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Summary

• If a hyper-light axion-like particle exists in Nature, the associated cosmological network 
of axion strings can leave an imprint on CMB polarization through birefringence

• We use existing measurements of anisotropic birefringence (Planck, SPT, …) to place 
constraints on  this scenario.  Next-generation telescopes (CMB-S4) will probe O(1) 
electromagnetic anomaly coefficients and thereby probe the axion’s UV embedding

• We argue that measurements of anisotropic birefringence could not only reveal the 
presence of a hyper-light ALP in Nature, but also lead to a measurement of its mass

• Our ongoing work (very early stages) seeks to use machine learning techniques (spherical 
CNN) to detect the subtle signal of axion strings in CMB polarization data
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axion-like
particles
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Theory landscape:  axion-like particles

3

ALPs from extra dimensions
(such as string theory)

3 extended spatial dimensions

N compactified 
internal dimensions

[Gendler et. al. (2309.13145)] 

https://arxiv.org/abs/2309.13145
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axion-like
particles
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1010 eV

ultra-light axion-like particles
(dark mater candidate)

heavy axion-like particles
(testable in the lab)

hyper-light axion-like particles
(testable with cosmology)

THIS TALK

Theory landscape:  axion-like particles
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ALPs form axion strings

5
2

COSMIC STRINGS

Clockwise (+); or 
anti-clockwise (-)

Physical space

2-D slice

[Kibble; Vilenkin, Everett; Vachaspati…]

Field space

𝑎/𝑓𝑎

Δ𝑎 → ±2𝜋𝑓𝑎

Δ𝑎 → ±2𝜋𝑓𝑎

Axion 
string

Axion 
string 
loop

image credit:  Mudit Jain (2021)

string formation:  
early-universe phase transition
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assume: TRH > fa

[Kibble (1976)]
[Vilenkin & Vachaspati (1987)]

string thickness
= microscopic

string length
= cosmological
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A cosmic string network

3

string network simulation:
[Buschmann et. al. (2022)]

• string network is in scaling
• new loops are formed from reconnection
• loops emit axions and collapse
• typical string length tracks Hubble
• average energy density tracks Hubble
• today:  O(1-10) strings per Hubble volume

How can we detect axion strings in the Universe today?



birefringence
from axion strings
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How could we detect an axion string?

8

[Harvey & Naculich (1989)],  [Carroll, Field, Jackiw (1990,91)],   [Harari, Sikivie (1992)]
[Fedderke, Graham, Rajendran (2019)], [Agrawal, Hook, Huang  (2019)]

[Yin, Dai, Ferraro (2021) & (2023)]

* birefringence can be measured through E-B cross correlation

CMB !
axion string loop

rotated 
CMB !
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rotation angle
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axion-induced birefringence:  
an electromagnetic wave 

traveling through a varying axion field 
has its plane of polarization rotated
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assume interaction 
with electromagnetism:  

standard Chern-Simons coupling
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The loop-crossing model

= 1.0
= 1.0

loop-crossing model

Assumptions
• All loops are circles
• Randomize loop orientation
• Randomize loop location in space
• All loops same radius at any time
• Loop radius evolves tracking Hubble

• Number of loops tracks Hubble

Model Parameters
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⇢(t) = ⇠0µ(t)H(t)2
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ma, A, ⇣0, ⇠0

 early time -> small loops
late time -> large loops
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R(t) = ⇣0/H(t)
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Expected birefringence signal

10

effect of the whole network:
anisotropies build up over time

angular power spectrum:

100 101 102

`

10°3

10°2

10°1

`(
`
+

1)
C

Æ
Æ

`
/2

º
[d

eg
2
]

analytical approximation

mean of simulations

[Jain, AL, Amin, arXiv:2103:10962]
[Jain, Hagimoto, AL, Amin, arXiv:2208.08391]
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⇤ need ma . 3Hcmb ⇡ 10�28 eV for the network to survive until after recombination

