , MZ =
1
2

g2
1 + g2

2 v

cos θW =
g2

g2
1 + g2

2

=
MW

MZ
EW mixing angle

➡couplings and gauge 
boson masses are related!

physical fields unbroken fields 

mass terms for W, B!!

II. kinetic term



�(x) =

✓
�+(x)

1p
2
(v + h0(x) + i�0(x))

◆
Expand -field around minimum:Φ

would-be Goldstone bosons
<h0 > = <χ0 > = <ϕ± > = 0

= 1

2 ( 0
v + h0(x))

gauge 
transformation
=“unitary gauge”

Gauge-Higgs couplings

(DμΦ)†(DμΦ) =

+ g2
2v
2 h0W+W− +

g2
1 + g2

2

4
v h0ZZ + g2

2v2

4 h0h0W+W− +
g2

1 + g2
2

8
v2 h0h0ZZ

M2
W W+

μ W−μ +
1
2

(Aμ, Zμ)(0 0
0 M2

Z) (Aμ

Zμ)

h0 h0
h0

h0

h0

h0

Zμ

Zν

W+
μ

W−
ν

Zμ

Zν

W+
μ

W−
ν

46

II. kinetic term
(diagonalised)



4747

Yukawa terms

LYukawa = �
3X

i,j=1

h
ydij(q

i
L)

†�djR + yuij(q
i
L)

†�cuj
R + ylij(l

i
L)

†�ejR + h.c.
i

Yukawa couplings
ℒclassical

SM = ℒYM + ℒDirac + ℒHiggs + ℒYukawa

�c ⌘ i�2�⇤

yψϕψ
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Yukawa terms

LYukawa = �
3X

i,j=1

h
ydij(q

i
L)

†�djR + yuij(q
i
L)

†�cuj
R + ylij(l

i
L)

†�ejR + h.c.
i

Yukawa couplings

�c ⌘ i�2�⇤

ℒclassical
SM = ℒYM + ℒDirac + ℒHiggs + ℒYukawa

∼ − ∑
f

mf ψf ψf − ∑
f

mf

v
ψf ψf h0

Φ = 1

2 ( 0
v + h0)

∼ m/vh0

f

f
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Yukawa terms

LYukawa = �
3X

i,j=1

h
ydij(q

i
L)

†�djR + yuij(q
i
L)

†�cuj
R + ylij(l

i
L)

†�ejR + h.c.
i

Yukawa couplings

�c ⌘ i�2�⇤

mf
ij =

vp
2
yfij

diagonalised: mf,i =
vp
2

3X

k,m

Uf,L
ik yfkm

⇣
Uf,R
mi

⌘†
⌘ vp

2
�f
i ,

• due to unitarity these matrices drop out 
in NC interactions: no FCNCs in the SM

•  a non-trivial matrix remains in CC 
interactions: CKM matrix

ℒclassical
SM = ℒYM + ℒDirac + ℒHiggs + ℒYukawa

∼ − ∑
f

mf ψf ψf − ∑
f

mf

v
ψf ψf h0

Φ = 1

2 ( 0
v + h0)

to be precise:

∼ m/vh0

f

f

 Timothy’s Flavour Physics course starting on Monday→
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ℒDirac =
3

∑
i=1

[qi
L

†σ̄μDμqi
L + ui

R
†σμDμui

R + di
R

†σμDμdi
R

+li
L

†σ̄μDμli
L + ei

R
†σμDμei

R ]

Fermion-gauge couplings
ℒclassical

SM = ℒYM + ℒDirac + ℒHiggs + ℒYukawa

(
Zμ

Aμ) = ( cos θW sin θW

−sin θW cos θW) (
W3

μ

Bμ) W±
μ =

1

2
(W1

μ ∓ iW2
μ)
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ℒDirac =
3

∑
i=1

[qi
L

†σ̄μDμqi
L + ui

R
†σμDμui

R + di
R

†σμDμdi
R

+li
L

†σ̄μDμli
L + ei

R
†σμDμei

R ]

ℒDirac = … + Jμ
em Aμ + Jμ

NC Zμ + Jμ
CC W+

μ + Jμ
CC

† W−
μ

f

f

Fermion-gauge couplings
ℒclassical

SM = ℒYM + ℒDirac + ℒHiggs + ℒYukawa

gauge coupling of remaining SU(3)C ⇥ SU(2)L ⇥ U(1)Y
<H>���! SU(3)C ⇥ U(1)EM

= …− g1g2

g2
1 + g2

2

eγμeAμ + …

e =
g1g2

g2
1 + g2

2

(
Zμ

Aμ) = ( cos θW sin θW

−sin θW cos θW) (
W3

μ

Bμ) W±
μ =

1

2
(W1

μ ∓ iW2
μ)



