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QCD lecture 1 (p. 2)

L-What is QCD QCD

QUANTUM CHROMODYNAMICS

The theory of quarks, gluons and their interactions

It's central to all modern colliders.
(And QCD is what we're made of)



QCD lecture 1 (p. 3)

L what is CD The ingredients of QCD

» Quarks (and anti-quarks): they come in 3 colours

» Gluons: a bit like photons in QED

But there are 8 of them, and they're colour charged

» And a coupling, as, that's not so small and runs fast
At LHC, in the range 0.08(@ 5 TeV) to O (1)(@ 0.5 GeV)



QCD lecture 1 (p. 4)

L What is QCD Aims of this course

I'll try to give you a feel for:

How QCD works
How theorists handle QCD at high-energy colliders

How you can work with QCD at high-energy colliders



A proton-proton collision: INITIAL STATE

proton proton



A proton-proton collision: FINAL STATE
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(actual final-state multiplicity ~ several hundred hadrons)



ATLAS H - WW* ANALYSIS [1604.02997]

3 : nd background models

The ggF and VBF production modes for H — WW* are modelled at next-to-leading order (NLO] in the

{strong coupling s ith thefPownec MC generator [22-25], interfaced with PyTHia8 [26]
for the parton shower, hadronisation, and underlying event. The{CT10 [27] PDF set §s used and the para-
meters of the PytHia8 generator controlling the modelling of the parton shower and Lhel underlying event i
are those corresponding to he Higgs boson mass set in the generation is 125.0 GeV,
which is close to the measured value. The Pownec ggF model takes into account finite quark masses
and a running-width Breit—Wigner distribution that includeslelectroweak corrections at NLO [29]. {To im-
prove the modelling of the Higgs boson pr distribution, a reweighting scheme is applied to reproduce the
prediction of thel next-to-next-to-leading-order ENNLOIiand next-to-next-to-leading-logarithm !NNLL!i
dynamic-scale calculation given by thg HREs 2.1 program [30]§ Events with > 2 jets are further reweighted
to reproduce the p¥ spectrum predicted by the NLO PowHeG simulation of Higgs boson production in as-
sociation with two jets (H + 2 jets) [31]. Interference with continuum WW production [32, 33] has a
negligible impact on this analysis due to the transverse-mass selection criteria described in Section 4 and
is not included in the signal model.

e reconstructed from to olical clusters of calorimeter cells [50-52] usingfthe anti-k, algorithm
with a radius parameter of [53]. Jet energies are corrected for the effects of calorimeter non-




ATLAS H - WW* ANALYSIS [1604.02997]
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That whole
paragraph was just
for the red part of
this distribution
(the Higgs signal).

Complexity of
modelling each of the
backgrounds is
comparable
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L what is CD Lagrangian + colour

U1

Quarks — 3 colours: ¥, =
V3
Quark part of Lagrangian:

Lq = a(i7"Oudab — 87" t5HAS — m)ibs

SU(3) local gauge symmetry <+ 8 (= 3% — 1) generators t, ... t3,
corresponding to 8 gluons A}L - .Aﬁ.

A representation is: tA = %)\A,
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QCD lecture 1 (p. 10)

L What is QcD Lagrangian: gluonic part

Field tensor: F/}, = 9, A0 — 0,A0 — g fapc A5 AS [tA, tB] = ifapct®

fagc are structure constants of SU(3) (antisymmetric in all indices —
SU(2) equivalent was ¢#B). Needed for gauge invariance of gluon part of
Lagrangian:
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QCD lecture 1 (p. 11)

L Basic methods SOIVing QCD

Two main approaches to solving it

» Numerical solution with discretized space time (lattice)

» Perturbation theory: assumption that coupling is small

Also: effective theories



QCD lecture 1 (p. 12) .
LBasic methods Lattlce QC D

Lattice

» Put all the quark and gluon fields
of QCD on a 4D-lattice
NB: with imaginary time

» Figure out which field
configurations are most likely (by
Monte Carlo sampling).

» You've solved QCD

image credits: fdecomite [Flickr]


http://www.flickr.com/photos/fdecomite/2615572026/

QCD lecture 1 (p. 13)
L Basic methods
L Lattice

Lattice hadron masses

Lattice QCD is great at cal-
culation static properties of a
single hadron.