approx. scale invariant up to l ~ 100

degeneracy:  <aa> ~ A2 x0

<latexit sha1_base64="1uChGPJa5ts8CD6+iQfMdvmkkws=">AAACGnichY5LS8NAFIVn6qvWV9WlCwcLUheWRIquhIoIxYVWsA8wJUym13boJBMyN9Ja+k/8I27diVs3/hsTzcaKeFaHc+937/FCJQ1a1gfNzc0vLC7llwsrq2vrG8XNrZbRcSSgKbTSUcfjBpQMoIkSFXTCCLjvKWh7w/N03n6AyEgd3OI4hK7P+4G8l4JjErnFZ8fnOBBcTc6mbJ+dMgdhhJOe9CFIIQXGMD5K3GE40KgDJnScFAv6U+Y4rOCMpGv9CSqtQ9ZLAxyzcj32klosDiSagwx/BOT/HVAQ9HEwy7vFklWxvsR+GzszJZKp4RYvnZ4WcXIeheLG3NlWiN0Jj1AKBdOCExsIuRjyPkz8cebMbI4Q+SZ9bs+++m1aRxX7uFK9qZZq5axGnuyQPVImNjkhNVInDdIkgu7SC3pFr+kTfaGv9O17NUczZpv8EH3/BAkWnLE=</latexit>

A = dimensionless axion-photon coupling

⇠0 = dimensionless loop density (Hubble units)

⇣0 = dimensionless loop length (Hubble units)

loop-crossing model:
a network of circular loops

<latexit sha1_base64="XClTPymgqrkcsA+uXtLkqwIQzo4=">AAACIXicbVDLSsNAFJ3UV62vqEs3g0WoICUpRd0IFTcuK9gHNDFMppN26OTBzESsId/gR/gNbnXtTtyJK//ESZuFbT1w4XDOvdx7jxsxKqRhfGmFpeWV1bXiemljc2t7R9/da4sw5pi0cMhC3nWRIIwGpCWpZKQbcYJ8l5GOO7rK/M494YKGwa0cR8T20SCgHsVIKsnRjy0fySFGLLlM72rQeqCOAS+gCS14osp6JBJNFUcvG1VjArhIzJyUQY6mo/9Y/RDHPgkkZkiInmlE0k4QlxQzkpasWJAI4REakJ6iAfKJsJPJSyk8UkofeiFXFUg4Uf9OJMgXYuy7qjN7QMx7mfif14uld24nNIhiSQI8XeTFDMoQZvnAPuUESzZWBGFO1a0QDxFHWKoUZ7a4fqoyMecTWCTtWtU8rdZv6uVGJU+nCA7AIagAE5yBBrgGTdACGDyBF/AK3rRn7V370D6nrQUtn9kHM9C+fwF7DKEU</latexit>

A2⇠0 = 1 , ⇣0 = 1
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Effect on CMB polarization

" −$%&'	
pol pattern

<latexit sha1_base64="ucD0x2nt8f3tKcNw+/6KSuP+1Kk=">AAACOXicbVDLSgMxFM3UV62vUZdugkVwVWakaJdFEVxW6As6Q8mkt21oJjMmGaEM/S03/oU7wY0LRdz6A6btINp6IHA45z5yTxBzprTjPFu5ldW19Y38ZmFre2d3z94/aKookRQaNOKRbAdEAWcCGpppDu1YAgkDDq1gdDX1W/cgFYtEXY9j8EMyEKzPKNFG6to1L4ABEyk1M9QEe5yIAQdcv8SenFNPwB12sOf9mNfLJoheNqJrF52SMwNeJm5GiihDrWs/eb2IJiEITTlRquM6sfZTIjWjHCYFL1EQEzoiA+gYKkgIyk9nl0/wiVF6uB9J84TGM/V3R0pCpcZhYCpDoodq0ZuK/3mdRPcrfspEnGgQdL6on3CsIzyNEfeYBKr52BBCJTN/xXRIJKHahF0wIbiLJy+T5lnJPS+Vb8vFaiWLI4+O0DE6RS66QFV0g2qogSh6QC/oDb1bj9ar9WF9zktzVtZziP7A+voGY+asCQ==</latexit>(
hTBi 6= 0

hEBi 6= 0

axion string -induced 
birefringence angle Planck’s CMB skyprimordial CMB sky

<latexit sha1_base64="e9i3RfjH66sdPs9qHk5A5yj3T/I="></latexit>

T (n̂) ! T (n̂)

[Q± iU ](n̂) ! [(Q± iU)e±2i��](n̂)

How does birefringence affect 
the CMB’s temperature and 

polarization?