Jμ
EM = − e ∑

f=l,q

Qf ψf γμψf ,

Jμ
NC =

g2

2 cos θW ∑
f=l,q

ψf(vf γμ − af γμγ5)ψf ,

Jμ
CC =

g2

2 ∑
i=1,2,3

νiγμ 1 − γ5

2
ei + ∑

i,j=1,2,3

uiγμ 1 − γ5

2
Vijdj
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ℒDirac =
3

∑
i=1

[qi
L

†σ̄μDμqi
L + ui

R
†σμDμui

R + di
R

†σμDμdi
R

+li
L

†σ̄μDμli
L + ei

R
†σμDμei

R ]

(
Zμ

Aμ) = ( cos θW sin θW

−sin θW cos θW) (
W3

μ

Bμ)

ℒDirac = … + Jμ
em Aμ + Jμ

NC Zμ + Jμ
CC W+

μ + Jμ
CC

† W−
μ

vf = If
3 − 2Qf sin2 θW ,

af = If
3

f

f

VCKM

Fermion-gauge couplings
ℒclassical

SM = ℒYM + ℒDirac + ℒHiggs + ℒYukawa

gauge coupling of remaining SU(3)C ⇥ SU(2)L ⇥ U(1)Y
<H>���! SU(3)C ⇥ U(1)EM

= …− g1g2

g2
1 + g2

2

eγμeAμ + …

e =
g1g2

g2
1 + g2

2

W±
μ =

1

2
(W1

μ ∓ iW2
μ)
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Fermion-gauge couplings

ℒYM = − 1
4 Ga μνGa

μν−
1
4 Wi μνWi

μν−
1
4 BμνBμν

ℒclassical
SM = ℒYM + ℒDirac + ℒHiggs + ℒYukawa

(
Zμ

Aμ) = ( cos θW sin θW

−sin θW cos θW) (
W3

μ

Bμ) W±
μ =

1

2
(W1

μ ∓ iW2
μ)
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Fermion-gauge couplings

ℒYM = − 1
4 Ga μνGa

μν−
1
4 Wi μνWi

μν−
1
4 BμνBμν

ℒYM = …+ e [(∂μW+
ν − ∂νW+

μ ) W−μAν + W+
μ W−

ν Fμν + h . c . ]
+ e cot θW [(∂μW+

ν − ∂νW+
μ ) W−μZν + W+

μ W−
ν Zμν + h . c . ]

−e2/(4 sin θW) [(W−
μ W+

ν − W−
ν W+

μ )W+
μ W−

ν + h . c.]

−e2/4 (W+
μ Aν − W+

ν Aμ)(W−μAν − W−νAμ)

−e2/4 cot2 θW (W+
μ Zν − W+

ν Zμ)(W−μZν − W−νZμ)

+e2/2 cot θW (W+
μ Aν − W+

ν Aμ)(W−μZν − W−νZμ) + h . c .

W+
μ

W−
ν

W+
μ

W−
ν

Aρ
Zρ

W+
μ

W−
ν

W+
μ

W−
ν

W+
μ

W−
ν

W+
μ

W−
ν

W+
ρ

W−
σ

Aρ

Aσ

Zρ

Zσ

Aρ

Zσ

ℒclassical
SM = ℒYM + ℒDirac + ℒHiggs + ℒYukawa

(
Zμ

Aμ) = ( cos θW sin θW

−sin θW cos θW) (
W3

μ

Bμ) W±
μ =

1

2
(W1

μ ∓ iW2
μ)
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SM input parameters
•Unbroken theory :
‣ Couplings: 
‣ Parameters of the Higgs potential: 
‣  Yukawa couplings:  

Lclassical
SM

g1, g2, gS
μ, λ

yf
ij

•After EWSM:
‣ Couplings:   or        
‣ EW boson masses: 
‣ CKM matrix elements: 

g1, g2, gS αEM, sin θW, αS
mh0, mW, mZ, mf

VCKM

➡ Important tree-level relations between input parameters: e.g.:      , …                      

➡  EW couplings and EW boson masses are not independent 
➡ Yukawa couplings and masses are not independent 
➡ These tree-level relations receive higher-order corrections:  
   in general depend on all inputs.

cos θW =
mW

mZ
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EW input schemes
➡ Common input schemes: 
‣ -scheme:        (Thomsen limit: )
‣ -scheme:        
‣ -scheme:   

e =
p
4⇡↵, g1 = e/ cos ✓W , g2 = e/ sin ✓W

{↵(0),mW ,mZ} α(0) ≈ 1/137 = 0.0073… Q ! 0

{Gµ,mW ,mZ} α |Gμ
= 2/π Gμ m2

W sin2 θW ≈ 1/132 = 0.0076…
{↵(mZ),mW ,mZ} α(mZ) ≈ 1/128 = 0.0078…

from:

