
Machine Learning 
Lecture 2: Unsupervised Learning

Troels C. Petersen (NBI)

1“Statistics is merely a quantisation of common sense - Machine Learning is a sharpening of it!”
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On a dark and stormy afternoon in Paris,
while working on my Ph.D. (October 2002):

SignalBackground



Unsupervised Learning

Model Optimisation
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Loss Function

ESL II: Chapter 10.6

Linear Discriminant
ESL II Chapter  4, Wiki: “Linear discriminant analysis”

Applied Machine Learning Overview of subjects
Version 1.3, 14. March 2024

Training, Validation & Testing
ESL II: Chapter 7

Hyper Parameters
Deep Learning: Chapter 11.4

Classification
ESL II: Chapter  4, 6.6, 9.2.3

Regression
ESL II: Chapter 2.7, 3, 4, 6.1, 9.2.2

Clustering and 
Dimensionality 

Reduction
ESL II: Chapter 13.4.2 & 14.3

Decision Trees
ESL II: Chapter 9.2, 10, 15.3

Neural Nets
ESL II: Chapter 11

Convolutional NN
Deep Learning: Chapter 9

Graph NN
ArXiV: 1611.08097

Recurrent NN
Deep Learning: Chapter 10

Boosted DT
ESL II: Chapter 10

Random Forest
ESL II: Chapter 15

Overfitting & 
Early stopping

ESL II: Chapter 11.5 & Wiki: “Overfitting”

Principle 
Component 

Analysis
Wiki: “Principle component analysis”

t-SNE & UMAP
https://lvdmaaten.github.io/tsne/ & https://umap-learn.readthedocs.io/en/latest/

Stochastic 
Gradient 
Descent

Wiki: “Stochastic gradient descent”

Preprocessing
Towards Data Science: “Intro to preprocessing”

Feature Ranking
Wiki: “Feature selection”

Permutation 
Importance

ESL II: Chapter 10.13 & 15.3.2

SHAP values
https://github.com/slundberg/shap

Auto Encoders
Deep Learning: Chapter 14

k Nearest 
Neighbour

ESL II: Chapter 13.3

k Means 
Clustering

ESL II: Chapter 13.2 & 14.3.6

Unsupervised 
Learning

ESL II: Chapter  14

Supervised 
Learning

ESL II: Chapter 2

Domain Adaptation
Wiki: “Domain Adaptation”

Lecture 2: Feature Ranking, Unsupervised Learning, CNNs and GNNs

https://arxiv.org/pdf/1611.08097.pdf
https://en.wikipedia.org/wiki/Overfitting
https://lvdmaaten.github.io/tsne/
https://umap-learn.readthedocs.io/en/latest/
https://en.wikipedia.org/wiki/Stochastic_gradient_descent
https://towardsdatascience.com/introduction-to-data-preprocessing-in-machine-learning-a9fa83a5dc9d
https://en.wikipedia.org/wiki/Feature_selection
https://github.com/slundberg/shap
https://en.wikipedia.org/wiki/Domain_adaptation


Outline
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Input feature ranking
Unsupervised Learning
 - Clustering
 - Dimensionality reduction
 - AutoEncoders
Why is image data special?
Convolutional Neural Networks (CNN)
 - Filter convolutions
- Adding attention to a CNN
 - An example analysis with a CNN
What is a graph?
Graph Neural Networks (GNN)
 - Motivation for GNNs
 - From data to graphs
 - Edge convolutions
 - Transformers
 - An example analysis with GNN
Dreaming…



Feature Ranking
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ML as a science
While Machine Learning is fantastic, it is a black box, and thus unsatisfactory 
both regarding understanding it, and as a science in itself.

"As a data scientist, I can predict what is likely to happen, but I cannot explain why it 
is going to happen. I can predict when someone is likely to attrite, or respond to a 
promotion, or commit fraud, or pick the pink button over the blue button, but I cannot 
tell you why that's going to happen. And I believe that the inability to explain why 
something is going to happen is why I struggle to call 'data science' a science."

[Bill Schmarzo, Author of "Big Data: Understanding How Data Powers Big Business”]

However, there are ways of “opening the box”, and the most common one is to 
find out, which input features are important and which are not.

For more info, see:
Interpretable Machine Learning

A Guide for Making Black Box Models Explainable.


Christoph Molnar

https://christophm.github.io/interpretable-ml-book/index.html


Input Feature Ranking
It is of course useful to know, which of your input 
features/variables are useful, and which are not.
Thus a ranking of the features is desired.

This is not only possible, but actually a general nice 
feature of ML and feature ranking:

It works as an automation of the detective work 
behind finding relations.

In principle, one could obtain a variables ranking by 
testing all combinations of variables. But that is not 
feasible in most situation (N features > 5-7)…

Most algorithms have a build-in input feature 
ranking, which is based on various approximations.

A very simple idea (next slide) that works quite well is 
“permutation importance”.



Input Feature Ranking
There are many different ways of ranking input 
features. Three (simple) implementations into 
XGBoost are:
• Weight. The number of times a feature is used to 

split the data across all trees.
• Cover. The number of times a feature is used to split 

the data across all trees weighted by the number of 
training data points that go through those splits.

• Gain. The average training loss reduction gained 
when using a feature for splitting.

These have different pro’s and con’s.

Personally, I much like the idea of…
“permutation invariance”



Permutation Importance



Permutation Importance
One of the most used methods is “permutation importance” (below quoting 
Christoph M.: "Interpretable ML" chapter 5.5). The idea is really simple:

We measure the importance of a feature by calculating the increase in the 
model’s loss function after permuting the feature. 
• A feature is “important” if shuffling its values increases the model error, 

because in this case the model relied on the feature for the prediction.
• A feature is “unimportant” if shuffling its values leaves the model error 

unchanged, because the model thus ignored the feature for the prediction.

https://christophm.github.io/interpretable-ml-book/feature-importance.html


Permutation Importance
One of the most used methods is “permutation importance” (below quoting 
Christoph M.: "Interpretable ML" chapter 5.5). The idea is really simple:

We measure the importance of a feature by calculating the increase in the 
model’s loss function after permuting the feature. 
• A feature is “important” if shuffling its values increases the model error, 

because in this case the model relied on the feature for the prediction.
• A feature is “unimportant” if shuffling its values leaves the model error 

unchanged, because the model thus ignored the feature for the prediction.

https://christophm.github.io/interpretable-ml-book/feature-importance.html


Permutation Importance
Input: Trained model f, feature matrix X, target vector y, loss function L(y,f).

[Fisher, Rudin, and Dominici (2018)]

• Estimate the original model error eorig = L(y, f(X))
• For each feature j = 1,…,p do:

– Generate feature matrix Xperm,j by permuting feature j in the data X. 
This breaks the association between feature j and true outcome y.

– Estimate error eperm,j = L(Y,f(Xperm,j)) based on the predictions of Xperm,j.
– Calculate permutation feature importance FIj= eperm,j/eorig  (or eperm,j - eorig).

• Sort features by descending FIj.

Note: Permutation Importance calculations are computationally fast. (why?)

Feature importance with Neural Networks (Towards Data Science)

https://towardsdatascience.com/feature-importance-with-neural-network-346eb6205743


SHAP Values



SHAP Values
SHAP is a technique for deconstructing a machine learning model's 

predictions into a sum of contributions from each of its input variables.

The result is an evaluation of the input variables for each single case!



Shapley values
Shapley values is a concept from corporative game theory, where they are 
used to provide a possible answer to the question:

“How important is each player to the overall cooperation,
and what payoff can each player reasonably expect?”

The Shapley values are considered “fair”, as they are the only distribution 
with the following properties:
• Efficiency: Sum of Shapley values of all agents equals value of grand coalition.
• Linearity: If two coalition games described by v and w are combined, then the 

distributed gains should correspond to the gains derived from the sum of v and w.
• Null player: The Shapley value of a null player is zero.
• Stand alone test: If v is sub/super additive, then                                   , where φ is 

the Shapley value for agent i, and v is the worth function (of a coalition). Also called 
“Monotonicity”: A consistently more contributing feature much a get higher v.

• Anonymity: Labelling of agents doesn't play a role in assignment of their gains.
• Marginalism: Function uses only marginal contributions of player i as arguments.

From such values, one can determine which variables contribute to a final result. And 
summing the values, one can get an overall idea of which variables are important.