E.g. the hadron mass spec-
trum
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L Basic methods Lattlce fOI’ LHC?

- Lattice

How big a lattice do you need for an LHC collision @ 14 TeV?

~ 1072 fm

1
Lattice spacing: VREY,
Lattice spacing. e

Lattice extent:

» non-perturbative dynamics for quark/hadron near rest takes place on

timescale t ~ ~ 0.4 fm/c

0.5 GeV
» But quarks at LHC have effective boost factor ~ 10%

» So lattice extent should be ~ 4000 fm

Total: need ~ 4 x 108 lattice units in each direction, or 3 x 103* nodes total.
Plus clever tricks to deal with high particle multiplicity,
imaginary v. real time, etc.



QCD lecture 1 (p. 15)

L Basic methods Perturbatlon theory

L Perturbation theory

Relies on idea of order-by-order expansion small coupling, as < 1

2 3
as+ o + o + ...
small  smaller negligible?

Interaction vertices of Feynman rules:

A D,c A
C,P q C,p B,v
a b B,v - 2 XAC (XBD[ v oo
) . —igefACFRED ghrgh? —
~igsthy)" &M -~ q)'s" £'7g" 4+ (C.) ¢
Ha-n)g (D.p) + (B.v) & (C.7)

+(r—p)'g™]

These expressions are fairly complex,
so you really don't want to have to deal
with too many orders of them!

i.e. as had better be small. ..



QCD lecture 1 (p. 16)

L Basic methods What do Feynman rules mean physically?

L Perturbation theory

A A

b a b a
wb(_ Igs tf,qa'Yu)@Z)a

A gluon emission repaints the quark colour.
A gluon itself carries colour and anti-colour.
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L gasic methods What does “ggg” Feynman rule mean?

L Perturbation theory

9 B,v
—gsfB[(p — q)rg™”
+(q —r)g"?

+(r —p)’g™

A gluon emission also repaints the gluon colours.

Because a gluon carries colour + anti-colour, it emits ~
twice as strongly as a quark (just has colour)



QCD lecture 1 (p. 18)
L Basic methods
L Perturbation theory

Quick guide to colour algebra

Tr(t"tB) = Tro*E,

NZ—1 4
Yatipthe = Crlac, Crp=—

B
ZC,D fACDfBCD — CA(SAB, CA — Nc =3

tA tA

b a
R —
1 1 . -1 -1
Thtiy = §5bc5ad — TNC(Sab(Scd (Fierz) ; 2:|Y E 2N
c d

N. = number of colours = 3 for QCD



QCD lecture 1 (p. 19)

D Basic methods How big is the coupling?

L Perturbation theory

All couplings run (QED, QCD, EW), i.e. they depend on the momentum
scale (Q?) of your process.

The QCD coupling, as(@?), runs fast:

Oa
@5z = Blas),  Blas) = —al(bo + bras + kool +..),
~ 11Ca—2n _ 17C3 —5Can, —3Crn; 153 —19n;

bo = by =

127 ’ 2472 2472

Note sign: Asymptotic Freedom, due to gluon to self-interaction
2004 Nobel prize: Gross, Politzer & Wilczek

» At high scales Q, coupling becomes small
wquarks and gluons are almost free, interactions are weak
P> At low scales, coupling becomes strong
wquarks and gluons interact strongly — confined into hadrons
Perturbation theory fails.
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L Basic methods
L Perturbation theory

Running coupling (cont.)

das

O‘S(QS) 1

Solve @2 = —bpa? = as(@%) =

0Q?

A ~ 0.2 GeV (aka Agcp) is the 035
fundamental scale of QCD, at which

. 03

coupling blows up.