➡ Additional inputs: {m0
h, mf}

| 8p
2
Gµ|2 = | g22

m2
W

|2 = |M|2from: (relation between squared matrix elements for the  
 muon decay in the Fermi theory to corresponding
 W-exchange matrix elements in the low-energy limit)

where: Gµ = 1.1663710�5GeV�2

==



5757

EW input schemes
➡ Common input schemes: 
‣ -scheme:        (Thomsen limit: )
‣ -scheme:        
‣ -scheme:   

e =
p
4⇡↵, g1 = e/ cos ✓W , g2 = e/ sin ✓W

{↵(0),mW ,mZ} α(0) ≈ 1/137 = 0.0073… Q ! 0

{Gµ,mW ,mZ} α |Gμ
= 2/π Gμ m2

W sin2 θW ≈ 1/132 = 0.0076…
{↵(mZ),mW ,mZ} α(mZ) ≈ 1/128 = 0.0078…

from:

➡ Additional inputs: {m0
h, mf}

| 8p
2
Gµ|2 = | g22

m2
W

|2 = |M|2from: (relation between squared matrix elements for the  
 muon decay in the Fermi theory to corresponding
 W-exchange matrix elements in the low-energy limit)

where: Gµ = 1.1663710�5GeV�2

==

➡ Differences between these scheme at 5-7% level (scheme uncertainties).
➡ Scheme dependence reduced when including higher-order corrections. 
➡ One scheme might be more appropriate than others for different processes.
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EW input schemes
➡ Common input schemes: 
‣ -scheme:        (Thomsen limit: )
‣ -scheme:        
‣ -scheme:   

e =
p
4⇡↵, g1 = e/ cos ✓W , g2 = e/ sin ✓W

{↵(0),mW ,mZ} α(0) ≈ 1/137 = 0.0073… Q ! 0

{Gµ,mW ,mZ} α |Gμ
= 2/π Gμ m2

W sin2 θW ≈ 1/132 = 0.0076…
{↵(mZ),mW ,mZ} α(mZ) ≈ 1/128 = 0.0078…

from:

➡ Additional inputs: {m0
h, mf}

| 8p
2
Gµ|2 = | g22

m2
W

|2 = |M|2from: (relation between squared matrix elements for the  
 muon decay in the Fermi theory to corresponding
 W-exchange matrix elements in the low-energy limit)

where: Gµ = 1.1663710�5GeV�2

==

At NLO: 

EW coupling counterterms The renormalisation of the EW gauge couplings (3.24) is implemented
through counterterms for the photon coupling e and the weak mixing angle ✓w. For the latter there
are two schemes available.

(i) {MZ ,MW}-scheme: the weak mixing angle is defined in terms of the weak-boson masses
by imposing the relation (3.26) to all orders. The resulting counterterm reads

� sin2 ✓w

sin2 ✓w

= �
cos2 ✓w

sin2 ✓w

✓
�µ2

W

µ2

W

+
�µ2

Z

µ2

Z

◆
. (3.81)

Here, for �W,Z > 0 and �W,Z = 0, the mass counterterms �µ2

W,Z
are computed according to

(3.59) and (3.67), respectively.

(ii) {MZ , sin ✓e↵
w }-scheme: the effective weak mixing angle is a free input parameter and its

counterterm reads [73]

� sin2 ✓w

sin2 ✓w

= Re

⇢
cos ✓w

sin ✓w

⌃AZ

T
(MZ)

MZ

+
�
1 � 2 sin2 ✓w

�
[�ZeL + �VeL � �ZeR � �VeR ]

�
, (3.82)

with the vertex corrections �VeL/R
as given Eq. (10) of [73], and the W-boson mass counterterm

�µ2

W
follows from relation (3.26) as

�µ2

W

µ2

W

= 2
� cos ✓w

cos ✓w

+
�µ2

Z

µ2

Z

(3.83)

with � cos2 ✓w = �� sin2 ✓w and �µ2

Z
as computed in (3.59) and (3.67) for �Z > 0 and �Z = 0

respectively.

As discussed in Section 3.2, in OpenLoops the photon coupling e can be defined according to three
different schemes, which correspond to different renormalisation conditions. The form of the related
counterterm �Ze in the various schemes is as follows.