(exaggerated by ~30x)

Signal of axion string-induced 
cosmological birefringence

<latexit sha1_base64="zNSEjsmPH42WDuNJiV9KR1ueRIU="></latexit>

Ceb
` ⇠ sin(4��)

�
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constraints
from CMB polarization data
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Constraints from anisotropic birefringence

13
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measurements of CMB polarization:
no evidence for anisotropic birefringence

[Jain, AL, Amin, arXiv:2103:10962]
[Jain, Hagimoto, AL, Amin, arXiv:2208.08391]

see also:  Yin, Dai, & Ferraro (2111.12741)

a constraint on axion strings networks
& their coupling to electromagnetism:

Planck 2018

SPTpol
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<latexit sha1_base64="1uChGPJa5ts8CD6+iQfMdvmkkws=">AAACGnichY5LS8NAFIVn6qvWV9WlCwcLUheWRIquhIoIxYVWsA8wJUym13boJBMyN9Ja+k/8I27diVs3/hsTzcaKeFaHc+937/FCJQ1a1gfNzc0vLC7llwsrq2vrG8XNrZbRcSSgKbTSUcfjBpQMoIkSFXTCCLjvKWh7w/N03n6AyEgd3OI4hK7P+4G8l4JjErnFZ8fnOBBcTc6mbJ+dMgdhhJOe9CFIIQXGMD5K3GE40KgDJnScFAv6U+Y4rOCMpGv9CSqtQ9ZLAxyzcj32klosDiSagwx/BOT/HVAQ9HEwy7vFklWxvsR+GzszJZKp4RYvnZ4WcXIeheLG3NlWiN0Jj1AKBdOCExsIuRjyPkz8cebMbI4Q+SZ9bs+++m1aRxX7uFK9qZZq5axGnuyQPVImNjkhNVInDdIkgu7SC3pFr+kTfaGv9O17NUczZpv8EH3/BAkWnLE=</latexit>

A = dimensionless axion-photon coupling

⇠0 = dimensionless loop density (Hubble units)

⇣0 = dimensionless loop length (Hubble units)

<latexit sha1_base64="46GJyxvOpk2+O6uktRYwgtokGuc=">AAABnXicZY7LTsJAFIbP4A3xVnXpwolg4qppESUaFhhiYgwxGLklDjbTYcQJ00s6g4E05WF8Gre6820U7Ub4Vl/+c07+44ZSKG1ZXyiztLyyupZdz21sbm3vGLt7bRWMIsZbLJBB1HWp4lL4vKWFlrwbRpx6ruQdd1ibzTuvPFIi8Jt6EvKeRwe+eBaM6p/IMSpE87GOHxrNmCiGw0Aml9NpgXhUvzAq46vkqYjJWDgWruBTs1zAVOOLM3KMa/XEMfKWaf2CF8VOJQ8pDce4Jf2AjTzuayapUo+2FepeTCMtmORJjowUDykb0gGPvUlqaj7XPPLUrNyer1qUdtG0z83SfSlftdI3snAAR3ACNpShCjfQgBYweIN3+IBPdIiuUR3d/a1mUHqzD/9AnW9DJmyY</latexit>

SPTPOL: A2⇠0 < 3.7 at 95% CL

constraints:
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Implications

14

CMB observations constrain:
<latexit sha1_base64="46GJyxvOpk2+O6uktRYwgtokGuc=">AAABnXicZY7LTsJAFIbP4A3xVnXpwolg4qppESUaFhhiYgwxGLklDjbTYcQJ00s6g4E05WF8Gre6820U7Ub4Vl/+c07+44ZSKG1ZXyiztLyyupZdz21sbm3vGLt7bRWMIsZbLJBB1HWp4lL4vKWFlrwbRpx6ruQdd1ibzTuvPFIi8Jt6EvKeRwe+eBaM6p/IMSpE87GOHxrNmCiGw0Aml9NpgXhUvzAq46vkqYjJWDgWruBTs1zAVOOLM3KMa/XEMfKWaf2CF8VOJQ8pDce4Jf2AjTzuayapUo+2FepeTCMtmORJjowUDykb0gGPvUlqaj7XPPLUrNyer1qUdtG0z83SfSlftdI3snAAR3ACNpShCjfQgBYweIN3+IBPdIiuUR3d/a1mUHqzD/9AnW9DJmyY</latexit>