'i(v)  / � v({i})
<latexit sha1_base64="8ZIlLVn6UAKnEER8X65hmlQpVn8=">AAACCnicbZC7TsMwFIZPyq2UW4CRxVAhtUtJEBKMFSyMRaIXqYkix3Vbq84F24lURZ1ZeBUWBhBi5QnYeBvcNgO0HMnyp/8/R/b5/ZgzqSzr2yisrK6tbxQ3S1vbO7t75v5BS0aJILRJIh6Jjo8l5SykTcUUp51YUBz4nLb90c3Ub6dUSBaF92ocUzfAg5D1GcFKS5557KRYxEPmsUpaRQ6nD+gMOQN9pRUnY86k6pllq2bNCi2DnUMZ8mp45pfTi0gS0FARjqXs2las3AwLxQink5KTSBpjMsID2tUY4oBKN5utMkGnWumhfiT0CRWaqb8nMhxIOQ583RlgNZSL3lT8z+smqn/lZiyME0VDMn+on3CkIjTNBfWYoETxsQZMBNN/RWSIBSZKp1fSIdiLKy9D67xma767KNev8ziKcAQnUAEbLqEOt9CAJhB4hGd4hTfjyXgx3o2PeWvByGcO4U8Znz8KTJkw</latexit><latexit sha1_base64="8ZIlLVn6UAKnEER8X65hmlQpVn8=">AAACCnicbZC7TsMwFIZPyq2UW4CRxVAhtUtJEBKMFSyMRaIXqYkix3Vbq84F24lURZ1ZeBUWBhBi5QnYeBvcNgO0HMnyp/8/R/b5/ZgzqSzr2yisrK6tbxQ3S1vbO7t75v5BS0aJILRJIh6Jjo8l5SykTcUUp51YUBz4nLb90c3Ub6dUSBaF92ocUzfAg5D1GcFKS5557KRYxEPmsUpaRQ6nD+gMOQN9pRUnY86k6pllq2bNCi2DnUMZ8mp45pfTi0gS0FARjqXs2las3AwLxQink5KTSBpjMsID2tUY4oBKN5utMkGnWumhfiT0CRWaqb8nMhxIOQ583RlgNZSL3lT8z+smqn/lZiyME0VDMn+on3CkIjTNBfWYoETxsQZMBNN/RWSIBSZKp1fSIdiLKy9D67xma767KNev8ziKcAQnUAEbLqEOt9CAJhB4hGd4hTfjyXgx3o2PeWvByGcO4U8Znz8KTJkw</latexit><latexit sha1_base64="8ZIlLVn6UAKnEER8X65hmlQpVn8=">AAACCnicbZC7TsMwFIZPyq2UW4CRxVAhtUtJEBKMFSyMRaIXqYkix3Vbq84F24lURZ1ZeBUWBhBi5QnYeBvcNgO0HMnyp/8/R/b5/ZgzqSzr2yisrK6tbxQ3S1vbO7t75v5BS0aJILRJIh6Jjo8l5SykTcUUp51YUBz4nLb90c3Ub6dUSBaF92ocUzfAg5D1GcFKS5557KRYxEPmsUpaRQ6nD+gMOQN9pRUnY86k6pllq2bNCi2DnUMZ8mp45pfTi0gS0FARjqXs2las3AwLxQink5KTSBpjMsID2tUY4oBKN5utMkGnWumhfiT0CRWaqb8nMhxIOQ583RlgNZSL3lT8z+smqn/lZiyME0VDMn+on3CkIjTNBfWYoETxsQZMBNN/RWSIBSZKp1fSIdiLKy9D67xma767KNev8ziKcAQnUAEbLqEOt9CAJhB4hGd4hTfjyXgx3o2PeWvByGcO4U8Znz8KTJkw</latexit><latexit sha1_base64="8ZIlLVn6UAKnEER8X65hmlQpVn8=">AAACCnicbZC7TsMwFIZPyq2UW4CRxVAhtUtJEBKMFSyMRaIXqYkix3Vbq84F24lURZ1ZeBUWBhBi5QnYeBvcNgO0HMnyp/8/R/b5/ZgzqSzr2yisrK6tbxQ3S1vbO7t75v5BS0aJILRJIh6Jjo8l5SykTcUUp51YUBz4nLb90c3Ub6dUSBaF92ocUzfAg5D1GcFKS5557KRYxEPmsUpaRQ6nD+gMOQN9pRUnY86k6pllq2bNCi2DnUMZ8mp45pfTi0gS0FARjqXs2las3AwLxQink5KTSBpjMsID2tUY4oBKN5utMkGnWumhfiT0CRWaqb8nMhxIOQ583RlgNZSL3lT8z+smqn/lZiyME0VDMn+on3CkIjTNBfWYoETxsQZMBNN/RWSIBSZKp1fSIdiLKy9D67xma767KNev8ziKcAQnUAEbLqEOt9CAJhB4hGd4hTfjyXgx3o2PeWvByGcO4U8Znz8KTJkw</latexit>



Shapley value calculation
Consider a set N (of n players) and a (characteristic or worth) function v that 
maps any subset of players to real numbers:

If S is a coalition of players, then v(S) yields the total expected sum of payoffs 
the members of S can obtain by cooperation.

The Shapley values are calculated as:

To formula can be understood, of we imagine a coalition being formed one 
actor at a time, with each actor demanding their contribution v(S ∪ {i}) − v(S) 
as a fair compensation, and then for each actor take the average of this 
contribution over the possible different permutations in which the coalition 
can be formed.

v : 2N ! R, v(;) = 0
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Shapley value calculation
Consider a set N (of n players) and a (characteristic or worth) function v that 
maps any subset of players to real numbers:

If S is a coalition of players, then v(S) yields the total expected sum of payoffs 
the members of S can obtain by cooperation.

The Shapley values can also be calculated as:

where the sum ranges over all n! orders R of the players and PiR is the set of 
players in N which precede i in the order R. This has the interpretation:

v : 2N ! R, v(;) = 0
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Shapley value calculation example
Example 1:
Two friends (F1 and F2) make a business: Payoff 600$ (i.e. v(F1,F2) = 600).
If F1 or F2 did not participate, payoff would be 0$ (i.e. v(F1) = v(F2) = 0).
Result: F1 and F2 each gets 300$.

Example 2:
Two friends (F1 and F2) make a business: Payoff 600$ (i.e. v(F1,F2) = 600).
If F1 did not participate, payoff would be     0$ (i.e. v(F1) = 0).
If F2 did not participate, payoff would be 200$ (i.e. v(F2) = 200).
Cases:
  F1 1st gets     0$. With F2 also they get 600$. F2’s marginal contribution: 600$.
  F2 1st gets 200$. With F1 also they get 600$. F1’s marginal contribution: 400$.
Result:
  F1 should have: 0.5 x     0$  +  0.5 x 400$ = 200$
  F2 should have: 0.5 x 200$  +  0.5 x 600$ = 400$

Note that the number of cases quickly expands!



SHAP Values
A great approximation was developed by Scott Lundberg with SHAP values:

SHAP (SHapley Additive exPlanations):
https://github.com/slundberg/shap

This algorithm provides - for each entry - a ranking of the input variables, i.e. 
a sort of explanation for the result.

One can also sum of the SHAP values over all entries, and then get the overall 
ranking of feature variables. They are based on Shapley values.

Note: SHAP values are computationally “heavy”.
Note2: Lately, this seems to have been improved in 2023!

https://github.com/slundberg/shap


Input Feature Ranking
Here is an example from SHAP’s github site.

Clearly, LSTAT and RM are the best variables (whatever they are!).

https://github.com/slundberg/shap


Using Angular Variables 
to disentangle 

H → ZZ* → eeee?

Individuel estimates

21

Shapley-values also gives the possibility to see the reason behind individuel 
estimates. Below is an example, illustrating this point.

Above is shown which factors that influences the final estimate of the sales price 
(and how much). The estimate is the sum of the contributions (here 6.86 MKr.).

This is a fantastic tool to get insight into the ML workings!!!



Example of usage



Input Feature Ranking
Here is an example from particle physics. The blue variables were “known”, 
but with SHAP we discovered three new quite good variables in data.



Input Feature Ranking
We could of course just add all variables, but want to stay simple, and 
training the models, we see that the three extra variables gives most of gain.



Unsupervised Learning:
Clustering

25
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Clustering… is an art!



27

Clustering… is an art!

“One very good, very simple, model for data is to assume 
that it consists of multiple blobs… The blobs are usually 
called clusters, and the process is known as clustering.”

[David Forsyth, Opening of “Clustering” chapter in “Applied ML”]



Yes... Evaluating clustering
Evaluation of identified clusters is subjective and may require a domain 
expert, although many clustering-specific quantitative measures do exist. 

Typically, clustering algorithms are compared on synthetic datasets with pre-
defined clusters, which an algorithm is expected to discover.

“Clustering is an unsupervised learning technique, so it is hard
to evaluate the quality of the output of any given method.”

[Page 534, Machine Learning: A Probabilistic Perspective, 2012.]

One of the simple principles is that
of the “Elbow Method”.

If the loss function shows an “elbow”
(sudden stop in rate of improvement),
then that probably reflects some
structure in the data.

28

https://amzn.to/2TwpXuC


Yes... Evaluating clustering
Evaluation of identified clusters is subjective and may require a domain 
expert, although many clustering-specific quantitative measures do exist. 

Typically, clustering algorithms are compared on synthetic datasets with pre-
defined clusters, which an algorithm is expected to discover.

“Clustering is an unsupervised learning technique, so it is hard
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One way of visually evaluating a clustering algorithm
is to combine it with a dimensionality reduction,

though one then observes the combined performance of the two.

https://amzn.to/2TwpXuC


Yes... Clustering algorithms
Clustering is an “old field” and many philosophies (and algorithms) have been 
developed. They can roughly be reduced to two approaches:
• Hierarchical clustering algorithms are based on recursively either merging 

smaller clusters in to larger ones or dividing larger clusters to smaller ones.
• Partitioning clustering algorithms generate various partitions and then 

iteratively place each instance best in one of k mutually exclusive clusters.

Hierarchical clustering does not require any input parameters, while 
partitioning clustering algorithms require the number of clusters to start 
running. Hierarchical clustering returns a much more meaningful and 
subjective division of clusters but partitioning clustering results in exactly k 
clusters.

30



Hierarchical clustering algorithms can be further divided:
• Agglomerative: Merge smaller clusters into larger ones
• Divisive: Divide larger clusters into smaller ones.

The only requirement is a similarity measure to decide distance between cases.

31

Hierarchical clustering algorithms
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Partitioning clustering algorithms
Partitioning clustering algorithms can (also) be further divided:
• Center-based: Build clusters around (random?) centers (k-Means).
• Density-based: Build clusters around (high) densities (DBSCAN).
• Spectral-based: Uses eigenvalues of the similarity matrix to perform 

                             dimensionality reduction before clustering (PCCA+). 

“k-Means clustering is the “go-to” clustering algorithm. You should see it as a 
basic recipe from which many algorithms can be concocted.”

[David Forsyth, “Applied ML” chapter 8.2.6]



The recipe is to iterate the below points, until movements are “small”:
• Allocate each data point to the closest cluster center
• Re-estimate cluster centers from their data points.

There are many variations, improvements, etc. that refines this algorithm.
Most notably are the k-means++ (better initial points) and k-mediods methods.

33

k-Means clustering
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k-Means clustering
The recipe:
• Allocate each data 

point to the closest 
cluster center

• Re-estimate cluster 
centers from their 
data points.



DBSCAN classifies points as core points, reachable points and outliers:
• A point p is a core point if at least minPts points are within distance ε of it.
• A point q is directly reachable from p if point q is within distance ε from 

core point p. Points are only said to be directly reachable from core points.
• A point q is reachable from p if there is a path p1, ..., pn with p1 = p and 

pn = q, where each pi+1 is directly reachable from pi. Note that this implies 
that the initial point and all points on the path must be core points, with the 
possible exception of q.

• All points not reachable from any other point are outliers or noise points.

DBSCAN has two parameters: minPts and ε.

If p is a core point, then it forms a cluster
together with all points (core or non-core) that
are reachable from it. Each cluster contains at
least one core point; non-core points can be
part of a cluster, but they form its “edge",
since they cannot be used to reach more points.

35

DBSCAN algorithm



As can be seen, DBSCAN is a rather generic algorithm, capable of handling a 
large variety of data.

36

DBSCAN algorithm
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Clustering algorithms in scikit-learn
Scikit-Learn has a rather good selection of clustering algorithms: 
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Clustering algorithms in scikit-learn



Clustering is an “old” art form, for which there is a vast ocean of methods.

The K-means (and further developments) is the standard algorithm, if there is 
one such. DBSCAN is also an old (and awarded!) classic.

Note that like in dimensionality reduction, it is important to transform the 
input variables first, so that mean and variances are of order zero and unity.

It is HARD to evaluate the performance, and visual inspection and testing on 
similar (typically simulated) cases are some of few methods.