» A sets the scale for hadron masses 028
(NB: A not unambiguously € 0
defined wrt higher orders) g

) ) ) 045

» Perturbative calculations valid for

scales Q > A. 01
005

1
August 2023

1+ bpas(Q)In%
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pp TEEC (NNLO)
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Basic methods

L Perturbation theory

Strong-coupling determinations

BP 2008-16 FO
Boito 2018 FO
Boito 2021 FO
PDG 2022 tau
Ayala 2023

i
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&
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Current world average is

as(mz) = 0.1180 + 0.0009
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e
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!
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2
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The world average has been stable over many

years, but be aware of what goes into it:
» most determinations with small uncertainties

(< 0.001) are systematics dominated

» some determinations (not shown on left) are
in tension (~ 40) with world average

Question of how best
to determine «s is an
active research topic
spanning many sub-
fields of QCD!


http://flag.unibe.ch/2021/The strong coupling alpha_s

T o mtno QCD perturbation theory (PT) & LHC?

L Perturbation theory

" meca,wi’ww . .
cont A
"”’?E%T"";‘EQEJ"‘ » Higgs, SM and searches at colliders probe
e-wlsw;w@i%lm scales @ ~ p; ~ 50 GeV — 5 TeV
e 7' pole it (WLO) =+

i The coupling certainly is small there!

pp TEEC (NNLO)

> But we're colliding protons, m, ~ 0.94 GeV

—wehrmiome T The coupling is large!
ii;ﬁ 10 100 1000

: Q[Gev]
When we look at QCD events (this one is inter- y
preted as ete™ — Z — qg), we see: gﬁg

» hadrons (PT doesn't hold for them) E ’\\\

| i
» lots of them — so we can't say 1 quark/gluon \\, @/

~ 1 hadron, and we limit ourselves to 1 or 2

orders of PT. o"



QCD lecture 1 (p. 23)
L Basic methods
L Perturbation theory

Neither lattice QCD nor perturbative QCD can offer
a full solution to using QCD at colliders

What the community has settled on is perturbative QCD
inputs + non-perturbative modelling/factorisation

Rest of this lecture: take a simple environment (ete~ — hadrons) and see
how PT allows us to understand why QCD events look the way they do.

Next lectures: dealing with incoming protons, jets, modern predictive tools



QCD lecture 1 (p. 24)

Cetem - ag Soft gluon amplitude

L Soft-collinear emission

Start with v* — qgq:

P
_ . — i
Mg = —(p1)iegyuv(p2) NG
P2
Emit a gluon:
Magg = U(p1)igoft—— ieqrv(p2) . ;
Gg = U(p1)igsgt” ———ieqV V(P2 -iey -iey
qq8 s [/1"1‘}( qip 3 k & 3 ‘e
i
— u(p1)iegy igsft"v(p2) Pz P2
T+ K

Make gluon soft = k < py2; ignore terms suppressed by powers of k:

Mggg =~ E(pl)ieqvutAV(Pz) &s (;I));:li - 522;() Z/}\:’(i)}([_f :, 2p.k



QCD lecture 1 (p. 25)

Cetem - g Squared amplitude

L Soft-collinear emission

LEREDS

A,pol

2
p1 p2 > 2 2p1.p2
= _|M2,|C B R R o e
’ q‘ F&s <P Tk p2.k> | qq‘ F&s (P1~k)(P2-k)

2
— . A P1-€ pP2.€
u 1€ tv _— —
(p1)iegyy (pz)g5<p1'k p}k)’

Include phase space:

d3/? Fg2 2p1.p2
2E(2m)3 7 °° (p1-k)(p2-k)

Note property of factorisation into hard qg piece and soft-gluon emission
piece, dS§.

d® gl Mgag’ >~ (dPgq Msc_]D

dgb 205 Cr 2p1.p2 0 = 0p,k

d EdE dc 9 .
§= o8 7w (2p1.k)(2p2.k) ¢ = azimuth




QCD lecture 1 (p. 26) . . .
Lo+ Soft & collinear gluon emission

ete” — qg
L Soft-collinear emission

Take squared matrix element and rewrite in terms of E, 0,

2p1.p2 B 1

(2p1.k)(2p2.k)  E2(1 — cos?6)

So final expression for soft gluon emission is

_ 2a5Cg dE dO do

T E sinf 27

ds

NB:

» |t diverges for E — 0 — infrared (or soft) divergence
» It diverges for 8 — 0 and 6 — m — collinear divergence

Soft, collinear divergences derived here in specific context of et e~ — gg
But they are a very general property of QCD



QCD lecture 1 (p. 27)

Cetem - a Real-virtual cancellations: total X-sctn

- Total X-sct

Total cross section: sum of all real and virtual diagrams

Py
—iey M ke —ie'yu . ie Tu

P2

Total cross section must be finite. If real part has divergent integration, so
must virtual part. (Unitarity, conservation of probability)

ot = g ( 2asC,: / dE/ R(E/Q.0)
2a5CF dE
/ /sm0 (E/Q, 0)>

> R(E/Q,0) parametrises real matrix element for hard emissions, E ~ Q.