SPTPOL: A2⇠0 < 3.7 at 95% CL

Typical axion-photon coupling: Typical loop abundance:
<latexit sha1_base64="3GCExiyUXqNen7FqwunoBjx++D8=">AAABcnicZY7NSsNAFIVv6l+tf6nudBPNxoXUjBZdCRE34qqCaQumhMl4rUNnkjAzUUrIo7jVZ/I9fACrzMb2W32cy+WctBBcmyD4chpLyyura8311sbm1vaO297t67xUDCOWi1wNU6pR8Awjw43AYaGQylTgIJ3c/N4Hr6g0z7MHMy1wJOk448+cUTOLErcdS2peGBXVde1deeT0PHH9oBP84S0KseKDpZe4d/FTzkqJmWGCav1IgsKMKqoMZwLrVlxqLCib0DFWcmpNz+cGldT1rJzMVy1K/6xDLjrd+64fhnZGEw7gCI6BwCWEcAs9iIDBG7zDB3zCt7PvHDp2c8OxP3vwD+fkB89hXaM=</latexit>

A = 1/3
<latexit sha1_base64="3PLIUOuTFFzsvH+Ngduxet8Dgwc=">AAABaXicZY7LSsNAFIbP1Futt1Q3optgNq7CjBZdCQE34qqCaYumhMl4LEMnmTAzEUvpW7jV9/IZfAmrZmP7rT7+cw7/yUolraP0kzRWVtfWN5qbra3tnd09r73fs7oyAmOhlTaDjFtUssDYSadwUBrkeaawn42vf+b9FzRW6uLeTUoc5nxUyGcpuJtHD8mrTKl/5Z/T1AtoSH/xl4XVEkBNN/VukyctqhwLJxS39pHR0g2n3DgpFM5aSWWx5GLMRzjNJ7XZxdyhye1sXs4Wq5aldxayi7Bz1wmiqH6jCcdwAqfA4BIiuIEuxCCggDd4hw/4Im1ySI7+VhukvjmAf5DgG3xbWlk=</latexit>

⇠0 = 30

<latexit sha1_base64="zVFbF46txCECr4uQbGUs1xuEMNs=">AAABgHicZY5NT8JAEIZn6xfiB1WPHmzkwqm2QDTxhPFiPGFigcRis11H3LDtbna3BkI4+mu86o/x34jai/Ccnrwzk3dSJbixQfBFnLX1jc2tynZ1Z3dvv+YeHPaMLDTDiEkh9SClBgXPMbLcChwojTRLBfbT8fXPvP+K2nCZ39upwmFGRzl/5ozaRZS4J3FG7QujYnY1f2x68YQngRdTpbSceC2/lbj1wA9+8VYlLKUOJd3EvY2fJCsyzC0T1JiHMFB2OKPaciZwXo0Lg4qyMR3hLJuWZpZzizoz80V5uFy1Kr2mH5777bt2vdMp36jAMZxCA0K4gA7cQBciYPAG7/ABn8QhDXJGwr9Vh5Q3R/APcvkNQ7liZg==</latexit>

A2⇠0 ⇡ 3.3

… already probing an O(1) anomaly coefficient!
… but still large uncertainties in x0 (from sims)
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Projected sensitivity
Pogosian et. al. (2019)