39

Conclusions
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Example Use Cases



Clustering is used for several things:
• Market segmentation: 

Dividing costumers or products into similar classes is used in advertising.
• Production quality assurance: 

Clustering of images is used for detecting faulty productions automatically.
• DNA analysis: 

The ability to cluster very high dimensional data (DNA) to groups/families.
• Medical imaging: 

Classification of medical images without labels.
• Image segmentation: 

Dividing an image into its parts is used in e.g. self-driving and security.
• Anomaly detection: 

Quick detection of e.g. credit card fraud saves large amounts of money.

41

OK - what is it good for?



Using Angular Variables 
to disentangle 

H → ZZ* → eeee?

Clustering of Danish housing
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Show is a simple clustering of the Danish housing market, based on position 
(x,y) and price/m2. In this way, one can see developments for each market.



Unsupervised Learning:
Dimensionality Reduction

43
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PCA, t-SNE & UMAP
High dimensionality has always been a curse - it is extremely hard to make 
sense of, and requires a lot of work and domain knowledge to boil down to 
few dimensions without loosing a lot of information.

PCA has long reigned the linear case, and k-means the clustering, but two 
new(er) non-linear and powerful candidates are around: t-SNE and UMAP. 
Below are their performance on the MNIST data set.

Source: UMAP GitHub page: https://github.com/lmcinnes/umap

t-SNE
UMAP

Source: Towards data science (PCA and t-SNE)
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t-SNE Pro’s and Con’s
Pro: In the words of the t-Distributed stochastic neighbour embedding (t-SNE) paper, 
the t-SNE algorithm… “…minimises the divergence between two distributions: a distribution 
that measures pairwise similarities of the input objects and a distribution that measures pairwise 
similarities of the corresponding low-dimensional points in the embedding”. 

The great thing about this is, that there are no assumptions about distributions, 
relationships, or number of clusters. The algorithm is non-linear, which gives it a clear 
edge over e.g. PCA.

Con: However, computationally it is a “heavy” (ugly?) algorithm, since t-SNE scales 
quadratically in the number of objects N. This limits its applicability to data sets with 
only a few thousand input objects; beyond that, learning becomes too slow to be 
practical (and the memory requirements become too large)”.

In real life, the t-SNE algorithm has especially had its impact in (a)DNA research, where 
the number of cases is typically not that large.
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UMAP
UMAP builds on using Riemannian manifolds! Within differential geometry, this 
allows the definition of angles, hyper-area, and curvature in high dimensionality.

UMAP paper, arXiv 1802.03426, Sep. 2020

The paper is quiet mathematical with (10) definitions, lemmas, and proofs in the 
appendix. I find it a bit hard to read, but like their discussion of scaling and cons.
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UMAP
As in the t-SNE case, UMAP tries to find a metric in both the original (large) space X, 
and the lower dimension output space Y, which can be (topologically) matched:

UMAP paper, arXiv 1802.03426, Sep. 2020

However, the metrics in X and Y used by UMAP and t-SNE differ:

For t-SNE these metrics are as follows:

For UMAP they are:
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Example use cases…
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Differentiating cells types
UMAP of different cell types. 
The labelling comes from 
known cells, but might be 
based on very little data.

The unsupervised clustering 
gives a quite clear pattern, 
and ability to determine cell 
type without  having a large 
training sample.

From: Developmental Alcohol Exposure in Drosophila: Effects on Adult Phenotypes and Gene Expression in the Brain 
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Mapping news group discussions

From: Vec2GC -- A Graph Based Clustering Method for Text Representations

UMAP showing the 
differences between different 
news group discussion fora.

The ability to cluster fairly 
well would allow editors to 
direct text to the relevant 
news group.



Unsupervised Learning:
AutoEncoders

51



AutoEncoders

52

An AutoEncoder (AE) is a coupled pair of encoder and decoder. The encoder 
maps signals into code, and the decoder reconstructs the original signal from 
those codes.
The pair is trained to have the most accurate reconstruction: If you give a 
signal x to an encoder E to get y = E(x), then the decoder D should ensure that 
D(y) is close to x.

One application is unsupervised feature learning, where it tries to construct a 
useful feature set from a set of unlabelled images. We could use the code 
produced as a source of features.

~xx y

E D



PCA as an autoencoder
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A PCA is a linear AE. One can project a higher dimension down on (fewer) 
principle components (encoding) and then “reconstruct” the original data 
from the latent space, by choosing the low dimensional points in the original 
dimensionality. 



Usage of AE
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AEs are used for many things, such as:
•  Unsupervised learning (e.g. clustering) on images, sound, graphs, etc.
•  Compression (with loss!) of e.g images
•  De-noising and inpainting images
•  Anomaly detection
•  Training on large dataset with few labels

Most AEs are CNN based and produced for images. However, the AE concept 
is more general, and applies to anything, that can be passed through an NN.

The most central hyperparameters to consider are:
•  Size of the latent space (code)
•  Architecture of NN (layers and nodes)
•  Loss function

As we shall see, these HPs to some extend determine
what type of AE you’re making. 



AE Unsupervised
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Since one might have no knowledge of the content of images (or sound, etc.), 
training an AE is inherently unsupervised. The result is simply a latent space 
that is a good representation of the images.

However, this can be used to cluster “less simple data”, as one can apply both 
dimensionality reduction and/or clustering to the latent space.

This enables one to analyse very complex data in an unsupervised manner.
(e.g. “How many zebra calls exists?”)



Inpainting with AEs
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AEs can also be used for “inpainting”, which means replacing damaged/lost 
parts of an image.



Shifting Gears…
CNN & GNNs

57



Why is image data special?

58

Given image data for e.g. classification, could we not just apply an NN?
“Is there a diver in this image?”

Well, since a typical image has 10M pixels, the first layer (size 1000?) would 
have about 10 billion parameters!

And even if we could train this, it wouldn’t perform well:
If the diver was in another position or size, then the network wouldn’t work.

Images represent data in a very special structure, that needs consideration.

Scores



Image convolution
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The trick lies in using a convolution, which consists of filters/kernels 
(convolved feature), which is applied to the image as a matrix convolution,
followed by an aggregation (not shown) and a pooling of pixels:

The filters contain learnable parameters, which adjust so that they match the 
task (“Is there a diver?”). The aggregation consists of adding all the “images”
resulting from the convolutions, and values are then typically max pooled.



In colors…?

60

For color images, the process is the same, just with three convolutions:



LeNet (1998)
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LeNet (1998)
Typical (simple) CNN structure with dimensions and actions annotated.
Try to work out the number of parameters in this model…

A Comprehensive Guide to CNNs, by Sumit Saha (2018)
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https://towardsdatascience.com/a-comprehensive-guide-to-convolutional-neural-networks-the-eli5-way-3bd2b1164a53


Interactive CNN
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Adam Harley: Interactive number CNN

This network has 1024 nodes on the bottom layer (corresponding to pixels), six 5x5 (stride 1) 
convolutional filters in the first hidden layer, followed by sixteen 5x5 (stride 1) convolutional 
filters in the second hidden layer, then three fully-connected layers, with 120 nodes in the 
first, 100 nodes in the second, and 10 nodes in the third. The convolutional layers are each 
followed by downsampling layer that does 2x2 max pooling (with stride 2).

https://adamharley.com/nn_vis/cnn/2d.html


Using Angular Variables 
to disentangle 

H → ZZ* → eeee?

Electron energy with CNN

Electron

Electron

64

Z0
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H → ZZ* → eeee?

The input variables

65

The variables are both scalar and cell based. 
The scalars can be seen in table on the right.

We consider the cell energies in the LAr 
calorimeter as pixels in four images. The cells 
contain two (used) types of information:
• Energy (primary variable)
• Time of cell energy
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H → ZZ* → eeee?

The network architecture

66

There are many ways to combine the input variables, and we have considered 
the following architectures, where the dashed lines are the considerations.

First, let us consider each part…



Using Angular Variables 
to disentangle 

H → ZZ* → eeee?

Feature wIse Linear Modulation

67

(FiLM: Feature wIse Linear Modulation
           of the CNN output layers based
           on the scalar input variables.)

Before the convolutions are 
pooled, they are weighted 
(linearly) by the “context”.
In this way, the best filters in 
the given case are given the 
most weight. 



Electron Energy Regression 
Results (v1)

Event as seen by the TRT detector. The occupancy is near 100%, rendering reconstructing void!

68
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H → ZZ* → eeee?

The results in 1D - MC

69

Integrating the previous plot into 1D considering the RE distribution, we see a 
general sharpening. The improvement in relative eIQR (reIQR) is about 22%.

Naively, we would of course love to see a similar number in data!
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H → ZZ* → eeee?

Result in Zee - MC

70

On the Zee peak, we evaluate the improvement by fitting with a BW⊗CB fit, 
considering the CB width (sigmaCB) as the performance parameter. We get:

Current BDT DeepCalo

Great - now let us try this in real data!



Using Angular Variables 
to disentangle 

H → ZZ* → eeee?

Results on Zee - data (v1)

71

The result we get is a much more modest improvement:

Though perhaps a little disappointing, this is not surprising, as we can not 
expect the MC to mimic data perfectly in the very large space considered.
Also, models trained on Zee do not generalise well to all energies (EG, 6.8%).



Electron Energy Regression 
Training in data

Event as seen by the TRT detector. The occupancy is near 100%, rendering reconstructing void!

72
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H → ZZ* → eeee?

Training in data

73

Using Zee events with invariant masses 86-97 GeV, one can get “approximate 
labels” in data, by assuming the true Z mass:

Using such labels, we train in data and get…

Damn… still not great!



Electron Energy Regression 
Training in data and MC

Event as seen by the TRT detector. The occupancy is near 100%, rendering reconstructing void!

74
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H → ZZ* → eeee?

Training in data and MC

75

Once we have labels in data, there is nothing keeping us from combining the 
loss functions of MC and data (they even have the same form), and thus 
training simultaneously in data and MC:

This allows the model to both use the “strength” of MC, but also learn the 
differences between MC and real data.

Doing this and trying out the result in
MC first yields:

OK, so at least it doesn’t ruin the model
for MC. Now let us try data…
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H → ZZ* → eeee?

Result in data (v2)

76

The result in data is rather encouraging, and greater than the sum of the 
improvements from training separately in MC (9.4%) and data (5.9%).



Graph NNs

77
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Motivation for GNNs

78

Let us consider images in a more abstract sense:
• They consist of (typically 3-4, RGB or CMYK) numbers in a matrix structure.
• The distance between neighbouring cells is constant.
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Motivation for GNNs
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Let us consider images in a more abstract sense:
• They consist of (typically 3-4, RGB or CMYK) numbers in a matrix structure.
• The distance between neighbouring cells is constant.