» V(E/Q,0) parametrises virtual corrections for all momenta.



QCD lecture 1 (p. 28) .
Total X-section (cont.)

ete™ — qq
\—Total X-sct

2ozsCF/dE/Sm9 (E/Q.0) - (E/Qﬁ)))

Otot = Oqg (

» From calculation: limg_o R(E/Q,0) = 1.

» For every divergence R(E/Q,6) and V(E/Q,0) should cancel:
lim(R—-V)= li R—-V)=

EIE;'O( ) =0, Q*I:g',ﬂ'( )=0

Result:
> corrections to o4t come from hard (E ~ Q), large-angle gluons

» Soft gluons don’t matter:
> Physics reason: soft gluons emitted on long timescale ~ 1/(E§?) relative to

collision (1/Q) — cannot influence cross section.
> Transition to hadrons also occurs on long time scale (~ 1/A) — and can also
be ignored.
» Correct renorm. scale for as: u ~ Q — perturbation theory valid.



QCD lecture 1 (p. 29)

Cete - ag total X-section (cont.)

- Total X-sct

Dependence of total cross section on only hard gluons is reflected in ‘good
behaviour' of perturbation series:

Otot = Oqa <1 + 1.045a5§rQ) +0.94 (O‘SETQ))z _ 15 (“SETQ))3 4. >

(Coefficients given for Q = M)
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Lete = 4

L How many gluons are emitted?
—

Let's look at more “exclusive”
quantities — structure of final state



QCD lecture 1 (p. 31) . . -
Cete — a3 Naive gluon multiplicity

L How many gluons are emitted?

Let's try and integrate emission probability to get the mean number of
gluons emitted off a a quark with energy ~ Q:

Q /2
(N, 2045C/:/ dE/ ﬁ@ (E0 > Qo)

This diverges unless we cut the integral off for transverse momenta
(k¢ ~ E6) below some non-perturbative threshold, Qo ~ Agcp.-
On the grounds that perturbation no longer applies for k; ~ Agcp

Language of quarks and gluons becomes meaningless

With this cutoff, result is:

(Ng) ~ O‘SWCFl 2 go +0(asIh Q)



QCD lecture 1 (p. 32)

Cetem — a3 Naive gluon multiplicity (cont.)

L How many gluons are emitted?

Suppose we take Qy = Agcp, how big is the result?
Let's use as = a5(Q) = 1/(2bIn Q/N)
[Actually, over most of integration range this is optimistically small]
asC C
sCF 2 Q ., CF Q

I
™ AQCD 2bmw : /\QCD

(Ng) =~
NB: given form for as, this is actually ~ 1/
Put in some numbers: Q =100 GeV, Agcp ~ 0.2 GeV, Cr =4/3, b~ 0.6,

— (Ng) ~ 2.2

Perturbation theory assumes that first-order term, ~ as should be < 1.

But the final result is ~ 1/ag > 1...
Is perturbation theory completely useless?



QCD lecture 1 (p. 33)
Le+67 — qq

L How many gluons are emitted?

Given this failure of first-order perturbation theory, two
possible avenues.

1. Continue calculating the next order(s) and see what
happens

2. Try to see if there exist other observables for which
perturbation theory is better behaved



QCD lecture 1 (p. 34)
Le+67 — qq
L How many gluons are emitted?

. . /
\ \
N /I k N /I k
O ana;@:@j
- o p
1

i p
1
205 Cr dE do . .
Gluon emission from quark: as F?? Both expressions valid
g only if § <« 1 and
. 2asCp dE db energy soft relative to
Gluon emission from gluon: — F g parent

» Same divergence structures, regardless of where gluon is emitted from
» All that changes is the colour factor (Cg =4/3 v. C4 = 3)
> Expect low-order structure (asIn? Q) to be replicated at each new order



QCD lecture 1 (p. 35) . .
oo~ - g7 Picturing a QCD event
How many gluons are emitted?