<latexit sha1_base64="d7nlwgLPX8c9GYxh0e7cPTRd4oU=">AAACGnicbVC7SgNBFJ2Nrxhfq5Y2Q4IQEeJuCNFGiKSxSBHBPCC7LrOT2WTI7IOZWSEs6f0Iv8FWazuxtbH0T5wkW5jEAxcO59zLvfe4EaNCGsa3lllb39jcym7ndnb39g/0w6O2CGOOSQuHLORdFwnCaEBakkpGuhEnyHcZ6bij+tTvPBIuaBjcy3FEbB8NAupRjKSSHD1/41iIRUMEr2Gj2Dg3z+pO4yGVLmDZiqijF4ySMQNcJWZKCiBF09F/rH6IY58EEjMkRM80ImkniEuKGZnkrFiQCOERGpCeogHyibCT2S8TeKqUPvRCriqQcKb+nUiQL8TYd1Wnj+RQLHtT8T+vF0vvyk5oEMWSBHi+yIsZlCGcBgP7lBMs2VgRhDlVt0I8RBxhqeJb2OL6E5WJuZzAKmmXS2a1VLmrFGrVNJ0sOAF5UAQmuAQ1cAuaoAUweAIv4BW8ac/au/ahfc5bM1o6cwwWoH39AuuTnto=</latexit>

A↵ = L(L+ 1)C↵
L/2⇡

diagonal = allows multipoles to vary independently
horizontal = restricts to a scale invariant spectrum

future telescopes
probes of isotropic + aniso. birefringence

15

future CMB polarization measurements will 
drastically improve sensitivity to axion-

string induced anisotropic birefringence

curre
nt

future



effect of
varying ALP mass
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Collapse of the string-wall network

17

[Jain, Hagimoto, AL, Amin, arXiv:2208.08391]

Axion strings become connected together by domain walls

… the string-wall network collapses (for Ndw = 1)

<latexit sha1_base64="GhlN32yZG1wXRFrMQCSjBwhvh24="></latexit>

let’s consider:

(
ma . 3Hcmb ' 3⇥ 10�29 eV

ma & 3H0 ' 5⇥ 10�33 eV

(string network survives until after recombination)

(string network collapses before today)
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Impact on birefringence

18

[Jain, Hagimoto, AL, Amin, arXiv:2208.08391]

<latexit sha1_base64="VW3mQbUqn+YJ58l3bjNulkdqK2k="></latexit>

ma = 1⇥ 10�32 eV (zc = 0)
<latexit sha1_base64="qsWq0GEzTxgscLUXceV/09Sg1HQ="></latexit>

ma = 5⇥ 10�32 eV (zc = 6)
<latexit sha1_base64="LN6TWnHmU8PQAuUVHXhIa1p3hT4="></latexit>

ma = 2⇥ 10�31 eV (zc = 19)
<latexit sha1_base64="vR5HxMpZHbTrDsK7Nzr7N+hAoQE="></latexit>

ma = 1⇥ 10�30 eV (zc = 54)
<latexit sha1_base64="Ndq1Pgdb9ovRzQakMggv46bcx0I="></latexit>

ma = 5⇥ 10�30 eV (zc = 148)
<latexit sha1_base64="R1brHt7V16txEqcLdU24+iVdFro="></latexit>

ma = 2⇥ 10�29 eV (zc = 404)

raise the ALP mass
(network collapses earlier)

strong scale dependence è  possible to measure ma

see also:  [Ferreira, Gasparotto, Hiramatsu, Obata, & Pujolas (2023)]

<latexit sha1_base64="8NB3NH9mO+DObJpJ2WQJiFy0gJ8=">AAABmnicZY5LS8NAFIXv1Fetr6hLXQy2iwpSEik+FkLRjQ+QCn2BKWEyvYahkweZiVpCfou/xq2u/TfGNhvbs/o49xzOdSMplDbNH1JaWl5ZXSuvVzY2t7Z3jN29ngqTmGOXhzKMBy5TKEWAXS20xEEUI/NdiX13fPN3779irEQYdPQkwqHPvEC8CM50bjnGpe0KT9apfUJtje86ZUolvgg8Wnt0Zo6tOB29ZfSKWrVsGswr8bFjVM2GORVdBKuAKhRqO8a9PQp54mOgucxnni0z0sOUxVpwiVnFThRGjI+Zh6k/KUjN+xpjX2X5uDU/tQi904Z11mg+Nauti+KNMhzAEdTBgnNowS20oQscPuATvuCbHJJrckceZtESKTr78E+k8wsR9GwR</latexit>�
assuming NDW = 1

�



signatures of 
non-Gaussianity
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Birefringence non-Gaussianity