What if the data was not an image, but we wanted to use a CNN anyway?
This problem is not uncommon… (https://arxiv.org/pdf/2101.11589.pdf)

https://arxiv.org/pdf/2101.11589.pdf
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Example of non-CNN data

80

Take the example of weather stations:
• There are about 280 weather stations distributed non-uniformly throughout 

Denmark.
• Each station provides say: 

[temperature, wind speed, wind direction, humidity, latitude, longitude]

What would an “image” of this data look like? And would a CNN work on it?
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Example of non-CNN data
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Take the example of weather stations:
• There are about 280 weather stations distributed non-uniformly throughout 

Denmark.
• Each station provides say: 

[temperature, wind speed, wind direction, humidity, latitude, longitude]

What would an “image” of this data look like? And would a CNN work on it?

By forcing problems with irregular geometry into images, 
we’re shaping the problem to the tool, and not the tool to the problem! 

Is there a different Machine Learning paradigm
that has no underlying assumption on the geometry of the data? 

Yes!
Graph Neural Networks



What is a Graph?

82
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Graph Definition

83

A graph G is defined as a combined pair G = {V, E} consisting of:
• Nodes: A set V, that typically contain input features (also called vertices)
• Edges: A set E of pair nodes, thus connecting the nodes (also called links)

In plain words:
You got a list of points (nodes) that are somehow connected (with edges).
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Geometrical data

84

Unlike e.g. images, graphs have no underlying assumption on the geometry of 
the data. This structure has to be specified by the user using the edges.

Many of the techniques in Machine Learning that you have been introduced to 
are also available for graphs (convolution, LSTM, Attention, Auto-Encoder, etc.)
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Graph Convolution

85

The graph convolution proceeds much like for CNNs/images, as the output is 
another graph, possibly of different dimensionality. There are many different 
types of convolutions, edgeconv (https://arxiv.org/abs/1801.07829) considered below:

The “tilde” denotes the updated node

<latexit sha1_base64="oeA2C81AAw85zDWzV1X8zKWO2Bo=">AAACFXicbVDLSgMxFM34rPU16tJNsAgVapkRX5tC0Y3LCvYBnXHIpJk2bSYzJBlpGfoTbvwVNy4UcSu4829MHwttPZDL4Zx7ubnHjxmVyrK+jYXFpeWV1cxadn1jc2vb3NmtySgRmFRxxCLR8JEkjHJSVVQx0ogFQaHPSN3vXY/8+gMRkkb8Tg1i4oaozWlAMVJa8syCoyhrkbQ/9LqwBB2ZhF5KS/bwnsMg3/e6BagLPNaVHnlmzipaY8B5Yk9JDkxR8cwvpxXhJCRcYYakbNpWrNwUCUUxI8Osk0gSI9xDbdLUlKOQSDcdXzWEh1ppwSAS+nEFx+rviRSFUg5CX3eGSHXkrDcS//OaiQou3ZTyOFGE48miIGFQRXAUEWxRQbBiA00QFlT/FeIOEggrHWRWh2DPnjxPaidF+7x4dnuaK19N48iAfXAA8sAGF6AMbkAFVAEGj+AZvII348l4Md6Nj0nrgjGd2QN/YHz+ADMRnY4=</latexit>

x̃j =
nX

i=1

f(xj , xj � xi)
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Graph Convolution
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The graph convolution proceeds much like for CNNs/images, as the output is 
another graph, possibly of different dimensionality. There are many different 
types of convolutions, edgeconv (https://arxiv.org/abs/1801.07829) considered below:

[1,4]

[1,1]

[2,2][-1,5]

[3,-2]

The “tilde” denotes the updated node, and
so if we applied the edgeconv operator with
f(x) = 1 * x + 0 to node D, we would obtain:

<latexit sha1_base64="oeA2C81AAw85zDWzV1X8zKWO2Bo=">AAACFXicbVDLSgMxFM34rPU16tJNsAgVapkRX5tC0Y3LCvYBnXHIpJk2bSYzJBlpGfoTbvwVNy4UcSu4829MHwttPZDL4Zx7ubnHjxmVyrK+jYXFpeWV1cxadn1jc2vb3NmtySgRmFRxxCLR8JEkjHJSVVQx0ogFQaHPSN3vXY/8+gMRkkb8Tg1i4oaozWlAMVJa8syCoyhrkbQ/9LqwBB2ZhF5KS/bwnsMg3/e6BagLPNaVHnlmzipaY8B5Yk9JDkxR8cwvpxXhJCRcYYakbNpWrNwUCUUxI8Osk0gSI9xDbdLUlKOQSDcdXzWEh1ppwSAS+nEFx+rviRSFUg5CX3eGSHXkrDcS//OaiQou3ZTyOFGE48miIGFQRXAUEWxRQbBiA00QFlT/FeIOEggrHWRWh2DPnjxPaidF+7x4dnuaK19N48iAfXAA8sAGF6AMbkAFVAEGj+AZvII348l4Md6Nj0nrgjGd2QN/YHz+ADMRnY4=</latexit>

x̃j =
nX

i=1

f(xj , xj � xi)

<latexit sha1_base64="tYZAGbwJcoDMxoh8vj2KTIQwUMc="></latexit>

x̃D = f(xD, xD � xC) + f(xD, xD � xE)

= f([1, 4], [1, 4]� [1, 1]) + f([1, 4], [1, 4]� [2, 2])

= f([1, 4], [0, 3]) + f([1, 4], [�1, 2])

= f([1, 4, 0, 3]) + f([1, 4,�1, 2]) (by concatenation)

= 1 · [1, 4, 0, 3] + 1 · [1, 4,�1, 2]

= [2, 8,�1, 5]

[2,8,-1,5]
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Graph Convolution

87

The graph convolution proceeds much like for CNNs/images, as the output is 
another graph, possibly of different dimensionality. There are many different 
types of convolutions, edgeconv (https://arxiv.org/abs/1801.07829) considered below:

[1,4]

[1,1]

[2,2][-1,5]

[3,-2]

The “tilde” denotes the updated node, and
so if we applied the edgeconv operator with
f(x) = 1 * x + 0 to node D, we would obtain:

<latexit sha1_base64="oeA2C81AAw85zDWzV1X8zKWO2Bo=">AAACFXicbVDLSgMxFM34rPU16tJNsAgVapkRX5tC0Y3LCvYBnXHIpJk2bSYzJBlpGfoTbvwVNy4UcSu4829MHwttPZDL4Zx7ubnHjxmVyrK+jYXFpeWV1cxadn1jc2vb3NmtySgRmFRxxCLR8JEkjHJSVVQx0ogFQaHPSN3vXY/8+gMRkkb8Tg1i4oaozWlAMVJa8syCoyhrkbQ/9LqwBB2ZhF5KS/bwnsMg3/e6BagLPNaVHnlmzipaY8B5Yk9JDkxR8cwvpxXhJCRcYYakbNpWrNwUCUUxI8Osk0gSI9xDbdLUlKOQSDcdXzWEh1ppwSAS+nEFx+rviRSFUg5CX3eGSHXkrDcS//OaiQou3ZTyOFGE48miIGFQRXAUEWxRQbBiA00QFlT/FeIOEggrHWRWh2DPnjxPaidF+7x4dnuaK19N48iAfXAA8sAGF6AMbkAFVAEGj+AZvII348l4Md6Nj0nrgjGd2QN/YHz+ADMRnY4=</latexit>

x̃j =
nX

i=1

f(xj , xj � xi)

<latexit sha1_base64="tYZAGbwJcoDMxoh8vj2KTIQwUMc="></latexit>

x̃D = f(xD, xD � xC) + f(xD, xD � xE)

= f([1, 4], [1, 4]� [1, 1]) + f([1, 4], [1, 4]� [2, 2])

= f([1, 4], [0, 3]) + f([1, 4], [�1, 2])

= f([1, 4, 0, 3]) + f([1, 4,�1, 2]) (by concatenation)

= 1 · [1, 4, 0, 3] + 1 · [1, 4,�1, 2]

= [2, 8,�1, 5]

[2,8,-1,5]

However…
This only shows the start of a Graph Neural Network, not how to continue!
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Example of Application
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The graph examples/solutions are starting to enter the scene in many places:
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Notes on Transformers

89
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Transformers

90

Transformers were developed to 
make Large Language Models work 
better.

The problem was the ability to 
“remember” what was important in 
earlier text…
            …where to put the attention!

However, a powerful attention 
mechanism is useful everywhere.
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Transformers
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Transformers consist of a “Multi-Head Attention”, which again consists of 
(repeated) “Scaled Dot-Product Attention” between a Query (Q), Key (K), and 
Value (V). 
Q, K, and V are simply three vectors from linear transformations of the input. 
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Scaled Dot-Product Attention
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1. Get the raw attention matrix:

2. Enhance the important relevances:

3. Apply the attention to the values:
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Scaled Dot-Product Attention
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1. Get the raw attention matrix:

2. Enhance the important relevances:

3. Apply the attention to the values:

<latexit sha1_base64="XqhogNW0OKrQf9xbKNc23WSaAvc=">AAACO3icbZBLSwMxFIUzPmt9VV26CRahgpQZEXUj+NgIRbBqq9CpJZNm2tDMZEzuSMsw/8uNf8KdGzcuFHHr3vSx8HUhcDjnXnLv50WCa7DtJ2tsfGJyajozk52dm19YzC0tV7WMFWUVKoVU1x7RTPCQVYCDYNeRYiTwBLvyOsf9/OqOKc1leAm9iNUD0gq5zykBYzVy527gyW5yCMDCvpMWypulzeoG3sfD5EL6cEq6KXYF86 GAXV8RmpRx6eYyTVx9qyBpNkqpyRVvtWEDVxu5vF20B4X/Cmck8mhUZ43co9uUNA7MBlQQrWuOHUE9IQo4FSzNurFmEaEd0mI1I0MSMF1PBreneN04TexLZV4IeOB+n0hIoHUv8ExnQKCtf2d987+sFoO/V094GMUGDR1+5McCg8R9kLjJFaMgekYQqrjZFdM2MXDA4M4aCM7vk/+K6lbR2SnulLfzB0cjHBm0itZQATloFx2gE3SGKoiie/SMXtGb9WC9WO/Wx7B1zBrNrKAfZX1+AWM2rbg=</latexit>

Attention(Q,K, V ) = SoftMax

✓
QKT

p
dK

◆
V
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GNN as a Transformer

94

As it happens, one can obtain a transformer with a very specific GNN:

• For each node, define three features: K, Q, and V. 