(i) ↵(0)-scheme: the parameter ↵ is identified with the strength of the photon coupling at
Q2

! 0. The resulting counterterm reads

�Ze|↵(0) = �
1

2
Re

✓
�ZAA +

sW
cW

�ZZA

◆

=
1

2
Re


⇧��

heavy
(0) + ⇧��

light

�
M2

Z

�
+ �↵(M2

Z) �
2sW
cW

⌃AZ

T
(0)

µ2

Z

�
. (3.84)

(ii) Gµ-scheme: the QED coupling is related to the Fermi constant through (3.28). This relation
can be connected to the ↵(0)-scheme via

↵|Gµ��s2

W
µ2

W

�� =

p
2Gµ

⇡
= ↵(0)

����
1 + �r

s2

W
µ2

W

���� , (3.85)

where �r represents the radiative corrections to the muon decay, i.e. to the Fermi constant,
in the ↵(0)-scheme [37]. This leads to the Gµ-scheme counterterm

�Ze|Gµ = �Ze|↵(0) �
1

2
Re (�r) =

1

2
Re

(
�s2

W

s2

W

+
�µ2

W
� ⌃W

T
(0)

µ2

W

�
↵

⇡s2

W


C✏

"UV

+ ln

✓
µ2

UV

µ2

Z

◆
+

3

2
+

7 � 12s2

W

8s2

W

ln

✓
µ2

W

µ2

Z

◆�)
. (3.86)

Note that, since ↵|Gµ is effectively defined at the EW scale, its counterterm (3.86) does not
depend on ⇧��(0).
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the unrenormalized hadronic vacuum polarization ΠAA
had(s) can be evaluated perturbatively

for s ≫ m2
q and the renormalized one Re Π̂AA

had(s) is given by the dispersion relation

Re Π̂AA
had(s) =

α

3π
s Re

∫ ∞

4m2
π

ds′
RAA(s′)

s′(s′ − s − iε)
(8.7)

with

RAA(s′) =
σ(e+e− → γ∗ → hadrons)

σ(e+e− → γ∗ → µ+µ−)
. (8.8)

RAA(s) can be taken from experiment up to some scale s, for larger s perturbative QCD
is used. A recent analysis [41] involving data for the energy range below 40 GeV yields
for the contribution of the 5 light quarks in the energy region 50 GeV < s < 200 GeV

Re Π̂AA(5)
had (s) = −0.0288 ± 0.0009 (8.9)

−0.002980

[

log

(
s

(92 GeV)2

)

+ 0.006307

(
s

(92 GeV)2
− 1

)]

.

For energies around the Z-boson mass this can be approximated by (8.4) using the
effective quark masses

mu = 0.041 GeV, mc = 1.5 GeV,

md = 0.041 GeV, ms = 0.15 GeV, mb = 4.5 GeV.
(8.10)

These quark masses, in particular the ones for the three lightest quarks, are effective
parameters adjusted to fit the dispersion integral and have no further significance.

In addition to the above parameters we need the strong coupling constant αs for the
QCD corrections. Its value at the scale of the Z-boson mass is given by [5]

αs = 0.115 ± 0.010 . (8.11)

For the numerical evaluation we use in the following

αs = 0.12 . (8.12)

The W -mass is determined from the parameters given above through the relation

M2
W (1 −

M2
W

M2
Z

) =
πα√
2GF

[1 + ∆r]. (8.13)

∆r summarizes the radiative corrections to muon decay [26] apart from the QED correc-
tions which coincide with those of the Fermi model. It depends on all parameters of the
SM and is given by

∆r = ΠAA(0) −
c2
W

s2
W

(
ΣZZ

T (M2
Z)

M2
Z

−
ΣW

T (M2
W )

M2
W

)

+
ΣW

T (0) − ΣW
T (M2

W )

M2
W

+2
cW

sW

ΣAZ
T (0)

M2
Z

+
α

4πs2
W

(

6 +
7 − 4s2

W

2s2
W

log c2
W

)

. (8.14)

The relation (8.13) can be improved by summing the leading higher order reducible cor-
rections. This is done in the next section (eq. 8.23). For the set of parameters specified
above we obtain for the W -boson mass

MW = 80.23 GeV. (8.15)

53

(depends on all  
parameters of the SM)

➡ -scheme incorporates these universal corrections into LO couplings 
➡ improved perturbative convergence for processes dominated by SU(2) 
  interactions at (or above) the EW scale.

Gμ
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SU(3)C ⇥ SU(2)L ⇥ U(1)Y
<H>���! SU(3)C ⇥ U(1)EM

Conclusions

Symmetry:



Questions?

60
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➡ Generally, only a well defined set of independent input parameters are    
   “free” parameters of the model
➡ derived parameters are only short-hands to keep the notation tidy.
➡ when performing measurements (comparing data with theory), only  
  input parameters of used calculation can be extracted from data.

SM input parameters
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Mixed EW input schemes
‣external (on-shell) photons effectively couple with  
‣natural to consider a mixed scheme 

Q ! 0

�

V

↵(0)

↵|Gµ

O(↵(0)↵|Gµ↵S) wrt O(↵(0)↵S)