20

How to best quantify the non-
Gaussian birefringence and 
develop tests to extract these 

features from the data?

axion-string induced birefringence:
loop-like features are visibly non-Gaussian

[Hagimoto & AL, arXiv:2306:07351]
see also:  Yin, Dai, Ferraro (2305.02318)
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Measures of NG 1:  kurtosis

21

distribution over alm’s
less Gaussian at lower ell

[Hagimoto & AL, arXiv:2306:07351]
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more Gaussian on smaller scales

= 3 for Gaussian

<latexit sha1_base64="XGvZyGHq4gJCflaLPkglevy0XsY=">AAACOXictY67SgNBFIZnvMZ4i1raDKaxMeyGoI2GgI1YRTAXcJJldnKyGTK7O8xMhLDZJ/NFtLQTW1/AXBbEBEv/5nyc/5z/HF9JYazjvOG19Y3Nre3cTn53b//gsHB03DTxSHNo8FjGuu0zA1JE0LDCSmgrDSz0JbT84e3Mbz2DNiKOHu1YQSdkQST6gjM7bXmFVzpkSjEvoSAlCVOSJ1PdENrXjCfUF4G8JvMyIXTAbEKZVAOW/ixcECpZFEj4w6c6c6chetKtLKCa/kd4OQvvllOvUHRKzlxkFdwMiihT3Svc017MRyFElktmzJPrKNtJmLaCS0jzdGRAMT5kASThOCOz3LegQzM77i6fWoVmueRelioPlWLNyd7IoVN0hs6Ri65QDd2hOmogjqu4h0Mc4Rf8jj/w52J0DWc7J+iX8Nc3j5yplA==</latexit>

`m =

⌦��↵̂`m � h↵̂`mi
��4↵

⌦��↵̂`m � h↵̂`mi
��2↵2

kurtosis
a measure of Gaussianity

<latexit sha1_base64="wbSDlDFBUfM9/5Tzq+m5dITTgm4=">AAABlnicZY7LSsNAFIbP1Futl0bdCG4Gu6mbmpSqICgFEYurKvYCpoTJeAxDJxdmpmINeRKfxq0+gW9jrNnY/mfz8Z/Lf/xECm1s+5uUlpZXVtfK65WNza3tqrWz29fxRHHs8VjGaugzjVJE2DPCSBwmClnoSxz446vf/uAFlRZx9GCmCY5CFkTiWXBmcsuzTlyDryZ1Z5fSQLFpRhVyJuV5Rt287uvmiF5Q9w0N82x6TDu54Vk1u2HPRBfBKaAGhbqedes+xXwSYmS4ZFo/OnZiRilTRnCJWcWdaEwYH7MA03BakJ73DapQZ3m4Mx+1CP1mwzlttO5atXazeKMMB3AIdXDgDNrQgS70gMM7fMAnfJF9ckmuyc3faIkUO3vwT6T7A8VhalI=</latexit>

recall: R(t) = ⇣0/H(t)

a given angular scale ⇠ ⇡/`. By evaluating the average number of loops as a function of `

and the string network model parameters, ⇣0 and ⇠0, we obtain an analytical estimate of the
excess kurtosis

�̂` ⇠ ⇣0

8⇠0

✓
1 +

⇡

�⇣0`

◆2

. (2.5)

Here � ⇡ 0.3 is a constant numerical factor. See appendix A for the derivation of eq. (2.5).
The analytical formula in eq. (2.5) agrees well with the numerical results presented in

figure 3. Eq. (2.5) implies that �̂` should scale like `
�2 for ` ⌧ ⇡/(� ⇣0) ⇡ 10/⇣0 and like

`
0 for larger `. Similarly, figure 3 shows an `

�2 scaling for small values of `, and a flattening
(in the ⇣0 = 10, 1, and 0.316 curves) for larger values of ` approaching ` = 100. Additionally,
the angular scale dividing these two regimes is well approximated by 10/⇣0. For the ⇣0 = 0.1
curve, the flattening is not seen, and this is compatible with the analytical model since the
transition scale 10/⇣0 ⇡ 100, and the full plot range from ` = 1 to 100 is in the `