• Define a message function fedge on each edge: 
 
 

• Define an aggregation function (weighted sum) around each node: 
 
 
 

• The node update is then just an NN to get the next K’, Q’, and V’.

<latexit sha1_base64="egNSXV8uCacbkvEFwiy9klWC/8A="></latexit>

mij = fedge(K
k
i , Q

k, j) = SoftMax

✓
QKT

p
dK

◆
V

<latexit sha1_base64="N3Hsgr5SA6tuiGA9CSYTeZ3Fe3s=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBbBVUlEqhuh6MZlBfuANobJdNJOO5OEmYlQQhdu/BU3LhRx60e482+cPhbaeuDC4Zx7ufeeIOFMacf5tnIrq2vrG/nNwtb2zu6evX/QUHEqCa2TmMeyFWBFOYtoXTPNaSuRFIuA02YwvJ74zQcqFYujOz1KqCdwL2IhI1gbybeL+H7oM3SJOioV/gAJP2ODMWoYdeDbJafsTIGWiTsnJZij5ttfnW5MUkEjTThWqu06ifYyLDUjnI4LnVTRBJMh7tG2oREWVHnZ9IkxOjZKF4WxNBVpNFV/T2RYKDUSgekUWPfVojcR//PaqQ4vvIxFSappRGaLwpQjHaNJIqjLJCWajwzBRDJzKyJ9LDHRJreCCcFdfHmZNE7LbqVcuT0rVa/mceShCEdwAi6cQxVuoAZ1IPAIz/AKb9aT9WK9Wx+z1pw1nzmEP7A+fwCM45ds</latexit>

aki =
X

j

mijV
k
j

This is a Transformer!



IceCube

IceCube counting house in the setting sun, sitting on top of 5160 Digital Optical Modules 1450-2450m below the surface. 95
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IceCube experiment (South Pole)
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IceCube GNN model
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Details of GNN reconstruction
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νtrue t1

t2

t3

t4

t5

t6

t7In this example:
Npulses = 7

each with (x,y,z,t)
Nfeatures = 4
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Details of GNN reconstruction
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νrecoνtrue t1

t2

t3

t4

t5

t6

t7In this example:
Npulses = 7

each with (x,y,z,t)
Nfeatures = 4

Output:
(log10E, θzenith, φazimuth,
xyztvertex, event type)
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Details of GNN reconstruction
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Input:
N = Npulses x Nfeatures

νreco

~v1 = [x1 y1 z1 t1]

~v2 = [x2 y2 z2 t2]

...

~v7 = [x7 y7 z7 t7]

<latexit sha1_base64="DI1uA04jF6Px9V73eTQ+8r0uZXo="></latexit>

νtrue t1

t2

t3

t4

t5

t6

t7In this example:
Npulses = 7

each with (x,y,z,t)
Nfeatures = 4

The input features of a node are combined with that of N (=2) nearby nodes
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Details of GNN reconstruction
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Input:
N = Npulses x Nfeatures

νreco

Convolution(s):
N = Npulses x N1

~v1 = [x1 y1 z1 t1]

~v2 = [x2 y2 z2 t2]

...

~v7 = [x7 y7 z7 t7]

<latexit sha1_base64="DI1uA04jF6Px9V73eTQ+8r0uZXo="></latexit>

[g11 . . . g1N1 ]

[g21 . . . g2N1 ]

...

[g71 . . . g7N1 ]

<latexit sha1_base64="iE4bNnLw1XQEzVc8rrgw+VgsLKw=">AAACQ3icbVBLS8NAGNz4rPUV9ehlsQieSlIK1VvRiyepYB/YhLDZbNqlmwe7m0IJ+W9e/APe/ANePCjiVXDTpmBbBxZmZ+bj2x03ZlRIw3jV1tY3Nre2Szvl3b39g0P96LgjooRj0sYRi3jPRYIwGpK2pJKRXswJClxGuu7oJve7Y8IFjcIHOYmJHaBBSH2KkVSSoz/2B05qmhm0mBdJAfPbnWNmtmWVc6u2YNXmljXOpSLTWMg05hlHrxhVYwq4SsyCVECBlqO/WF6Ek4CEEjMkRN80YmmniEuKGcnKViJIjPAIDUhf0RAFRNjptIMMnivFg37E1QklnKp/J1IUCDEJXJUMkByKZS8X//P6ifQv7ZSGcSJJiGeL/IRBGcG8UOhRTrBkE0UQ5lS9FeIh4ghLVXtegrn85VXSqVXNevXqvl5pXhd1lMApOAMXwAQN0AS3oAXaAIMn8AY+wKf2rL1rX9r3LLqmFTMnYAHazy/N/K8S</latexit>

νtrue t1

t2

t3

t4

t5

t6

t7In this example:
Npulses = 7

each with (x,y,z,t)
Nfeatures = 4

The input features of a node are combined with that of N (=2) nearby nodes through an NN (MLP0) function, yielding an 
(abstract) vector for each node. This can be repeated (not shown).

EC(~v1,~v2,~v3)

<latexit sha1_base64="dSNmcu3sUlUdN9nYjhmhnEoYnkI=">AAACDHicbZDLSgMxFIbPeK31VnXpJliEClJmakHdFYvgsoK9QDuUTJq2oZnMkGQKZegDuPFV3LhQxK0P4M63MW1H1NYfAh//OYeT83shZ0rb9qe1tLyyurae2khvbm3v7Gb29msqiCShVRLwQDY8rChnglY105w2Qkmx73Fa9wblSb0+pFKxQNzpUUhdH/cE6zKCtbHamex1OdcaUhIPx23nFH1j4QfPTkyXnbenQovgJJCFRJV25qPVCUjkU6EJx0o1HTvUboylZoTTcboVKRpiMsA92jQosE+VG0+PGaNj43RQN5DmCY2m7u+JGPtKjXzPdPpY99V8bWL+V2tGunvhxkyEkaaCzBZ1I450gCbJoA6TlGg+MoCJZOaviPSxxESb/NImBGf+5EWoFfJOMX95W8yWrpI4UnAIR5ADB86hBDdQgSoQuIdHeIYX68F6sl6tt1nrkpXMHMAfWe9f9E2aUQ==</latexit>

EC(~v4,~v5,~v6)

<latexit sha1_base64="wMvhmPempGeqW60acF7gwhKHfAE=">AAACDHicbZDLSgMxFIYzXmu9VV26CRahgpQZqbddsQguK9gLtEPJpKdtaCYzJJlCGfoAbnwVNy4UcesDuPNtTNsRtfWHwMd/zuHk/F7ImdK2/WktLC4tr6ym1tLrG5tb25md3aoKIkmhQgMeyLpHFHAmoKKZ5lAPJRDf41Dz+qVxvTYAqVgg7vQwBNcnXcE6jBJtrFYme13KNQdA48GoVTjG33j6g2dHpsvO2xPheXASyKJE5Vbmo9kOaOSD0JQTpRqOHWo3JlIzymGUbkYKQkL7pAsNg4L4oNx4cswIHxqnjTuBNE9oPHF/T8TEV2roe6bTJ7qnZmtj879aI9KdCzdmIow0CDpd1Ik41gEeJ4PbTALVfGiAUMnMXzHtEUmoNvmlTQjO7MnzUD3JO4X85W0hW7xK4kihfXSAcshB56iIblAZVRBF9+gRPaMX68F6sl6tt2nrgpXM7KE/st6/AAJsmlo=</latexit>
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Input:
N = Npulses x Nfeatures

Concatenation:
N = Npulses x Nall

νreco

Convolution(s):
N = Npulses x N1

[x1 y1 z1 t1 g11 . . . g1N1 ]

[x2 y2 z2 t2 g21 . . . g2N1 ]

...

[x7 y7 z7 t7 g71 . . . g7N1 ]

<latexit sha1_base64="ZpcIoiMl2lY4BB7I6rx7BglWlfc="></latexit>

~v1 = [x1 y1 z1 t1]

~v2 = [x2 y2 z2 t2]

...

~v7 = [x7 y7 z7 t7]

<latexit sha1_base64="DI1uA04jF6Px9V73eTQ+8r0uZXo="></latexit>

[g11 . . . g1N1 ]

[g21 . . . g2N1 ]

...

[g71 . . . g7N1 ]

<latexit sha1_base64="iE4bNnLw1XQEzVc8rrgw+VgsLKw=">AAACQ3icbVBLS8NAGNz4rPUV9ehlsQieSlIK1VvRiyepYB/YhLDZbNqlmwe7m0IJ+W9e/APe/ANePCjiVXDTpmBbBxZmZ+bj2x03ZlRIw3jV1tY3Nre2Szvl3b39g0P96LgjooRj0sYRi3jPRYIwGpK2pJKRXswJClxGuu7oJve7Y8IFjcIHOYmJHaBBSH2KkVSSoz/2B05qmhm0mBdJAfPbnWNmtmWVc6u2YNXmljXOpSLTWMg05hlHrxhVYwq4SsyCVECBlqO/WF6Ek4CEEjMkRN80YmmniEuKGcnKViJIjPAIDUhf0RAFRNjptIMMnivFg37E1QklnKp/J1IUCDEJXJUMkByKZS8X//P6ifQv7ZSGcSJJiGeL/IRBGcG8UOhRTrBkE0UQ5lS9FeIh4ghLVXtegrn85VXSqVXNevXqvl5pXhd1lMApOAMXwAQN0AS3oAXaAIMn8AY+wKf2rL1rX9r3LLqmFTMnYAHazy/N/K8S</latexit>

Nall = Nfeatures + N1

νtrue t1

t2

t3

t4

t5

t6

t7In this example:
Npulses = 7

each with (x,y,z,t)
Nfeatures = 4

The input features of a node are combined with that of N (=2) nearby nodes through an NN (MLP0) function, yielding an 
(abstract) vector for each node. This can be repeated (not shown). All the features are then combined (concatenated) into 
long vectors,

EC(~v1,~v2,~v3)

<latexit sha1_base64="dSNmcu3sUlUdN9nYjhmhnEoYnkI=">AAACDHicbZDLSgMxFIbPeK31VnXpJliEClJmakHdFYvgsoK9QDuUTJq2oZnMkGQKZegDuPFV3LhQxK0P4M63MW1H1NYfAh//OYeT83shZ0rb9qe1tLyyurae2khvbm3v7Gb29msqiCShVRLwQDY8rChnglY105w2Qkmx73Fa9wblSb0+pFKxQNzpUUhdH/cE6zKCtbHamex1OdcaUhIPx23nFH1j4QfPTkyXnbenQovgJJCFRJV25qPVCUjkU6EJx0o1HTvUboylZoTTcboVKRpiMsA92jQosE+VG0+PGaNj43RQN5DmCY2m7u+JGPtKjXzPdPpY99V8bWL+V2tGunvhxkyEkaaCzBZ1I450gCbJoA6TlGg+MoCJZOaviPSxxESb/NImBGf+5EWoFfJOMX95W8yWrpI4UnAIR5ADB86hBDdQgSoQuIdHeIYX68F6sl6tt1nrkpXMHMAfWe9f9E2aUQ==</latexit>