\\\\\\

/]

T, K, p, ...

Giving a pattern of hadrons that “remembers” the gluon branching
Hadrons mostly produced at small angle wrt qg directions or with low energy
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Cete - a3 Gluon v. hadron multiplicity

L How many gluons are emitted?

It turns out you can calculate the gluon
multiplicity analytically, by summing all or-
ders (n) of perturbation theory:

Compare to data for hadron multiplicity

(Q=V5s)
Including some other higher-order terms
and fitting overall normalisation

Agreement is amazing!

<n>

%)

Aeph |
Delphi

L3

Opal

MKII 4
Jade
Pluto
Tasso
TPC/2y 1
HRS
Topoz
pmy

ol it
20 40

r® M- XK>O0O0 < 5 3+ -
oa
=]

100
Vs/GeV
charged hadron multiplicity

in eTe™ events
adapted from ESW
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Le+67 — qq

L Infrared and Collinear safety

—

It's great that putting together all orders of gluon emission
works so well!

This, together with a “hadronisation model”, is part of
what's contained in Monte Carlo event generators like
Pythia, Herwig & Sherpa.

But are there things that we can calculate about the final
state using just one or two orders perturbation theory?
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Cete - a7 Infrared and Collinear Safety (definition)

L Infrared and Collinear safety

For an observable’s distribution to be calculable in [fixed-order] pertur-
bation theory, the observable should be infra-red safe, i.e. insensitive to
the emission of soft or collinear gluons. In particular if p; is any momen-
tum occurring in its definition, it must be invariant under the branching

Bi = B+ Bk

whenever p; and pj are parallel [collinear| or one of them is small [in-
frared]. [QCD and Collider Physics (Ellis, Stirling & Webber)]

Examples

» Multiplicity of gluons is not IRC safe  [modified by soft/collinear splitting]
» Energy of hardest particle is not IRC safe  [modified by collinear splitting]

» Energy flow into a cone is IRC safe [soft emissions don't change energy flow
collinear emissions don't change its direction]
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Letem - ag Sterman-Weinberg jets

L Infrared and Collinear safety

The original (finite) jet definition

An event has 2 jets if at least a frac- 5
tion (1 — €) of event energy is con-
tained in two cones of half-angle §.

205 C dE dbf E
02—jet = Oqg (1 + ;_ F F sind (R (Qﬁ) X

(a(5 o) ¥(54)

» For small E or small 0 this is just like total cross section — full
cancellation of divergences between real and virtual terms.

» For large E and large 0 a finite piece of real emission cross section is cut
out.

» Overall final contribution dominated by scales ~ Q — cross section is
perturbatively calculation.



QCD lecture 1 (p. 40)
ete™ — qq

Infrared and Collinear safety

Real 2-jet event

Near ‘perfect’ 2-jet event

2 well-collimated jets of particles.

Nearly all energy contained in two
cones.

Cross section for this to occur is
2
O2—jet = 0qg(l — cras + @l +...)

where c¢1, ¢ all ~ 1.
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Cete — a3 3-jet event

Infrared and Collinear safety

How many jets?

» Most of energy contained in 3
(fairly) collimated cones

» Cross section for this to happen is
2
O3—jet = Oqg(cros + chas +...)

where the coefficients are all
O(1)
Cross section for extra gluon diverges
Cross section for extra jet is small, O (as)

NB: Sterman-Weinberg procedure gets
complex for multi-jet events. 4th lec-
ture will discuss modern approaches for
defining jets.
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L Summary 1st lecture summary

» QCD at colliders mixes weak and strong coupling

» No calculation technique is rigorous over that whole domain

» Gluon emission repaints a quark’s colour

» That implies that gluons carry colour too

» Quarks emit gluons, which emit other gluons: this gives characteristic
“shower” structure of QCD events, and is the basis of Monte Carlo
simulations

» To use perturbation theory one must measure quantities that are
insensitive to the (divergent) soft & collinear splittings, like jets.
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