�2 regime.
Eq. (2.5) also predicts a scaling with the model parameters (⇣0, ⇠0, and A) that agrees well
with figure 3. For low multipoles, the formula implies �̂` / 1/⇣0, which is consistent with
the numerical results in the figure insofar as lowering ⇣0 increases the excess kurtosis for
` . 30. For high multipoles, the formula implies �̂` / ⇣0, indicating a reversal of the
scaling with ⇣0. The same reversal is seen on the figure, although the linear / ⇣0 scaling
is not observed. This is possibly because we only show multipoles up to ` = 100, whereas
larger values of ` are required to exhibit the linear scaling. Additionally, eq. (2.5) implies the
relation �̂` / ⇠

�1
0 , which we have also verified with numerical simulations taking A = ⇣0 = 1

and ⇠0 = 0.1, 1, and 10 (results not shown here). Eq. (2.5) implies that �̂` is independent
of A, and this is because A does not impact the average number of loops N̄`; more generally,
A cancels from the kurtosis calculation entirely.

To conclude, let us address the issues of observability and cosmic variance. For a single
realization of the CMB sky, one can measure the excess kurtosis using an unbiased kurtosis
estimator. We consider a simple excess kurtosis estimator defined by

�̂
(1)
` =

1

`

X̀

m=1

|↵̂`m|4

(C↵↵
` )2

� 2 , (2.6)

which is motivated by the assumption that the birefringence power spectrum is measured
well enough that the true power spectrum C

↵↵
` is approximately well known. One can apply

�̂
(1)
` to a measurement of anisotropic CMB birefringence to estimate the excess kurtosis. If

the moments ↵̂`m were a Gaussian random field, then the mean of this estimator would vanish

(Gaussian variables have zero kurtosis), and the standard deviation would be StDev �̂
(1)
` =p

20/`. This spread in the estimator, even for Gaussian statistics, is a form of cosmic
variance. To assess whether the excess kurtosis would be observable for a given model, we
can compare the predicted excess kurtosis from eq. (2.5) with the typical variation

p
20/`.

For the parameters shown in figure 3, the predicted excess kurtosis typically falls below the
cosmic variance across a wide range of multipoles. On the other hand, in models with small
values of ⇣0 and ⇠0, the predicted kurtosis can be larger, especially at low multipoles.

3 Bispectrum

A widely-used measure of non-Gaussianity in studies of CMB temperature and polarization
anisotropies is the bispectrum, and here we turn our attention to the birefringence bispec-
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trum. We denote the first few moments of the multipole moment coe�cients ↵̂`m as

↵̄`1m1 = h↵̂`1m1i (3.1a)

P`1m1`2m2 = h↵̂`1m1↵̂`2m2i (3.1b)

B`1m1`2m2`3m3 = h↵̂`1m1↵̂`2m2↵̂`3m3i . (3.1c)

For axion-string-induced birefringence, the 1-point functions vanish ↵̄`m = 0. If the map is
statistically isotropic and parity invariant, the 2-point and 3-point functions can be written
in terms of the angular power spectrum C` and the reduced bispectrum b`1`2`3 through the
relations [58, 59]

P`1m1`2m2 = (�1)�m2�`1`2�m1�m2C`1 (3.2a)

B`1m1`2m2`3m3 = h`1`2`3

✓
`1 `2 `3

m1 m2 m3

◆
b`1`2`3 , (3.2b)

where h`1`2`3 is a geometrical factor given by

h`1`2`3 =

r
(2`1 + 1)(2`2 + 1)(2`3 + 1)

4⇡

✓
`1 `2 `3

0 0 0

◆
, (3.3)

and where the second factor is a Wigner 3-j symbol. The 3-j symbols vanish unless the
multipole moment indices obey the triangle inequality |`1 � `2|  `3  `1 + `2 (and similarly
for the other two index permutations), implying that one can think of `1, `2, and `3 as the
lengths of the legs of a triangle. Additionally parity invariance requires the bispectrum to
vanish unless `1 + `2 + `3 is an even integer, and this parity condition is enforced by the
geometrical factor h`1`2`3 . It is useful to define the random variables [58]:

Ĉ` = (2` + 1)�1
X̀

m=�`

↵̂`m↵̂
⇤
`m (3.4a)

b̂`1`2`3 = h
�1
`1`2`3

`1X

m1=�`1

`2X

m2=�`2

`3X

m3=�`3

✓
`1 `2 `3

m1 m2 m3

◆
↵̂`1m1↵̂`2m2↵̂`3m3 , (3.4b)

which are unbiased estimators of the angular power spectrum and reduced bispectrum in the
sense that hĈ`i = C` and hb̂`1`2`3i = b`1`2`3 .