EC(~v4,~v5,~v6)

<latexit sha1_base64="wMvhmPempGeqW60acF7gwhKHfAE=">AAACDHicbZDLSgMxFIYzXmu9VV26CRahgpQZqbddsQguK9gLtEPJpKdtaCYzJJlCGfoAbnwVNy4UcesDuPNtTNsRtfWHwMd/zuHk/F7ImdK2/WktLC4tr6ym1tLrG5tb25md3aoKIkmhQgMeyLpHFHAmoKKZ5lAPJRDf41Dz+qVxvTYAqVgg7vQwBNcnXcE6jBJtrFYme13KNQdA48GoVTjG33j6g2dHpsvO2xPheXASyKJE5Vbmo9kOaOSD0JQTpRqOHWo3JlIzymGUbkYKQkL7pAsNg4L4oNx4cswIHxqnjTuBNE9oPHF/T8TEV2roe6bTJ7qnZmtj879aI9KdCzdmIow0CDpd1Ik41gEeJ4PbTALVfGiAUMnMXzHtEUmoNvmlTQjO7MnzUD3JO4X85W0hW7xK4kihfXSAcshB56iIblAZVRBF9+gRPaMX68F6sl6tt2nrgpXM7KE/st6/AAJsmlo=</latexit>
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Input:
N = Npulses x Nfeatures

Concatenation:
N = Npulses x Nall

νreco

Convolution(s):
N = Npulses x N1

[x1 y1 z1 t1 g11 . . . g1N1 ]

[x2 y2 z2 t2 g21 . . . g2N1 ]

...

[x7 y7 z7 t7 g71 . . . g7N1 ]

<latexit sha1_base64="ZpcIoiMl2lY4BB7I6rx7BglWlfc="></latexit>

MLP1:
Nall ➞ Nmany ➞ Nall

[h11 . . . h1Nall ]

[h21 . . . h2Nall ]

...

[h71 . . . h7Nall ]

<latexit sha1_base64="cAIxhp7nKbKaGGIjEytAAMg8Kuk=">AAACVXicbZHNS8MwGMbTOuecH6t69BIcgqfRjsH0NvTiSSa4D2hLSdNsC0vTkqSDUfpP7iL+J14E260Hu/lC4Mnz/l6SPPFjRqUyzS9NP6od108ap82z84vLlnF1PZZRIjAZ4YhFYuojSRjlZKSoYmQaC4JCn5GJv3wp+pMVEZJG/EOtY+KGaM7pjGKkcsszmL3wUsvKoMOCSElY7NI3L0WMZVnmOk6zALoVoFsFnFXRKMl+hexXSc9omx1zW/BQWKVog7KGnrFxgggnIeEKMySlbZmxclMkFMWMZE0nkSRGeInmxM4lRyGRbrpNJYP3uRPAWSTyxRXcun8nUhRKuQ79nAyRWsj9XmH+17MTNXt0U8rjRBGOdwfNEgZVBIuIYUAFwYqtc4GwoPldIV4ggbDKP6IIwdp/8qEYdztWr/P03msPnss4GuAW3IEHYIE+GIBXMAQjgMEGfGuapmuf2o9e0+s7VNfKmRtQKb31C0tQs7k=</latexit>

~v1 = [x1 y1 z1 t1]

~v2 = [x2 y2 z2 t2]

...

~v7 = [x7 y7 z7 t7]

<latexit sha1_base64="DI1uA04jF6Px9V73eTQ+8r0uZXo="></latexit>

[g11 . . . g1N1 ]

[g21 . . . g2N1 ]

...

[g71 . . . g7N1 ]

<latexit sha1_base64="iE4bNnLw1XQEzVc8rrgw+VgsLKw=">AAACQ3icbVBLS8NAGNz4rPUV9ehlsQieSlIK1VvRiyepYB/YhLDZbNqlmwe7m0IJ+W9e/APe/ANePCjiVXDTpmBbBxZmZ+bj2x03ZlRIw3jV1tY3Nre2Szvl3b39g0P96LgjooRj0sYRi3jPRYIwGpK2pJKRXswJClxGuu7oJve7Y8IFjcIHOYmJHaBBSH2KkVSSoz/2B05qmhm0mBdJAfPbnWNmtmWVc6u2YNXmljXOpSLTWMg05hlHrxhVYwq4SsyCVECBlqO/WF6Ek4CEEjMkRN80YmmniEuKGcnKViJIjPAIDUhf0RAFRNjptIMMnivFg37E1QklnKp/J1IUCDEJXJUMkByKZS8X//P6ifQv7ZSGcSJJiGeL/IRBGcG8UOhRTrBkE0UQ5lS9FeIh4ghLVXtegrn85VXSqVXNevXqvl5pXhd1lMApOAMXwAQN0AS3oAXaAIMn8AY+wKf2rL1rX9r3LLqmFTMnYAHazy/N/K8S</latexit>

Nall = Nfeatures + N1

νtrue t1

t2

t3

t4

t5

t6

t7In this example:
Npulses = 7

each with (x,y,z,t)
Nfeatures = 4

The input features of a node are combined with that of N (=2) nearby nodes through an NN (MLP0) function, yielding an 
(abstract) vector for each node. This can be repeated (not shown). All the features are then combined (concatenated) into 
long vectors, which are again put through an NN (MLP1) function with a large hidden layer.

EC(~v1,~v2,~v3)

<latexit sha1_base64="dSNmcu3sUlUdN9nYjhmhnEoYnkI=">AAACDHicbZDLSgMxFIbPeK31VnXpJliEClJmakHdFYvgsoK9QDuUTJq2oZnMkGQKZegDuPFV3LhQxK0P4M63MW1H1NYfAh//OYeT83shZ0rb9qe1tLyyurae2khvbm3v7Gb29msqiCShVRLwQDY8rChnglY105w2Qkmx73Fa9wblSb0+pFKxQNzpUUhdH/cE6zKCtbHamex1OdcaUhIPx23nFH1j4QfPTkyXnbenQovgJJCFRJV25qPVCUjkU6EJx0o1HTvUboylZoTTcboVKRpiMsA92jQosE+VG0+PGaNj43RQN5DmCY2m7u+JGPtKjXzPdPpY99V8bWL+V2tGunvhxkyEkaaCzBZ1I450gCbJoA6TlGg+MoCJZOaviPSxxESb/NImBGf+5EWoFfJOMX95W8yWrpI4UnAIR5ADB86hBDdQgSoQuIdHeIYX68F6sl6tt1nrkpXMHMAfWe9f9E2aUQ==</latexit>

EC(~v4,~v5,~v6)

<latexit sha1_base64="wMvhmPempGeqW60acF7gwhKHfAE=">AAACDHicbZDLSgMxFIYzXmu9VV26CRahgpQZqbddsQguK9gLtEPJpKdtaCYzJJlCGfoAbnwVNy4UcesDuPNtTNsRtfWHwMd/zuHk/F7ImdK2/WktLC4tr6ym1tLrG5tb25md3aoKIkmhQgMeyLpHFHAmoKKZ5lAPJRDf41Dz+qVxvTYAqVgg7vQwBNcnXcE6jBJtrFYme13KNQdA48GoVTjG33j6g2dHpsvO2xPheXASyKJE5Vbmo9kOaOSD0JQTpRqOHWo3JlIzymGUbkYKQkL7pAsNg4L4oNx4cswIHxqnjTuBNE9oPHF/T8TEV2roe6bTJ7qnZmtj879aI9KdCzdmIow0CDpd1Ik41gEeJ4PbTALVfGiAUMnMXzHtEUmoNvmlTQjO7MnzUD3JO4X85W0hW7xK4kihfXSAcshB56iIblAZVRBF9+gRPaMX68F6sl6tt2nrgpXM7KE/st6/AAJsmlo=</latexit>
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Input:
N = Npulses x Nfeatures

Concatenation:
N = Npulses x Nall

νreco

Convolution(s):
N = Npulses x N1

[x1 y1 z1 t1 g11 . . . g1N1 ]

[x2 y2 z2 t2 g21 . . . g2N1 ]

...

[x7 y7 z7 t7 g71 . . . g7N1 ]

<latexit sha1_base64="ZpcIoiMl2lY4BB7I6rx7BglWlfc="></latexit>

MLP1:
Nall ➞ Nmany ➞ Nall

[h11 . . . h1Nall ]

[h21 . . . h2Nall ]

...

[h71 . . . h7Nall ]

<latexit sha1_base64="cAIxhp7nKbKaGGIjEytAAMg8Kuk=">AAACVXicbZHNS8MwGMbTOuecH6t69BIcgqfRjsH0NvTiSSa4D2hLSdNsC0vTkqSDUfpP7iL+J14E260Hu/lC4Mnz/l6SPPFjRqUyzS9NP6od108ap82z84vLlnF1PZZRIjAZ4YhFYuojSRjlZKSoYmQaC4JCn5GJv3wp+pMVEZJG/EOtY+KGaM7pjGKkcsszmL3wUsvKoMOCSElY7NI3L0WMZVnmOk6zALoVoFsFnFXRKMl+hexXSc9omx1zW/BQWKVog7KGnrFxgggnIeEKMySlbZmxclMkFMWMZE0nkSRGeInmxM4lRyGRbrpNJYP3uRPAWSTyxRXcun8nUhRKuQ79nAyRWsj9XmH+17MTNXt0U8rjRBGOdwfNEgZVBIuIYUAFwYqtc4GwoPldIV4ggbDKP6IIwdp/8qEYdztWr/P03msPnss4GuAW3IEHYIE+GIBXMAQjgMEGfGuapmuf2o9e0+s7VNfKmRtQKb31C0tQs7k=</latexit>

~v1 = [x1 y1 z1 t1]

~v2 = [x2 y2 z2 t2]

...

~v7 = [x7 y7 z7 t7]

<latexit sha1_base64="DI1uA04jF6Px9V73eTQ+8r0uZXo="></latexit>

[g11 . . . g1N1 ]

[g21 . . . g2N1 ]

...

[g71 . . . g7N1 ]

<latexit sha1_base64="iE4bNnLw1XQEzVc8rrgw+VgsLKw=">AAACQ3icbVBLS8NAGNz4rPUV9ehlsQieSlIK1VvRiyepYB/YhLDZbNqlmwe7m0IJ+W9e/APe/ANePCjiVXDTpmBbBxZmZ+bj2x03ZlRIw3jV1tY3Nre2Szvl3b39g0P96LgjooRj0sYRi3jPRYIwGpK2pJKRXswJClxGuu7oJve7Y8IFjcIHOYmJHaBBSH2KkVSSoz/2B05qmhm0mBdJAfPbnWNmtmWVc6u2YNXmljXOpSLTWMg05hlHrxhVYwq4SsyCVECBlqO/WF6Ek4CEEjMkRN80YmmniEuKGcnKViJIjPAIDUhf0RAFRNjptIMMnivFg37E1QklnKp/J1IUCDEJXJUMkByKZS8X//P6ifQv7ZSGcSJJiGeL/IRBGcG8UOhRTrBkE0UQ5lS9FeIh4ghLVXtegrn85VXSqVXNevXqvl5pXhd1lMApOAMXwAQN0AS3oAXaAIMn8AY+wKf2rL1rX9r3LLqmFTMnYAHazy/N/K8S</latexit>

Nall = Nfeatures + N1

Aggregation:
N = 4 x Nall

[⌃1 . . .⌃Nall ]

[µ1 . . . µNall ]

[^1 . . .^Nall ]

[_1 . . ._Nall ]

<latexit sha1_base64="Aj1uv3NxLyK2PR1bP2kHs6HDrLA="></latexit>

νtrue t1

t2

t3

t4

t5

t6

t7In this example:
Npulses = 7

each with (x,y,z,t)
Nfeatures = 4

sum(⌃),

mean(µ)

<latexit sha1_base64="owNCdL3N2xaJMCaB2ZRKwKkQmrU=">AAACEXicbZDLSgMxFIYzXut4G3XpJliEFqTMSEHdFd24rGgv0BlKJk3b0CQzJBmxDH0FN76KGxeKuHXnzrcx085CW38I/HznHE7OH8aMKu2639bS8srq2nphw97c2t7Zdfb2mypKJCYNHLFItkOkCKOCNDTVjLRjSRAPGWmFo6us3ronUtFI3OlxTAKOBoL2KUbaoK5T8nkYPaQq4RNY8m/pgKPyie/bM8wJEhnnSbnrFN2KOxVcNF5uiiBXvet8+b0IJ5wIjRlSquO5sQ5SJDXFjExsP1EkRniEBqRjrECcqCCdXjSBx4b0YD+S5gkNp/T3RIq4UmMemk6O9FDN1zL4X62T6P55kFIRJ5oIPFvUTxjUEczigT0qCdZsbAzCkpq/QjxEEmFtQrRNCN78yYumeVrxqpWLm2qxdpnHUQCH4AiUgAfOQA1cgzpoAAwewTN4BW/Wk/VivVsfs9YlK585AH9kff4AR6icrA==</latexit>

max(^),
min(_)

<latexit sha1_base64="x56MVyMMKFHTIRjy3jQmCEpZrWA=">AAACEXicbZDNSgMxFIUz/tbxr+rSTbAIFaTMSEHdFd24rGBroTOUTHpbg0lmSDK1ZegruPFV3LhQxK07d76NaZ2FWg8EDt+9l5t7ooQzbTzv05mbX1hcWi6suKtr6xubxa3tpo5TRaFBYx6rVkQ0cCahYZjh0EoUEBFxuI5uzyf16wEozWJ5ZUYJhIL0JesxSoxFnWI5EFE8zAQZjnE5uINuHw4Og8DNMZMTPAA46BRLXsWbCs8aPzcllKveKX4E3ZimAqShnGjd9r3EhBlRhlEOYzdINSSE3pI+tK2VRIAOs+lFY7xvSRf3YmWfNHhKf05kRGg9EpHtFMTc6L+1Cfyv1k5N7yTMmExSA5J+L+qlHJsYT+LBXaaAGj6yhlDF7F8xvSGKUGNDdG0I/t+TZ03zqOJXK6eX1VLtLI+jgHbRHiojHx2jGrpAddRAFN2jR/SMXpwH58l5dd6+W+ecfGYH/ZLz/gVcIpy5</latexit>

The input features of a node are combined with that of N (=2) nearby nodes through an NN (MLP0) function, yielding an 
(abstract) vector for each node. This can be repeated (not shown). All the features are then combined (concatenated) into 
long vectors, which are again put through an NN (MLP1) function with a large hidden layer. The outputs are aggregated 
in four ways: Min, Max, Sum & Mean, breaking the variation with number of nodes.

EC(~v1,~v2,~v3)

<latexit sha1_base64="dSNmcu3sUlUdN9nYjhmhnEoYnkI=">AAACDHicbZDLSgMxFIbPeK31VnXpJliEClJmakHdFYvgsoK9QDuUTJq2oZnMkGQKZegDuPFV3LhQxK0P4M63MW1H1NYfAh//OYeT83shZ0rb9qe1tLyyurae2khvbm3v7Gb29msqiCShVRLwQDY8rChnglY105w2Qkmx73Fa9wblSb0+pFKxQNzpUUhdH/cE6zKCtbHamex1OdcaUhIPx23nFH1j4QfPTkyXnbenQovgJJCFRJV25qPVCUjkU6EJx0o1HTvUboylZoTTcboVKRpiMsA92jQosE+VG0+PGaNj43RQN5DmCY2m7u+JGPtKjXzPdPpY99V8bWL+V2tGunvhxkyEkaaCzBZ1I450gCbJoA6TlGg+MoCJZOaviPSxxESb/NImBGf+5EWoFfJOMX95W8yWrpI4UnAIR5ADB86hBDdQgSoQuIdHeIYX68F6sl6tt1nrkpXMHMAfWe9f9E2aUQ==</latexit>

EC(~v4,~v5,~v6)

<latexit sha1_base64="wMvhmPempGeqW60acF7gwhKHfAE=">AAACDHicbZDLSgMxFIYzXmu9VV26CRahgpQZqbddsQguK9gLtEPJpKdtaCYzJJlCGfoAbnwVNy4UcesDuPNtTNsRtfWHwMd/zuHk/F7ImdK2/WktLC4tr6ym1tLrG5tb25md3aoKIkmhQgMeyLpHFHAmoKKZ5lAPJRDf41Dz+qVxvTYAqVgg7vQwBNcnXcE6jBJtrFYme13KNQdA48GoVTjG33j6g2dHpsvO2xPheXASyKJE5Vbmo9kOaOSD0JQTpRqOHWo3JlIzymGUbkYKQkL7pAsNg4L4oNx4cswIHxqnjTuBNE9oPHF/T8TEV2roe6bTJ7qnZmtj879aI9KdCzdmIow0CDpd1Ik41gEeJ4PbTALVfGiAUMnMXzHtEUmoNvmlTQjO7MnzUD3JO4X85W0hW7xK4kihfXSAcshB56iIblAZVRBF9+gRPaMX68F6sl6tt2nrgpXM7KE/st6/AAJsmlo=</latexit>
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Input:
N = Npulses x Nfeatures

Concatenation:
N = Npulses x Nall

νreco

Output:
(log10E, θzenith, φazimuth,
xyztvertex, event type)

Convolution(s):
N = Npulses x N1

[x1 y1 z1 t1 g11 . . . g1N1 ]

[x2 y2 z2 t2 g21 . . . g2N1 ]

...

[x7 y7 z7 t7 g71 . . . g7N1 ]

<latexit sha1_base64="ZpcIoiMl2lY4BB7I6rx7BglWlfc="></latexit>

MLP1:
Nall ➞ Nmany ➞ Nall

[h11 . . . h1Nall ]

[h21 . . . h2Nall ]

...

[h71 . . . h7Nall ]

<latexit sha1_base64="cAIxhp7nKbKaGGIjEytAAMg8Kuk=">AAACVXicbZHNS8MwGMbTOuecH6t69BIcgqfRjsH0NvTiSSa4D2hLSdNsC0vTkqSDUfpP7iL+J14E260Hu/lC4Mnz/l6SPPFjRqUyzS9NP6od108ap82z84vLlnF1PZZRIjAZ4YhFYuojSRjlZKSoYmQaC4JCn5GJv3wp+pMVEZJG/EOtY+KGaM7pjGKkcsszmL3wUsvKoMOCSElY7NI3L0WMZVnmOk6zALoVoFsFnFXRKMl+hexXSc9omx1zW/BQWKVog7KGnrFxgggnIeEKMySlbZmxclMkFMWMZE0nkSRGeInmxM4lRyGRbrpNJYP3uRPAWSTyxRXcun8nUhRKuQ79nAyRWsj9XmH+17MTNXt0U8rjRBGOdwfNEgZVBIuIYUAFwYqtc4GwoPldIV4ggbDKP6IIwdp/8qEYdztWr/P03msPnss4GuAW3IEHYIE+GIBXMAQjgMEGfGuapmuf2o9e0+s7VNfKmRtQKb31C0tQs7k=</latexit>

~v1 = [x1 y1 z1 t1]

~v2 = [x2 y2 z2 t2]

...

~v7 = [x7 y7 z7 t7]

<latexit sha1_base64="DI1uA04jF6Px9V73eTQ+8r0uZXo="></latexit>

[g11 . . . g1N1 ]

[g21 . . . g2N1 ]

...