The bispectrum is a measure of the non-Gaussianity in the birefringence map. This
can be understood as follows. If the ↵̂`m were independent Gaussian random variables, then
higher-point functions could be reduced to 1- and 2-point functions by applying Isserlis’s
theorem (Wick’s theorem). Since the 1-point functions vanish, one would expect the 3-point
functions to vanish as well implying b`1`2`3 = 0 for a Gaussian birefringence map. Conversely,
the presence of non-Gaussianity allows the bispectrum to be nonzero, b`1`2`3 6= 0. However,
this need not be the case, and it is possible for a non-Gaussian birefringence map to have
a vanishing bispectrum b`1`2`3 = 0, and the non-Gaussianity only manifests itself in higher
order moments such as the 4-point functions (trispectrum, kurtosis). In particular, although
axion-string-induced birefringence is non-Gaussian, we nevertheless expect the bispectrum to
vanish. This is because any configuration of loops that would give rise to a nonzero 3-point
function has an equiprobable ‘opposite’ with all loop orientations reversed, which cancels this
contribution in the ensemble average. However, it’s important to bear in mind that although
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and where the second factor is a Wigner 3-j symbol. The 3-j symbols vanish unless the
multipole moment indices obey the triangle inequality |`1 � `2|  `3  `1 + `2 (and similarly
for the other two index permutations), implying that one can think of `1, `2, and `3 as the
lengths of the legs of a triangle. Additionally parity invariance requires the bispectrum to
vanish unless `1 + `2 + `3 is an even integer, and this parity condition is enforced by the
geometrical factor h`1`2`3 . It is useful to define the random variables [58]:
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which are unbiased estimators of the angular power spectrum and reduced bispectrum in the
sense that hĈ`i = C` and hb̂`1`2`3i = b`1`2`3 .

The bispectrum is a measure of the non-Gaussianity in the birefringence map. This
can be understood as follows. If the ↵̂`m were independent Gaussian random variables, then
higher-point functions could be reduced to 1- and 2-point functions by applying Isserlis’s
theorem (Wick’s theorem). Since the 1-point functions vanish, one would expect the 3-point
functions to vanish as well implying b`1`2`3 = 0 for a Gaussian birefringence map. Conversely,
the presence of non-Gaussianity allows the bispectrum to be nonzero, b`1`2`3 6= 0. However,
this need not be the case, and it is possible for a non-Gaussian birefringence map to have
a vanishing bispectrum b`1`2`3 = 0, and the non-Gaussianity only manifests itself in higher
order moments such as the 4-point functions (trispectrum, kurtosis). In particular, although
axion-string-induced birefringence is non-Gaussian, we nevertheless expect the bispectrum to
vanish. This is because any configuration of loops that would give rise to a nonzero 3-point
function has an equiprobable ‘opposite’ with all loop orientations reversed, which cancels this
contribution in the ensemble average. However, it’s important to bear in mind that although
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Summary

• If a hyper-light axion-like particle exists in Nature, the associated cosmological network 
of axion strings can leave an imprint on CMB polarization through birefringence

• We use existing measurements of anisotropic birefringence (Planck, SPT, …) to place 
constraints on  this scenario.  Next-generation telescopes (CMB-S4) will probe O(1) 
electromagnetic anomaly coefficients and thereby probe the axion’s UV embedding

• We argue that measurements of anisotropic birefringence could not only reveal the 
presence of a hyper-light ALP in Nature, but also lead to a measurement of its mass

• Our ongoing work (very early stages) seeks to use machine learning techniques (spherical 
CNN) to detect the subtle signal of axion strings in CMB polarization data
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