[g71 . . . g7N1 ]

<latexit sha1_base64="iE4bNnLw1XQEzVc8rrgw+VgsLKw=">AAACQ3icbVBLS8NAGNz4rPUV9ehlsQieSlIK1VvRiyepYB/YhLDZbNqlmwe7m0IJ+W9e/APe/ANePCjiVXDTpmBbBxZmZ+bj2x03ZlRIw3jV1tY3Nre2Szvl3b39g0P96LgjooRj0sYRi3jPRYIwGpK2pJKRXswJClxGuu7oJve7Y8IFjcIHOYmJHaBBSH2KkVSSoz/2B05qmhm0mBdJAfPbnWNmtmWVc6u2YNXmljXOpSLTWMg05hlHrxhVYwq4SsyCVECBlqO/WF6Ek4CEEjMkRN80YmmniEuKGcnKViJIjPAIDUhf0RAFRNjptIMMnivFg37E1QklnKp/J1IUCDEJXJUMkByKZS8X//P6ifQv7ZSGcSJJiGeL/IRBGcG8UOhRTrBkE0UQ5lS9FeIh4ghLVXtegrn85VXSqVXNevXqvl5pXhd1lMApOAMXwAQN0AS3oAXaAIMn8AY+wKf2rL1rX9r3LLqmFTMnYAHazy/N/K8S</latexit>

Nall = Nfeatures + N1

Aggregation:
N = 4 x Nall

[⌃1 . . .⌃Nall ]

[µ1 . . . µNall ]

[^1 . . .^Nall ]

[_1 . . ._Nall ]

<latexit sha1_base64="Aj1uv3NxLyK2PR1bP2kHs6HDrLA="></latexit>

MLP2

νtrue t1

t2

t3

t4

t5

t6

t7In this example:
Npulses = 7

each with (x,y,z,t)
Nfeatures = 4

sum(⌃),

mean(µ)

<latexit sha1_base64="owNCdL3N2xaJMCaB2ZRKwKkQmrU=">AAACEXicbZDLSgMxFIYzXut4G3XpJliEFqTMSEHdFd24rGgv0BlKJk3b0CQzJBmxDH0FN76KGxeKuHXnzrcx085CW38I/HznHE7OH8aMKu2639bS8srq2nphw97c2t7Zdfb2mypKJCYNHLFItkOkCKOCNDTVjLRjSRAPGWmFo6us3ronUtFI3OlxTAKOBoL2KUbaoK5T8nkYPaQq4RNY8m/pgKPyie/bM8wJEhnnSbnrFN2KOxVcNF5uiiBXvet8+b0IJ5wIjRlSquO5sQ5SJDXFjExsP1EkRniEBqRjrECcqCCdXjSBx4b0YD+S5gkNp/T3RIq4UmMemk6O9FDN1zL4X62T6P55kFIRJ5oIPFvUTxjUEczigT0qCdZsbAzCkpq/QjxEEmFtQrRNCN78yYumeVrxqpWLm2qxdpnHUQCH4AiUgAfOQA1cgzpoAAwewTN4BW/Wk/VivVsfs9YlK585AH9kff4AR6icrA==</latexit>

max(^),
min(_)

<latexit sha1_base64="x56MVyMMKFHTIRjy3jQmCEpZrWA=">AAACEXicbZDNSgMxFIUz/tbxr+rSTbAIFaTMSEHdFd24rGBroTOUTHpbg0lmSDK1ZegruPFV3LhQxK07d76NaZ2FWg8EDt+9l5t7ooQzbTzv05mbX1hcWi6suKtr6xubxa3tpo5TRaFBYx6rVkQ0cCahYZjh0EoUEBFxuI5uzyf16wEozWJ5ZUYJhIL0JesxSoxFnWI5EFE8zAQZjnE5uINuHw4Og8DNMZMTPAA46BRLXsWbCs8aPzcllKveKX4E3ZimAqShnGjd9r3EhBlRhlEOYzdINSSE3pI+tK2VRIAOs+lFY7xvSRf3YmWfNHhKf05kRGg9EpHtFMTc6L+1Cfyv1k5N7yTMmExSA5J+L+qlHJsYT+LBXaaAGj6yhlDF7F8xvSGKUGNDdG0I/t+TZ03zqOJXK6eX1VLtLI+jgHbRHiojHx2jGrpAddRAFN2jR/SMXpwH58l5dd6+W+ecfGYH/ZLz/gVcIpy5</latexit>

The input features of a node are combined with that of N (=2) nearby nodes through an NN (MLP0) function, yielding an 
(abstract) vector for each node. This can be repeated (not shown). All the features from all the convolutions are then 
combined (concatenated) into long vectors, which are again put through an NN (MLP1) function with a large hidden 
layer. The outputs are aggregated in four ways: Min, Max, Sum & Mean, breaking the variation with number of nodes. 
These are then fed into a final NN (MLP2), which outputs the estimated type(s) and parameters of the event.

EC(~v1,~v2,~v3)

<latexit sha1_base64="dSNmcu3sUlUdN9nYjhmhnEoYnkI=">AAACDHicbZDLSgMxFIbPeK31VnXpJliEClJmakHdFYvgsoK9QDuUTJq2oZnMkGQKZegDuPFV3LhQxK0P4M63MW1H1NYfAh//OYeT83shZ0rb9qe1tLyyurae2khvbm3v7Gb29msqiCShVRLwQDY8rChnglY105w2Qkmx73Fa9wblSb0+pFKxQNzpUUhdH/cE6zKCtbHamex1OdcaUhIPx23nFH1j4QfPTkyXnbenQovgJJCFRJV25qPVCUjkU6EJx0o1HTvUboylZoTTcboVKRpiMsA92jQosE+VG0+PGaNj43RQN5DmCY2m7u+JGPtKjXzPdPpY99V8bWL+V2tGunvhxkyEkaaCzBZ1I450gCbJoA6TlGg+MoCJZOaviPSxxESb/NImBGf+5EWoFfJOMX95W8yWrpI4UnAIR5ADB86hBDdQgSoQuIdHeIYX68F6sl6tt1nrkpXMHMAfWe9f9E2aUQ==</latexit>

EC(~v4,~v5,~v6)

<latexit sha1_base64="wMvhmPempGeqW60acF7gwhKHfAE=">AAACDHicbZDLSgMxFIYzXmu9VV26CRahgpQZqbddsQguK9gLtEPJpKdtaCYzJJlCGfoAbnwVNy4UcesDuPNtTNsRtfWHwMd/zuHk/F7ImdK2/WktLC4tr6ym1tLrG5tb25md3aoKIkmhQgMeyLpHFHAmoKKZ5lAPJRDf41Dz+qVxvTYAqVgg7vQwBNcnXcE6jBJtrFYme13KNQdA48GoVTjG33j6g2dHpsvO2xPheXASyKJE5Vbmo9kOaOSD0JQTpRqOHWo3JlIzymGUbkYKQkL7pAsNg4L4oNx4cswIHxqnjTuBNE9oPHF/T8TEV2roe6bTJ7qnZmtj879aI9KdCzdmIow0CDpd1Ik41gEeJ4PbTALVfGiAUMnMXzHtEUmoNvmlTQjO7MnzUD3JO4X85W0hW7xK4kihfXSAcshB56iIblAZVRBF9+gRPaMX68F6sl6tt2nrgpXM7KE/st6/AAJsmlo=</latexit>
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Further specifics of DynEdge
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In DynEdge, there are several “enlargements” compared to the previous 
illustration of the GNN architecture. These are essentially:
• We use 6 input features: x, y, z, t, charge, and Quantum Efficiency.
• We convolute each node with the nearest 8 nodes (not two).
• We do 4 (not 1) convolutions, each with 192 inputs and outputs.
• The concatenation is of all convolution layers and the original input.
• In the results to be shown, we have trained separate GNNs for each output.

The repeated convolutions allows all signal parts to be connected.
The EdgeConv convolution operator ensures permutation invariance.

The number of model parameters is about 750.000 for the angular regressions, 
while the energy only requires 150.000. In principle one can go down to 70.000 
parameters, but there is no reason for this - it is already a “small” ML model.



Using Angular Variables 
to disentangle 

What can GNN predict?
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GNNs are capable to make three sorts of predictions:
• Node prediction (is this node signal or noise?) 

Obtained simply from an MLP on the convoluted node features.
• Edge prediction (is this edge important or not?) 

Obtained from an MLP on (concatenated) pairs of node features.
• Graph prediction (is this graph an X or not? What is the Y of this graph?) 

Obtained through an MLP on a summary of the graph nodes. 
Here, there are several options of dimensionality and aggregation.
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GraphNet
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The GNN model is outlined below, which is also the figure for our IceCube 
GNN paper (https://arxiv.org/abs/2209.03042).

EdgeCRQY

SWaWe GUaSh 1

SWaWe GUaSh 2

[Q, 256]

[Q, 256]

MiQ Ma[
MeaQ SXP

[Q,6]
MLP PUedicWiRQ

[1,Q_RXWSXWV]

MLP

[1,1029]

NRde AggUegaWiRQ

EdgeCRQY

GlRbal
SWaWiVWicV

EdgeCRQY

SWaWe GUaSh 3

EdgeCRQY

[Q, 256]

SWaWe GUaSh 4

[Q, 256]

[1,5]

k-nn 

for j in range(numɏnodesƀ:

[Q,256][Q,h]

EdgeCRQY

[Q, 1030]

IQSXW GUaSh

Classic NN

Makes the NN
work on graphs
with ANY number
of input nodes.

Graph Convolutions

Convolution
Captures globally relevant features in local areas by considering 
the difference of a node and the neighbours it’s connected to.

https://arxiv.org/abs/2209.03042
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Dreaming
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Imagine 1B Z-decays in data+MC
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ATLAS and CMS each has about 1B Zee and Zμμ decays in data+MC in total.
Each Z has 100+ features, and the resulting performance can be measured 
accurately in both data and MC (the Z mass peak).

Such a dataset could become a standard reference in ML for testing new 
architectures, training schemes, parallelisation methods, etc.

It could also be the training ground for
solving the problem of domain shifts,
thereby helping 1000s of particle
physicists… and many more ML users
in other science fields in the future.

Applying what is learned to the
Z → ττ decay, and then in turn to
H → ττ decay to improve the
di-Higgs searches.
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GraphNet is our attempt at putting GNN models for IceCube (and others) using 
the “DynEdge” architecture build in PyTorch Geometric into an easily available 
software package.

https://github.com/graphnet-team/graphnet

We are writing our results up in an IceCube paper (responded to several rounds 
of feedback and comments).

The IceCube challenge was also made into a Kaggle competition - .

https://github.com/graphnet-team/graphnet
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Seeing the Universe in ν light
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Optical TelescopesCherenkov Telescopes

Radio Telescopes

Cosmic Event
(Gamma Ray Burst,
Supernova, Blazar)

Neutrino

IceCube Detector
shown below in large

Cosmic Alert

X-ray observatories



Seeing the Universe
with neutrinos
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IceCube Neutrino Telescope
can see…



…extreme processes that yield neutrinos…



…which are great cosmic 
messengers…



…that can be observed by
IceCube ν-Telescope…
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…in real time using

Graph Neural Networks



119
…in real time using

Graph Neural Networks

xupdate =
NeighboursX

i

NN(x, xi)

<latexit sha1_base64="5yDWUq45qolV550/Su+aw4yP+CY="></latexit>

Despite having a very complicated 
geometry and a great variation in 
number of signal inputs, new ML 
methods - Graph Neural Networks - 
are capable of handling this… very 
well!
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“Once you have worked on
experimental particle physics, 
you are a jedi in all other fields!“.

[Fellow Ph.D. student]



Bonus slides
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Dreaming
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Connection between NNs
The different NN architectures are related, as some paradigms reduces to others.
This is illustrated below.
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Scaled Dot-Product Attention
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The “interesting” attention mechanism from transformers that is relevant for 
typical particle physics analysis is summarised in this single term: 

<latexit sha1_base64="XDuQ3g96nFoBV7CYBb4tyUPFJbM="></latexit>

SoftMax

✓
QKT

p
dK

◆
V


